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Wafer -siiet  Areen-al  S-fervedi  aa  tfee  fe^st  i&w  Site  ttWii  'C'^ftfafeae®'  ®f 
Araay  MMii-Braalleiaaa.  Ms  tfe®  f'fB'eeiiag  twa  iffiBefiagS'  we^re  GoadaBted: 
la  liN'  aaidwesf  ^  ta®  s^asar  af  tal®  serte#  @f  ©aaferaaGas:  -  A©  Ar»y 
MaAeaiafiGS  WbBBwmg  C<©iiafaitte®  ^  dfeeaa®4  it  tie  siraibile  A  aav®  A®  aeact 
eeaferea©®  A  ta®  easti  ia  \A®a  Ro&ert  M,  WeigA  askei  tfeia  graap 
l@  koM  tkeir  aiatk  saeetiag  at  Water#i®t,  l%w  Yark^  tke  was  pleasai 
to  a©e®pt  kis  tavitatioa.  ClAlGal  type  sesslaas  were  jatradaeed  lata  A® 

Army  MaAematiGlaas  Caalereaces  at  this  §“4  Jaae'  1963  aieetiag. 

Caioael  Keith  T.  ©'Keefe,  Camsaandmg  OffiGer  af  Watervliet  Arseaal, 
Gaiied  the  eaafereace  to  order  aad  welGamed  the  group  to  his  iastallatioa. 
la  the  light  of  his  remarks  it  seeais  desirahle  to  quote  the  followiag  eommeats 
from  A®  phamplet  eatitled  "Watervliet  Arsenal". 

"  A  the  same  huilAag  where  weapons  ®:^erts  of  a  century  ago  sought 
ways  to  improve  maskets  and  percussioa  caps,  Watervliet  Arsenal  sci*- 
eatists  now  use  radio  isotopes  to  probe  the  basic  atomic  structure  and  be-i* 
havior  of  materials. 

This  typical  example  of  Watervliet' s  quest  for  new  knowledge  m  an 
old  environment  aptly  symbolizes  a  continuity  of  purpose  which  began 
150  years  ago  on  a  tract  of  Hudson  River  farmland  just  north  of  Albany. 

The  traditions  of  research,  knowledge,  and  craftsmanship  implanted 
then,  now  motivate  the  scientists,  designers  and  technicians  creatmg 
armament  for  Ae  arenas  of  space  m  the  Age  of  the  Atom. 

Watervliet  entered  Ae  first  of  its  three  major  historical  eras  a  30 
year  'Age  of  Adolescence*,  in  1813.  A  young  nation  ^  facmg  a  new  threat 
from  an  old. enemy  ^  established  the  Arsenal  as  a  supply  bastion  for 
troops  guardmg  A®  invasion  routes  of  Lake  Champlain  and  the  Mohawk 
Valley.  This  first  brief  mission  was  followed  by  years  of  struggle  as 


iji 

tke  siiiail-arnas:  and;  arrmteniti^m  depot,  fee  set  fey  the  '  growing  pains'' 
of  eGonomiG  diffiGmlties,  gradually  evolved  into  a  naanmfaGtnting  arsenal. 
And,  despite  linaitatioas  of  spaGe  and  faeilities,  Watervliet's  znanufaGtnrin;g 
capaGity  by  the  end  of  the  first  era  enGorffitpassed  a  stirprising  variety 
of  materiel:  gnn  Garriages,  fnzes,  rockets,  percnssiOn  eaps,  sponges 
and  le  athe  r  aGGOu.nterment  s  . 

Fiirions  aGtivity  followed  fey  grinding  slowdowns  GharaGterized 
Watervliet' s  seGond  era  when  overnight  e^ansions  of  staff  and  facilities 
demanded  by  two  major  wars  were  snGGeeded  by  Gor responding  fednG- 
tions  daring  post-war  'lean  years'. 

The  Mexican  War  not  only  instantly  multiplied  prodnction  demands 
bat  also,  and  more  significantly,  sparred  and  tested  the  Arsenal's 
ingenaity.  Traditions  of  'know  how'  and  'can  do'  Were  horn  as  wartime 
improvisation  and  invention  conceived  better  and  qaicked  manafaGtaring 
methods.  Research  began'  in  earnest  as  es^oriments  with  rafeber  harver- 
sacks  and  mineralized  wood  for  gan  carriages  were  Garriod  ©at  with  the 
same  dediGation  that  charaGterizes  Arsenal  sGientists  today. 

The  Gonsiderable  demands  imposed  On  the  Arsenal  by  the  MexiGan 
conflict  were  dwarfed  in  1861  as  Watervliet  faced  -  and  surmoanted  - 
the  tremendous  challenge  of  the  Civil  War,  For  foar  years  iQ#0  men 
and  women  worked  day  and  night  prodacing  prodigious  qaantities  @f 
gun  carriages,  rifle  cartridges,  cannon  shot,  shell  casings,  scabbards, 
harness,  and  seores  of  ofeer  items.  But,  after  Appomatox,  all'ssout  pro- 
duction  stopped  short.  Reductions  in  force  -  and  funds  ^  soon  slowed 
the  pace  of  progress  almost  to  a  standstill  as  the  middle  era  came  to  a 
close. 

Almost  two  decades  passed  before  Arsenal  fortanes  took  an  upswing, 
Then,  in  1883,  the  third  era  dawned  brightly  as,  by  Act  of  Congress, 
Watervliet  was  selected  to  be  the  '  Army  Cun  Faetory'  .  thus  began 


tile  prow<i  missio*!  tiie  Arsenal  eontinne s  to  ifnifill  to#ay  -  to  perform 
researGih,  design,  prodiOfction  -  control  and:  prociiirem'ent  assignments 
for  ail  US  Army  cannon.  Since  then  Watervliet'  e  design  achievements  - 
the  first  l^^inch  gnn,,  the  'iLong  Tom'  of  Worid  War  II,.  the  gigantic 
280mm  atomic  cannon,,  and  many  mor  e  ^  cannon,  howitzer  s  ,  recoilles  s 
rifles  andi  mortars  have  spoken  with  steel -throated  elO'^nence  in 
defense  of  the  nation  and  the  free  world.. 

Mow  O'®  the  thre'Shold  Of  the  fntore',,  a.s:  te'sledi  tal'e'nte  .ate  torned  tO' 
work  on  space*  horne  components,  pvlus  a  continTiing  emphasis  on  atomic- 
armed  conventional  weapons,  the  Arsenal  is  proving  anew  that  it  is 
ready  today  to  meet  the  Ghallenges  of  tomorrow.  " 

The  Ninth  Conference  of  Army  Mathematicians  was  attended  hy  forty- 
seven  (47)  scientists  from  twenty-one  (21|  Army  installations,  two  (2)  commer¬ 
cial  concerns,  and  eight  (8)  universities.  In  addition,  the  host  had  nine  (9) 
of  its  own  staff  present;  thus  the  total  attendance  ran  to  sixty-five  (85)  persons. 
Those  in  attendance  had  the  pleasure  of  listening  to  twenty  (20)  Gontrihnted 
technical  papers,  to  four  (4)  cHnicnl  papers,  and  one  invited  address  given 
hy  Frofessor  Richard  C.  OiPrima  from  Rens seiner  Polytechnic  Institute. 

The  Army  Mathematics  Steering  Committee  asked  that  most  of  these  papers 
he  made  availahle  in  printed  form.  In  addition  to  the  papers  appearing  in 
this  book,  a  paper  presented  at  the  conference  carrying  a  security  clnssifiea- 
tion  of  SECRET  will  appear  in  a  classified  appendix, 

Pr.  Rohert  Weigle  served  as  the  Chairman  on  Local  Arrangements,  Those 
in  attendance  were  indehted  to  him  for  an  excellent  banquet  and  for  hanging 
the  large  number  of  organizational  problems  associated  with  a  meetmg  of  this 
size.  The  Committee  on  Arrangements  would  like  to  thank  the  speakers,  the 
chairmen,  the  panelists,  and  the  many  individuals  of  the  host  mstallation  wh© 
contributed  SO  much  of  their  time  and  effort  in  order  t©  make  this  conference 
an  interesting  and  successful  seientilic  event. 
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I  .  1  iii^jR© BllOflOII.1  fliiis  FiapGft  cGraGaffta^  tlie  aiMefiicali  SGjattoa  qI  the 
difference  eqaaticn* 


n 


u  =  /  a  a  .  +  i 

X  ix  x-i  X 


-  li  ^  1  >  ri  ^  2  *  .  i  i  , 


for  u . ,  a  ,  ^  ^ ,  a  #  safeij^st  to  the  aaxiiiary  coniitiotis  (which  we  shall  call 
12  P 

"  end  coaditioiis") 


(2) 

(3) 


(i  ^  1  f  2 1  •'  •  •  i  ih')' 


(i  =  m  +  1 ,  m  +  2 ,  , . ,  ,  h)  , 


where  0  m  •<  a.  ’W^ile  (i)  t  (2)  and  (3)  inay  be  referded  a$  a  systeih  ©f 
p  simaltaneoas  linear  equations  in  p  unknowhs ,  solmtion  of  this  system  by 
Standard  methods  would  fail  to  take  advantage  of  the  special  form  ©f  the 
matrix  of  coefficients  . 


’•this  work  was  initiated  while  the  author  was  employed  by  Hie  If  ,  0, 
department  of  HealHi»  Education  and  Welfare,  Social  Security  Mininistration, 
and  is  sponsored  by  the  MaHiematics  Reseafch  Oenter,  IJ.  S.  ^my,  Madison, 
Wisconsin,  under  Oontract  Mo.  DA" ll-=  022*010^ 205 1. 

’•*the  writer  wishes  to  thank  P  .  M.  Anselone  of  the  Mathematics  Research 
Genter  for  several  helpful  suggestions. 


2 


/Army  MaiaematlG|a®s 


fte  metteGci  tse  sWigesSted  IpGre  i«t¥oiV!es  efeooslrit  «i  #,ppf@pri#60 
Statttei  vaMes  awd  €©»sWafGtifiig,  fey  sKeessiy©  apipJiiGaiti#®&  @f  pl,,  a 
sedaeiica  of  miiaeFioai  yafaies  sattsfyiisi  ®bo  4f®f0fe®Ge  Odviatiiiia  |1|  ^feiii: 
ilHDt  tte  €nd''Gon>diitiiOas  111  ■and  i3'||.  fa  a 'sf  mtlaf  maiiaGr  a  Iwlifei'eF* 
liaeafly  indepeadeaE  sOdaeaGas  ara  GoastrasGEad  satisfyiai  ftea  GOi^espoad;*' 
lag  feomogaaeoup  aqaattoa 


Tfeasa  a  saqaeaGes  Goastitata  a  faadameaEai  sat  i  tfeat  is^  a  feasls  for  ttea 
gaaaral  soiatioa  of  (4|  ,  aad  tfea  gaaeral  solaEioa  of  |i)  is  Gtotaiaad  fey  ; 
addiaf  tfea  gaaeral  soiatioa  of  (4)  to  aay  parti Galar  soiatioa  of  |l)u  ffee 
soiatioa  of  (1)  satisfyiag  the  aad  Goaditioas  is  tfeerefore  ofetaiaed  as 
a  saitafele  liaaar  Gomfeiaatioa  of  the  a  +  1  seqaeaGes, 

The  speGial  easa  of  liaaar  (Mffareace  eqaatioas  with  Goastaat 
eoefficieats  (ia  whioh  the  GOeffiGieats  a^^  are  replaGed  fey  GoaffiGieats 
dj  iadepaadaat  of  x)  is  ^SGassad  separataly,  as  it  permits  of  Goasidef" 
afele  simplification  ia  the  aumerical  prOGedares*  The  simpliflGatlon 
arises  from  the  faGt  that,  onGe  a  partiGalar  solatton  of  (4)  is  availafeie, 
farther  Maearly  indapendeat  solatioas  are  obtaiaed  in  this  ease  merely 
fey  repiaGing  x  fey  x  +  1,  x  +  2,  ate.  Finally  nameriGal  examples  are 
given,  both  for  the  general  case  and  the  speelal  case  of  constant 
Goefficleats , 

The  methods  deseiibed  are  believed  to  be  espeeially  saited  for 
use  with  a  desk  Galcalator,  but  could  easily  fee  programmed  for  a 
Gompater.  However,  the  proposed  methods  are  impracttGal  in  some 
cases,  feeeaase  the  elements  of  the  sequences  used  increase  or  decrease 
too  Fapidly, 

2.  THE  CASE  OF  CONSTANT  COEFFICIENTS.  For  this  ease  standard 
methods  of  a  totaliy  diHereat  eharacter  are  availafeie  fi »  ^  •  Thus  if 
r|(t  «  1,  2,  , . ,  ,  a)  denote  the  roots  of  the  aipcLliary -equation 


Malteefflailisla&s 
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111 


'H 


i  / 


■aai  If  "-v^.lx  -  I,/.  t.i  „  p|  is  a  paftteHlar  s^Qfett©®  ©f  |1|  111©  fatiefai 

:S>@lpil©il,,  'iil  tt®  case  '©f  slinpfe  f©©ts^  is 


v^ete  ttoe  Gj,  If©  arbitFaf^  GGHstlMs  i. 
GGiriplex  roGts^  f.  -  aedi 


IftJ^e  Gas©  cf  a  GGnjagiat©  paif  ©f 
I®  ,,  tie  tefEas  Cjfv  + 


Gati  tee  FeplaG©ii^  If  desired^  tef 


ICj  G0S  xi  +  ®  jiH?|  stiiX§)  » 

If  Fj  is  a  fiiatttpl©  foot  ©f  majtiplicity  k,  thea  Cj  (or  Gp  Is  fepiaGed 
tey  aa  aFteitraFy  p©lya©*nial  in  x  ©f  desr©©  k  -  i . 

Smtestltution  of  {€)  in  (2)  and  (3)  and  solution  of  tie  Fesultlnd 
systeM  ©f  eduatlens  for  tie  undetermined  GOeffiGients  Gj  gives  tie 
deslFed  result.  However^  if  tie  auxiliary  efuation  (il  is  ©f  iifi  deffee,. 
and  espeGially  if  it  ias  many  ©©mplex  roots,  tie  proGeduFes  just  mentioned, 
as  well  as  tie  computation  of  tie  roots  tiemselves,  inay  tee  Gomplicated 
and  time  consuming* 

For  a  solution  not  involving  tie  roots  of  ti©  auxiliary  eguation  we 
first  Gioose  artottrary  starting  values  i  ^  1,  1, ,  n)  and  proGeed 
to  develop  tie  rest  of  tie  y’^seguenefi,  up  to  and  inGludlng  by 
suGGessive  appiiGatlons  of  tie  equation 


a.y  . 
i -x-^i 


(x  -  n  +  1 ,  n  +  2 ,  . . ,  , 
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ISiS  linfar  Iniepeii^enGa  is  not  invoivad!  to  tliis  tostawcai,  it.  is  peimissiiie 

to  takiO 


and  this  oteoiot  feas  GOniptitatloitai  advania#es*  WbMi  tteis  is  donsv  we  have 


V  ~  9  y  -  *  a  0  '  ®  A,  . 

n-M"  m2  rnfri  m-r  -  . 

In  a  siBrilar  ffiiannef  *  we  take  a  siajrtini  vaiaes  =1,  2^  3  <  *  * .  ,  a)' 
and  deyelop  a  setaeaGa  saiisfyiaf  toa  .toomogaaaoMs  aiaatioa 


(x^a  +  1,  a  +  2,  *i.  ,  p#-a  ‘•1). 


In  this  oasa  it  is  rattuirad  that  at  laast  one  of  the  startinf  yaluaa  ha 
diffafeat  ffoa  zero,  and  the  proGess  is  aictaaiad  over  a  Joagat  Faaga,  usP 
to  a  ad  inoiadtof  a  ssiamad  without  ios  s  ol  fanerailty 

that  a^  5^  0  ,  Oara  hMist  he  taken  that  the  startinf  valnes  do  not  satisfy 
a  homofenaons  liaaa?  differaaGa  afnation  with  GOnstant  GOeffiGiants  of 
ordar  lass  than  n  whosa  auxiliary  polynoinial  is  an  axaot  diyisor  of  the 
laft  mainbaF  of  (5)  ,  this  ragniremant  is  mat  if  all  the  starting  valnas  ' 
hat  W|  for  all  hut  w^  are  takan  as  zero. 


We  now  nota  that  the  n  saquanoes 


w 

p 


t 


w 


n«'- 


w 


-1 
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afe  Iteeafly  JteF  any  Mineaf  ctapeniiaica  aiafiti  tfeam  w©tldl 

isply  ttoal  w-saipte®e'e  satisfies  a  dtifarafiGa  efuai:l#ffl''Gf  less 
an^  ilS  a^xllli^  polyHossial  wGali.  aa-GasSarllf  i>e  an  exacit 
ilvilS:@f  of  tfeo  lef®  Me®*ef  of  |S),  fMs  ooHiltlo®  was  ^eotiioaliy 
avo4€e4  in  fte  ofeoioe  oi  siarEini  vatoes  *  Its  eaoli  sefiaenoe  is  a 
soiation  of  »,  I®  follows  litat  li?ey  Gonsfliiaaia  a  fandanaeistal  sot  of 
solatiens . 

in  GOflise  tnenGo*  the  f  eaaefal  soiiition  of  f  7|  oan  ho  wtittoii  in  liio 

fOfni: 


whore  the  K  ,  are  arhltrary  ©ohstants «  Suistitatlon  of  fli  in  (2i 
and  f3|  gives  a  siiwitaneoas  otoatiohs  for  ofetaininf  the  paitleniaf 
valmes  of  those  Gonstants  that  yield  the  desired  soiation.  In  laGt 
we  ha  ve 


where 


( i  !*  1,  2,  , . ,  ,  n) 

{  l  “  I  *  2  f  •  •  •  ,  Bl) 

( j  —  1 1  2 1,  •  •  •  I  n  ) 

(  i  «  m  +  1,  m  +2,  , . ,  ,n) 


k 


MatJieffistislanS 


ffease  felatiotis  ®ay  fea  cjaarar  mh&k  expressa^  lift  teims  Qi  iiatflGas  * 
Let  D  denote  tha  matfix  ©f  ©©afficiants  d|j  k  tfea  ©©temn»vaGt©f  ©f 
GoeffiGiaats  K  aad  f  the  ©oiunifir-vaGtGf  ©f  qaantittas  f  |;  let  S  deaGta 
tha  matfix  ©f  ©©afflGiafits  fe..*  partitiGaad  Int©  tha  first  m  raws  i,  and 

M  tp| 

the  last  n  m  f©ws  Sg .  Let  W'  ^  and  W  denote  the  par sympetriG# 
alternant  patriGas  pp.il2,122| 


and 


w  ,  w  „ 

p^n+1  .  p=nf2 

w  „  w  - 

P’^n-fr2  p^n+3 


tefisy  MMieiaatli€lans 


f 


let  Si  ieii©te  tSe  ©©luiffia-^veGtor  ©i  cpastlities  S, ,  as<3  fisally  let  y 
i@S0te  iSe  e©teraS“vei?t©r  feoned  of  s  Gosseoiltive  ele»enis  of  tSe 
y^setiOSOe,,  00.410#  witS  y^^i  f  Se® 

m=  t,) 

wSef  e 

;!  8  w<”^ 

B:=  i'  ^ 

-M 

I  V 

iSe  pFOOeas  of  successive  applicatloe  of  (7}  ae4  i®)  Sy  v4ticS 
tSe  y^  a04  w-^seqaesees  were  4eveiope4  eaa  also  be  expressed  In 
tetrifis  of  tnatficeSi  let 


let  w'  denote  the  anaiogae  of  y  for  the  sequence,  and 
finaiiy  let  g  ^  denote  a  coiumn- vector  of  n  eleinefts  havtnf 
as  Its  final  eieinent  preceded  by  n  *  i  zeros .  ihen  ^ 

*k  siniilaF  diScassisp -appears  in  Ul  »  which  generaitzes  methods 
described  In  |s|  and  |l|  ^ 


8 


of  t  Mi©re  f'errtfallyj 


(x| 

W  =  Q  yif 


Q  V  +  Q  f 
i=l 


it  will  tee  aotei  tteat  tlie  ebara^eristic  eqiiatieia  ©f  Q  is  tdie^lcal  witli 
ttee  aiiMliafy  eqaatioa  (5)  ;  ia  fact*  Q  is  ttee  tfaa^GSSe  of  idle  "coiapiaftioa 
matrix'' |i,  7]:  of  tlie  auxiliary  polyaomiaL 


A  word  of  caution  is  in  order  Gonceminf  this  method »  It  will  some¬ 
times  fail*  for  reasons  most  readily  explained  in  terms  of  equation  (6)  . 
When  X  becomes  larfe*  this  expression  is  dominated  by  the  term 
involving  the  root*  of  maximum  absolute  value »  K  die  particular  solution 
teelnf  sought  shouM  happen  to  have  a  zero  coeffiGient  assoGtated  vdth 
this  root*  the  Goefficients  in  {§)  would  have  to  be  obtained  very 
aecurately  in  order  to  give  reasonabiy  accurate  values  of  Uj^  near  the 
Upper  end  of  the  sequence*  tlniess  p  is  small*  it  may  not  be  possible 
to  carry  enough  sifnificant  figures  in  the  calculations  to  determine 
these  coefficients  with  the  accuracy  required. 


3  .  THE  GEMEHAL  CASE ,  In  the  general  case  one  cannot  obtain  adthtional 
solutions  of  the  homogeneous  di^erence  equation  by  the  expedient  of 
replacing  x  by  x-i^l,  x4>2,  etc.,  and  it  is  necessary  to  employ  additional 
Sets  of  starting  values.  One  may,  of  course,  use  n  such  sets,  which 
can  then  be  regarded  as  a  "starting  matrix" .  The  n  sets  of  starting 
values  must  be  linearly  independent,  or,  in  other  words,  the  starting 
matrix  must  be  nonsingular.  M  it  is  taken  as  the  unit  matrix,  this  is 
tantamount  to  expressing  all  subsequent  terms  of  the  sequence  as  linear 
functions  of  the  first  n  terms  by  successive  substitution  In  the  difference 
equation,  and  finally  Substituting  these  functions  in  the  end  conations  in 
order  to  evaluate  the  first  •  n  terms . 


*In  the  case  of  two  or  more  roots  of  maximum  absolute  value 
this  discussion  can  be  suitably  modified. 
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t 


HowavSf »  tt  is.  ei^BapalatlQaaEy  aa©i?a  #®eie«6  fi®  ase  tfee  m 
Bifuaitfetis  t©  ffi  ©f  IBs  first  n  valiueSi  f  jits  lias  fiia 

iestiaMa  eifect  of  redBoi©g  tli&  of  ssts  Of  staffiai  valaas  fagmirad^ 

aad  also  tfee  aaiafcer  of  si«i3ia«aoas  aqaatioos  to  Oa  solvad  ta  taa  tiaat 
slap*  te®  a  to.  a  «  ©*  wa  shall  asa  tha  iHatrix  iiotatlo®  of  tha  pracaSrig 
seottoffit  firtiar  paftitioMhi  tha  j^feffiiatFix  ij,  tat©!  iha  first  a‘-*  m©Eiaiaas,, 
i||i  aadtha  last  m  ooh|wa,  aad  shall  dafiiia  tjia  vaetor  te 
afiildfy  vhih  y^^  and  fha  veotof  will  also  he  pa5ii|tonad 

into  ifca  first  n  la  aleiaanES  a^*  and  tlia  last  in  aletHants  *  and 
the  vet^or  h  slnillarly  partittonad  Into  h|  and  h^.  the® 


ti  '  >  ' 
®11^* 


=  h. 


As  it  Gin  ha  assaihedthat  tha  m  ataations  X|)  are  indapahiant,  & 
is  of  ranic  m,  and  (11)  eaa  ha  soivad  for  to  fiya 


ii2®u^ 


The  two  terms  of  the  rifht  meinher  of  (12  )  will  he  itilized  to  eonstrMOt, 
respectively,  diO  starting  vec  y'^  for  the  y-*seinenoe  and  the 
starting  matrix  for  the  w^sequenea.  In  fact,  we  have 


where 


t 


o 

ri 

i  (n) 

1  n^m 

,  W  - 

-1 . 

1  ; 

i 

i® 
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IE  will  fee  Molei  Am  W  is  ti&w  Mt  ®  fa  ^ 
fsAeF  Aaa  aa  a  a  siaare  ^Mcix  as  ia  Ae  p 


maCrlXt 

sectiaa..' 


tJsiaf  Ae  eleffiteats  of  y  aaj  ifease  of  tfee  iaiivl  Aiai  ootemas  of 

as  sopafafe  sets  of  staftlai  vaioeSj  aaO  saoceiSsively  appiyAg  to 
eacfe  tfee  AliefeaGe  eqaatioa  ia  tfee  forisef  o%so  aadi  |4|  la  Aa  latter 


(pf 

we  Aali  ultimately  arrive  at  Ae  eadinf  vector  y  aai  Ao  eadtag  matrix 
M  eacfe  step  aloag  Aa  way*  Ae  relatioa 


-  a  *  a  4=  1  ,  *  i ,  I 


mast  fee  satisfied*  fhe  and  GoaAtioas  (3)  therefore  take  the  form 


i2U 


If  there  is  a  uaigue  solatloa 
are  such  Aat  Ae  overall 


(Aat  is ,  if  Ae  Goeffieleats  aad  fe^^^ 


aoasiagular) ,  the  (a-m)  (a  ^ 
eaa  be  solved  to  give 


of  equations  (1),  (2)  aad  (3)  is 

,  (p) 

)  matrix  B^W  is  noasingular,  aad 


u 


,w  I 


- 1 


‘2  ^  ®2>^  > 


This  equatioa  pAvides  Ae  values  u, ,  u  ,  . , ,  ,  u  ,  aad  if  we 

12  a-^m 

deaote  by  w  w  ,  . . .  ,  w  the  elemeats  of  Ae  final  row  of 

xi'  x2  X,  a  -  m 

(orAexA  row  of  for  x  a)  ,  (14)  gives 


u  =  y  + 
X  x 


a-m 


1=1 


u,w  , 
i  xi 


(x  =  1 1  2 1  •  •  •  I  p)'  • 


teiiy 


II 


lil  tteis  p©iM  I&©  >£i»©sti®0i:  ®taf  artis©  i®  l&e  ifiitvi  ©I  tfr©  f©a#eF 
it  Is  pO‘Ss|tele».  tn  '©ase  ©f  ©GwStailE  ©©©fii©4©ffits»  t©  reiaiii  Ihre-  ©5€p©ite®i 
©f  ©fetalai®®  ad©ltl©Kal  :S©l©!l£©ils  ©f  yie  fe©®©f ©©©©y  s  eiyiil©©  fey  Merely 
ifee  srpiMieM  %md  als©  yMil©©  Ifee  e^yatloras  |l|  I©  re#y©e  Ifee 
©iMfeer  ©f  siiiellayeeas  eqiaati©©©  t©  fee  s©lveci  ia  tfee  filial  slefe .  &  ©jlier 
w©rdis,j  is  11  pessifele  fey  afpiepriaie  cfe©lee  ©f  itie  siaftlfef  veGi©r  s  y 
a®©  to  reitiGe  tfee  apper  Minlt  ©f  tfee  s«M®aatl©®  i®  19 1  fe"©®  ®  t© 

®  -  li®  7 


It  will  fee  sfeovim  tfeat  Ae  aasvsrer  is  aefatiae^  exoept  la  yaysaal  ©aseSi 
Syfesiitiall©®  ©f  tfee  ffi©#f ie4  foria  ©f  Cl|  lilt©  |t)  f iyes ,  I®  Matrix 
aotattoa^ 


*  i|W 


This  Must  fee  an  idieatity  la  the  h|,  siace  these  quantities  GaHnot  fee 
evaluated  until  the  ftnai  step,  fnerefore  we  Must  have 


(nl 

U8)  B^W  O  , 

As  it  is  assumed  that  the  m  equations  (2}  are  independent,  and 
therefore  ij  is  of  rank  in,  a  veotor  y'^'  ean  fee  found  which  satisfies 
(17).  The  requireMent  (li),  however,  is  less  easily  Met.  As  it  is  feeinf 

assuMed  that  the  matrix  is  feased  on  a  single  w-^ sequence » 

th  ( 1) 

the  J  column  feeing  w  ,  the  quantities  i  Wg  ,  ...  , 

w„  ,  (which  are  the  elements  appearing  in  W^V  must  satisfy 
zn'^M^ii  _ 

not  only  the  difference  equation  (8)  but  also  m  further  hornogeneous 
linear  difference  equations  with  eonstant  coefficients  whose  auxiltary 
polynomials  have  as  coeffiGients  the  elements  of  the  individual  rows 
of  B  (where  reading  from  left  t©  right  gives  coefficients  of  ascending 
powers  of  the  variable)  .  These  w'  s  must  therefore  satisfy  the 
difference  equation  whose  auxiltary  polynomial  is  the  greatest  common 


MattoeiMtielitis 


12 


Svisor  @f  Ae  m  +  1  p©ly®©iBials»  IMless  IMs  ffeKtf  st  G©®5®a©a  is 

©f  ieir^s  al  ie«st  #  ^  m  i®  pra*i:tic&t  p©i^i  fee  »iiSiialJ,  ttere  w©iii 

m  a  lisear  rsiatioa  aaflaag  m  ©©temas  M  It  wmM  a®!  Pe  a 

permlssiPlre  Startiaf  satrtx* 

it  sli©ai«l  fee  pfelMei  ©at^  towever^  tfeat  v^ea  «  =  a  ■*  1  tfee  laetteGi 
citscnfeai  afefe^a  to  tfee  feaerai  ©asa  Is  preietafete  mm  la  tfee  ©asa  ©f 
©©as*aat  ©©effleiaats,  fee©a«se  tfee  siarttef  matrix  Has  oaiy  ©ae  ©©lama 
la  aay  eveat  f  aa^'  f©r  tfee  metife©#  ©f  the  geasrai  ©as#  fh)#  f iaai  system 
©f  simaliaa#©as  egaatleas  r#iiii©es  t©  ©ae  egaati©a  ia  ©a#  aaka©wa.  If 
~  p©&sifeie  t©  gaia  the  same  adyaatage  fey  reversiaf  the  ©rder 

©I  iajdexiag  aad  werkiag  fea^wards  *  ivea  v^iea  m  =  a  -  2  {©r  m  =  2) 
the  methed  ©f  the  geaerai  ©as#  «aay  fee  preiefred  if  p  is  aot  iarge » 

la  the  geaeral  ©ase  the  reveffsaj  ©f  ©rder  meati©aed  ia  the  pre©ediag 
paragraph  is  ©leariy  advaatateeas  wheaevef  a  “  m  >  m:  that  is,  whea 

m  <  I  a « 


4,  EXAMPLES. 


Example  1 «  Selve  the  differeaee  eguatloa 


a  =  2u.  , 

X  x-^l 


2  u  +  2  u  u 

x-2  x-3  x-4 


for  ©2  ^  •  •  •  '  ’^20'  the  ead  ©oadttioas: 


“l  -  '  * 

“l  *  *2  2 

3u  ^  a  ^  a  ^  645 

IS  19  20. 

u  -  u  =  .=  412  , 

19  20  '* 


Mlif  MatMeiftictaas 


whiefe 

9  =  #  iti  -  4|“I3^' ,, 

X 

solution,  'fail©  I  ^^ows*  ia  tie'  first  feiiP  ©©iiafiiis>»;  tto©  va,laeS' 
©f  i  r©taifei,|  aai  tie  valires  ©I  aai  #ev©l©p©i  |£i©at  tt© 

3lw.  X  X 

startlai  vatees  iadl©aie^  for  x  =  i  *  t*  ■%„  4|  iy  siioeoissi ve  appIlOMi©© 
ia  lie  respective  cases  *  of  |]ii|  anO  its  iosiofeaeotis  cooateipafi 


=  Itt  ,  -  2:U  A  ^  2U  ^  ^  U'  . 
X  1  x**2  x*^3  x~4 


i(|uatloa  iij  fives 


a  -  y  + 

X  at 


-  U  2*  , . . 


Substituting  this  expression  (for  the  appropriate  values  of  x  an#  usini 
the  caloulate#  values  of  y^^  an#  in  the  c©n#itiQns  (2Ql  gives 


K  +  2^^ 

1  4 

V-  +  Bk  +  UK  ^  .2 
13  4 

=  ». 
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Itapy  MaiteeinMieitaas 


T’l&ayiL  1 


X 

i 

1 

t 

® 

t 

.1 

§ 

43 

21 

3 

4 

5 

49 

■® 

0 

49 

0 

0 

-1 

11 

3 

32 

6 

32 

130 

-2 

91 

7 

33 

195 

-2 

146 

§ 

20 

248 

^2 

191 

1 

25 

342 

-3 

265 

10 

16 

464 

-4 

36$ 

11 

25 

570 

-4 

461 

12 

20 

.  668 

-4 

551 

13 

33 

815 

1-5 

678 

14 

32 

1002 

-6 

843 

15 

49 

1189 

^6 

1020 

16 

52 

1388 

-6 

1211 

17 

73 

1660 

-7 

1463 

18 

80 

2000 

-8 

1781 

IS 


K 

|§ 

ts 

21 

22 

23 


lis 

lif 


2372 

27f2 


-I 

-t 


-it 

-It 


2142 

2iss 


$©jutloii  ©f  these  etuatleas  yields  the  values:  H*  -  43,  K  «  -  -23,  K  =  31, 

X  4  V 

=  -21,  ahd  therefere, 

4 


«x  '  ''x  <^’"x  '  ^^“x+l  *  ““xtz  -  *‘'"x«  • 


FF©m  this  equati©n  the  values  ©f  in  die  final  column  of  Table  1  were 
calculated. 


El^MPlii  2.  Solve  the  difference  equation 


XU  =  (x  +  1)  u  ,  +  (x  -  Du  „  -  xu„  ,  +  24, 
X  x-^l  x-2  x-'o 


ilrw^  Mi^fce«ali:ela®s 


aai  We  fea  ve 


•siofta  ite  IMri  e^Mimt  111  I  yielis  i3|  ■=  i* 


U  '=  y.  ’*■  6w  „ 
X  xl' 


im®  wfelGtei  tfea  flrial  GGlttiriii  'fayie  2  vi^a&  'Galcsilaledj* 


WMM  ;2l 


iWiZ 


4371/112 


1835/96 


Jtey  MitMlnaifGlaftS; 


iiFiREnaii 


L..  Miwe-fi;o®i;s»Qia,  The  Galculus  Qf  Finite  Differences. 

Maeiffiiilah  GC.»  ^  io»dbh«  i#ll* 

I.  Oi  ISj  fti!Chaf^s©®,>  An  JiMrojittcEteB  to  the  GMcMlas  cf  Finite  Differences » 

P  .  Van  Postranii  0©*  .,  InC  i^  New  i#S4. 

3  *  A.  Gs  Aiiiken,  jDetefMnantg  and. Matri caa A. 8th  eJs)»  teefsclence 
PiiMishetSi  Inc*  j  New  Y©rii:#  l§i4. 

4.  R,  W\  Wagner,  "A  note  ©n  linear  (difference  equations/"  Ainer>  Math,  _ 
Monthly,  65,  35i-3S3,  ItSS* 

I,  B.  Friedman ,  Principles  and  Techniques  of  Applied  Mathematics. 
fohn  Wiley  and  Sons  *  inc*  ,  New  York,  19§ii 

6.  R.  R.  St©ii,  Linear  Algebra  and  Matrix  Theory.  McGraw-Hill  Book  Co » ,  lac* 
New  York,  1932 » 

7.  F.  R.  Gantmacher,  The  Theory  of  Matrices.  Vol.  1.  Chelsea 
Publishing  Co. ,  New  York,  1959. 


in  Ji  stti  oowMifin© 


k  f  yim  inipiif  !M^  f  lUMtljt ,, 
Ml  I:  FCMtlMlOn  IlID  iOOTlDn  i¥ 


J,  E»  ^twS  $»  D'j 

W^&nM^  %s©tsal<  Wsfeafvlielt^  Mew  Ymk 


INTRODUCTION  .  Wke®  ffitcrof lakes  afe  ijffifee^ie#  to  a  keat  caaAieiiaf 
medlipi®  safejeetei  to  a  te®®p»efaiufe  fradiersti  tke  keat  flew  will  fee  ^storfeei 
eofiipare4  to  tke  flow  la  tfee  ao*aoieaeoys  laecilaiai  ttoe  profele®  AseMssei 
la  tfeis  note  was  saggestei  by  tfels  pfeeaomenoa  #  model  desorifeed 

sfeoxild  not  be  Goastraed  as  an  aeearate  representation  of  an  aetyal 
sitaatloni  Insteadi  tbe  problem  is  considered  for  Its  matnematioal. interest 
and  as  a  possible  indiGatlon  of  tbe  analytic  dlfflciilties  that  can  by  anticl‘^ 
pated  In  examining  similar  modeis . 

FOtMUlATiON  OF  THE  MODEL .  Oonsider  an  infinite  slab  contained 
feetween  the  pianes  y  ^  ->1  and  y  ^  1.  A  semi-^infinite  filament  is  imbedded 
parallel  to  the  surfaces .  We  take  the  positive  x  direction  in  the  plane  of 
the  filament  and  outwardly  normal  to  the  edge.  The  faces  y  ^  -  i  and  y  ^  i 
maintained  at  uniform  temperatures  T 1  and  T  -  0*  respectively,  the 
filament  is  a  petiect  insulator.  The  model  1$  two  dimensional,  the  region 


T^l 

We  seek  the  temperature  field  T  =  t  (x,  y)  which  satisfies  lAplace's 
equation 


1 


siiiieet  I®  itee  ©pHsdlti©®  tlial  f  Is  fteUe  &md  tNil 


f  -  i  » 


■fix,, -i|=  I,. 


M4x^,.iL,  =  f, 


f  ©r  X  C  @  . 


Two  methods  are  med  to  tfivestif ate  tke  profe|e«;  sepafalteii  oi 
vif iafeies  and;  ceftEofittal  ffiappleg  *  f fee  first  ef  tfeese  !®etfe©ds  leads  to 
a  series  sotatioia  aisd  tfee  second  to  a  solution  in  closed  fornii  Ntenertcal 
resmlts  froint  tfee  two  metfeods  are  tn  pfeclse  a§reenient  >  as  expected » 


SOLUTION  ftY  SiPARATiON  OF  WMMiMS*  it  is  convenient  to  divide  tfee 
ref  ion  into  tferee  siAreglons: 

Ref  ion  |1):  -  G>a  O  ,  0<y  1  * 


Region  (2)  ;  ^  ^  x' 


,  -l<y<0; 


Region  (3)i  ^  x-^^  ^  -l<C.y<Cl  • 

A  different  expression  for  tfee  temperature  will  fee  sought  for  eacfe  region, 
with  tfee  stipuiatlon  that  tfeese  matcfe  at  x~Q  .  Pesignate  as  f  j^  tfee 

temperature  in  the  i  tfe  region.  Let 


Sufestitution  into  Eg.  (1)  leads  to 
X.^  Y  ^  F 


V  _  Y  rftp 

r ' '  r  J , 


wfeere  k  is  an  eigenvalue  for  the  i  th  region.  This  leads  to  a  solution 
of  the  form 


-  A  explk  x)  +  B  exp(-k  x);  O  sin 


#  P  cos 


Cfeufcfeiil,  l.V. ,  "Fourier  Series  and  Boundary  Vialue  Frofelems,  "McGraw= 
Hill,  N,Y.  11941) 


1 3 


Relat#©iis  MlMlasF  fe&  ij|stati©fts  pit  im  y  <  ®  #va  mst.  Wiffi  ^fualitansi 
-and;  |1'5| 


I  #' 


c©§ 


fi=i 


Hi 


oso 


1  -  y 


^  L  |k„  msl 
\  . - 


im  “  ¥5* 


z 

hi 


1. 

I  a 


Ma  |a¥  y| 


1  . 


2a  -  1 


a=l 


1  ^  m  |(2a-  Uwyl  ,  ,  .  ,  _  J 

— I  K  ^  *  cos[  2  '  '  ^  a  sia  (aTry)  |  * 


la  equations  (20)  and  (2];)  replaQe  y  fey  -y.  The  ftiodlfied  equatteas 
are  then  valid  for  y  >  0  siaoe  ih  their  prif tnal  form  they  held  for 
Equation  (18)  and  ^e  modified  iquation  (20}  ,  This  fives 


\  ^ ^  " 


n^l 


Add  equatioa  (18)  and  the  modified  Bquatlpa  (21)  .  Then 


op 


n??l 


^  (K^  4-  l^^4-  2Kf)  eosfSS 

9  t 


il  = 


^  0  , 


Etnqe  Equ3*i<3e€  (22)  and  (23) 

(1) 


♦  K„  -  2  K„ 


a 


+  K_  4-  2K 


a 


a 


^  0. 
^  Q. 


24 


(31) 


25 


l^lltply  i^aatioias  aai  C2#  if  eos  |t2m  =  1|  i:  y/2|  aai  iPiap'ate 
fr@a  zmo  '©fte#  fieWHf 

K  '^' 

III):  -1®  ^  t  4a 

■  lirn??”  ^  i2»*  1)^1 

i  2  ^ 

^115)  Urn  -  n  K.0J  ^  «  T*  '4  a  . . . . 

““  i  ^  1l|2a)^  -  aaa  -  1)^| 


IMraiaatiaa  ai  K  ffo*®  aetaatldais  132)  aai  III)  givas 
m 


(no 


mi 


In  "  2  m  +  1 


: 


Equations  (31)  and  (34)  eaeh  represents  an  infinite  system  of 
egyations  from  Vi^hieh  and  ¥L^  oan  fee  found.  These  are  related, 
moreover,  fey  equations  (30)  and  (33) .  In  the  eompanion  paper  it  will 
fee  shown  that  and  i,^  can  fee  expressed  in  closed  form  as 


K 

n 


(2n  -  1) ! 

Tf[2  (2n  -  1)  (n  -  1)  !  Y 


t 

n 


(2n  -  1 )  I 
n  I  Y 


\CI 

SOLUTION  BY  GQHFORMM.  MAPPING  ,  The  region  under  consideration 
can  fee  transformed  fey  routine  eonformal  mapping  procedures  to  yield  results 
in  closed  form.  The  symmetry  afeout  the  imd»plane  (y  =  0)  enafeles  us  to 
consider  only  the  lower  half  of  the  slafe .  The  mapping  is  performed  in  two 
Steps .  We  first  map  from  die  z  plane  to  the  w  plane  fey 


1 

w  -  ^  +  exp 


(2)  Ghimehlll,  R.  ¥, ,  ''introduction  to  Complex  ¥arlafeiles  and -plications  , 
McGraw-Hill,  N,Y.  (IM# 


24 


Mlttewatieiafts 


P'll  ^  =  -f-  -  ext  '{f  x|  -Gfcs  lyyj 

V  =  « Gxp  iifxi  ste  (iryl  » 


It  becomes  immediately  from  the  symmetry  in  die  w  plane 

that  the  line  u  ^  0  and  therefore  its  image  in  the  z  plane 


exp  (iTx)  cos  (Ty)  -  i 

is  an  isotherm  at  temperature  T  ??=  3/4 
A  second  tramsformation 


Jipiy  Jsiaiftfeiiiatti/cia®® 


m 


raififs  ttoe  w  pit  tie  if3i®  tte  plaite,>  a&  stew®  I®  f  Ifafe  f  * 

Ftyrc  5. 


Ub 


In  order  t©  assure  t®at  tfee  fittappiftf  is  one  t©  one  we  are  restrieted  to 
t®e  interval 

0  ^  7|  <  2  TT, 


The  orifinal  infinite  strip  shown  in  Figure  Z  has  thus  heen  mapped 
into  the  semi-infinite  strip  pf  Figure  3 . 

The  solution  to  laplaee's  equation  for  this  rejgton  is 


Eltmination  of  w  from  Equations  (3  7)  and  (39)  gives 


then 


MaftSftatieiaas 


m 


exp  tirxl  liryl  £  *■ 

exp  !{if  x|  GG®  iwyi  :>  ,i_ 

'tk 


wliefe  tti©  afctaiifeiit  is  tafeeri  to  toe  toterval  |0\,  n/^  i 

M  aii  iiiGlGenttal  result*  eqiaatioa  <4©!  als©  fives  toe  femperattore  fieW  f©r 
toe  w  plane,  as  totoGatei  to  figure  i* 

NUMERICAL  RESlIiLf S  »  fli'e  lemperatufe  in  tire  slaiD  is  given  Py  eqnatiGn  if# 
where7|  ,  P#ii  anG  v  are  ebtatoed  in  terms  ©f  x  and  y,  by  maMag  use  ef 
equations  (47),  (4||,  (44)  and  (3  7a)  .  fberefore,  for  any  presertbed  point 
to  toe  lower  balf  of  toe  slab  (  y^  ©)*  toe  temperature  Gan  be  obtained  by 
a  direet  GalGulatioa.  in  toe  upper  half  of  toa  slab  temperatufe  value®  are 
found  immetoately  from 

f  (x,  -  y)  -  1  -  T  (x,  y), 

for  many  purposes  it  may  be  desireable  to  examine  the  isotoerms,  that  ig, 
to  determine  toe  ^rves  along  whioh  the  temperature  is  Gonstant,  In  order  to  do 
this  it  is  more  convenient  to  express  the  coordinates  ©f  the  points  alonf  toe 
Gontours  in  terms  of  £  and  7|  .  fhe  eurves  7|  =  Gonstant  are  toe  isotherms 
while  those  on  which' £”  eonstant  are  their  orthogonal  trajeGtorles,  the  flow 
lines . 


If  we  solve  equations  (41a)  for  x  and  y  we  find 


30 


iAirffliy  MStiieiBailelsiis 


if  we  ttlce  ttee  imeviai  pri^Glpai  vatee  ©f  fee  feveree  iiaif emit  ffeat  ts,# 

for  :$i  <  @ 


i©r  S  <  0  .  •  i 


Wfcem  s  -  0,,  y  =  “I  ©r  0,  ffiako  ttee  first  ehrsisie  for  ?|  ^  0^  ttee  secoitd 
for  eife'er  ©r  =  if  ©r  ^  =  '0  ^ 

Piftire  4  stews  a  few  is@feerms  ami  flow  lines  in  fee  lower  half  ef  fee 
siato.  ftese  in  fee  npper  half  are  simply  reflections  ahont  fee  x  axis . 


between  “-  W/t  ani  w'/E  we  inay  write 


y  = 


I  arctan  S: 


I  ^^arctan  it  “  i  ^ 


Fi'gUTe  4 

f  einp3Fatiafe  FleM  in  aii  Inflnlta  Slaia  with  a  Semi-|n£i'nite  Insulator 

f sGtherais  —  Flow  Mnes 


I 

I- 


I 

\ 


f. 

? 

I 

1 


{ 


/ 


ii 

.SOLiJf '“f©  tME.  iNFlMf E  SYSrEiiS 

SY  M«ME:fti€'A]L,  it«€f  lOW!^ 

Mi  Ii  FaSciaiai  aiidi  J.  E.  Eweig 
Watervliet  Arsenal^,  Watexvlielj  Mew  York 


Tke  mf  iaxit  e  s  y  sit  e  ms  wMcii:  ka4 
tke  Fourier 


t©  fee  solvfedi  16  obtain  tfee  ©©offlcieiftts  of 
fuaetioui  WeX'e: 


oo 

I 
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In  matrix  form  (1)  appears  as  follows; 


We  first  consMered:  the  finite  ease  of  |4)  namely; 


«Tbis  is  Part  11  of  tke  paper  entitled  ^Steady  =■  §tate  Temperatures  in  a 
Slab  Oontaining  a  Plane  Insulating  Filament”. 
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Finally  by  inuitiplying  a 
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From  these  we  oonjectured  that 
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Equation  (14)  was  estsMished  by  setting  x  =  i,  givlni 
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By  Abell  s  limit  theorem  if  the  left  side  of  (21)  is  Gonvergent  for  x  ^  1# 
then  its  value  there  must  be  the  limit  of  the  right  Side  as  1-  . 
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In  which  *f'(y)  and  <p(y)  ate  odd  functions  of  y.  All  equations  from 
on  hold  for  |yi<l.  Substituting 
into  (34)  for  y  and  adding  we  obtain 
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for  all  positive  t»et(S«‘s  i,f  k»  ft  witft  ,ili4i,ik^  ft  ^atii  i  4  k/* 

(If I  oonfespoftsiis  to  tfee  faot  tftat  #0  maift  iiisiOftal  efeiaeftts  of  tfte  proOftOt 
of  toy  if  s  iftverso  Biftsi  fee  oftes,,  aaci  |4§)'  GOifespoftis  to  tko  iaet  tftat 
ifce  off  4ia§0ftaJi  <ele«eftts  lift st  fee  zeffos* 


f  JifeOEf  rOM  LETHAL  AEEAS  FRGTOeEE- 

i&Y  €YL1I©-R1€AL:  AHE  iFHSmiCAL  EDHHBS 


SheirHaan  L^^.  18'e'.rfea.r'd! 

E&giiri;#6 f iag  ScteEtcas  L.afe®#a®@ry:,  FeMWaan  i^&eaS'elj;  Lab&ralotiifs 
Pleatiany  Arsenal,  Dover,  Mew  lersey 


Summary .  a  raore  reaiistle  target  motiel  Las  been  deseribed;  wMeli  takes 
into  aceoiant  tbe  fact  tfeat  part  e£  a  target  cnay  not  be  exposed  to  fragrnents 
fro'rn  roeads  ejecting  fragnaents  in  a  limited  angnlar  range. 

Tbe  speeds  and  directions  of  fragments  ejected  by  cylindrical  ronnds 
bave  been  derived;  tbe  equation  for  the  density  distribution  of  these  frag* 
ments  at  any  field  point  has  been  obtained.  Flow  charts  and  cornputer  pro¬ 
grams  to  compute  A^  have  been  compiled  for  both  cylinders  and  spheres. 
Curves  plotted  for  fragment  densities  vs.  height  at  four  ranges  for  cylinders 
and  Spheres  having  equal  numbers  of  fragments  and  side -spray  angles  show 
that  for  a  Sphere  the  density  is  practically  constant  whereas  for  a  cylinder 
the  density  rises  toward  the  edge  of  the  side -spray,  and  is  espeGially  high 
for  the  3-Caliher  cylinder. 

Lethal  areas  for  these  same  charges  are  greater  for  the  .  S-caliher 
cylinder  than  for  the  corresponding  sphere,  hut  are  less  for  the  3-caliber 
cylinder  than  for  the  corresponding  sphere. 

FRACTIONAL  EXPOSURE  OF  EXTENDED  TARGETS 

Heretofore  it  has  been  assumed  that  the  presented  area  of  a  target, 

Ap,  is  entirely  exposed  to  the  beam  of  fragments  from  a  burst.  This 
assumption  is  adequate  for  full- spray  rounds  and  for  side -spray  rounds 
at  a  great  distance,  but  for  low  burst  heights  and  narrow  spray  angles  the 
results  are  unreasonable. 

The  improved  target  model  is  assumed  to  be  a  vertical  plane  area 
enclosed  by  the  body  outline  of  u  human  target,  like  the  cardboards  used 
in  target  practice.  These  targets' may  stand  in  random  orientations  every¬ 
where  in  the  field. 


MSI*  or  SYi^fiOLS 


H  =  biarst  belgtoit 

f  =  target  beiglit 

HttJ  =  upper  fragiisent  bearri 

HJLi  =  lower  fragment  beaisi 

TtJ  =  upper  iiruit  of  ea^osed  part  of  target 

TILj  s  loiwer  liffi.it  of  ©3^0  sed  part  of  target 

f  =  fraction  of  target  expo  sed 

n  =  fragiiieUt  density  at  tbe  target 

N  3  nuffiber  Of  fragments  in  round 

-  angle  to  lower  edge  of  side -spray 

©2  =  angle  to  upper  edge  of  side -spray 

R  =  horizontal  range 

p  =  slant  range 

=  initial  fragment  velocity 

V  =  cut-off  velocity 

c 

m  =  fragment  weight,  in  grains 

Ap  =  average  target  presented  area 

EH  =  expected  number  of  hits 

EK  =  expected  number  of  lethal  hits 

CK  =  form  factor 

/ 

CDg2  =  drag  coefficient 


W 


=  total  weight  of  all  fragments,  in  pounds 


Arrsiy  MatfeematiGiaiis 


4? 


l^aejFafeligEy-’  v^liaeratodlitias  #1  diSiar e®t  parls  ©£  tite  tefetaa  lady 

ate  alvdoiaisly  aa'il:  aitifei  KelaSive  aametieai  valuea  Ibr  f&ese  bjaaitiitles 
lave'  leeft  delfived  ly  &RjL.j  i|ifeefe.fe3aGe  If'  Iit  Six.  diffe're8i4  parts'  oS  file- 
ladyj  aad  lave  leeti  iareotp© fated  ly  PleatiHay  At  semat  int@  a  Kew  eam- 
patef  pfQgfafEi  dese filed  ia  Refereiiee  Is 

Expdsed  Af  ea  as  a  Ff aGtloa  &i  Ap*  Far  praefiGal  feasaKs  tie  Ap,  flgmr es 
compiled  by  ORO  aad'BMli.  will  Gontinue  t@:  I'O'  ased  as.  tie  lasii,s  Iot  'Cal'Ca'-^ 
latinf  E||.  Tie  target  is  assamed  veftlGai,  as  SlO'vm  ip  Figarre  1,  and 
saltends  tie  angle  between  TU  and  TB  as  seen  from  tie  Inrst  pointj 
wlereas  tie  rays  of  fragmeats  may  be  limited  to  a  side  spray  between 
Htj  and  111.  Tie  points  Tllj  Tli  and  TS  are  always  on  tie  target,  wlereas 
UlJ  and  HiLi  are  elevations  at  any  range,  independent  of  tie  target  leiglt 
and  positioni  In  tlis  illnstration  only  tie  apper  part  of  tie  target  would 
be  exposed  to  fragments.  Tie  exposed  part  is  AB,  and  tie  fractional 
part  of  tie  wlole  target  exposed  is  f  =  AB/AC,  if  tie  target  is  tie  same 
widtl  for  its  entire  leiglt.  If  tie  widtl  is  not  Gonstant  tie  fraGtion  exposed 
can  still  be  GalGulated  if  the  width  is  known  as  a  function  of  leiglt. 

Tie  next  step  in  tie  derivation  is  to  slow  low  tie  Ap  cover  fwiction 
data  are  used.  The  slapt  range  vector  p  is  defined  as  tie  bisector  of  tie 
angle  between  TTJ  and  TL  drawn  from  tie  burst  point.  At  tie  intersection 
F  of  p  and  the  target  a  plane  €'£^'  iS  erected  perpendicular  to  p,  as  shown 
in  the  figure.  Tie  area  A'C  enclosed  between  TU  and  TB  represents  tie 
presented  area  Ap  as  given  by  tie  cover  functions,  i.  e, ,  an  area  normal 
to  tie  radius  vector  from  tie  source.  In  tlis  plane  tie  ratio  of  e^osed 
to  total  target  area  is  A'B'/A'C’,  wlicl  is  for  all  practical  purposes  assumed 
equal  to  f. 

Tie  fragments  striking  tie  exposed  part  of  tie  target  AB  are  tie 
same  ones  tlat  pass  tlrougl  A'B'  and  tlerefore  tie  number  strlkmg  tie 
target  is 


=  n  f-A 
P 


I 


Wlere  n  is  tie  density  at  P  and 


f  =  AB/AC  S' A’ B '/A'C  . 


ArHay  MSitliejaiaticiajas 


SI 


I®  is  als#  assyMied  tihai  tfea  slaM  f  amge  ip  is  Ihe  same  for  all  ipeiats  dm 

Tfoe  calcrfalidm  mf  I  may  h&  ptitsmed!  iyjftiket  at  lliis  pdirt^  if  we 
assiMme  tfcat  we  Icmdw  tlie  eqmatidiiS  fdr  tfed  lime  s  till  amd  titi  Tiie  valyes 
!©■¥  '‘t'U  amdi  TL.  at'd  tlSem  givem  im  gemeral  Isy  tlte  tala1ii©ms,:: 


ily:  ^  &  TU  =  # 

<  &  TLj  =  .  §  . 


I  =  f 
TLi  =  HI. 
f  11  =  f 
fli  =  Hg, 

wfeerd  Hu  amd  HL.  are  evaluated  at  whatever  ramge  the  target  happems 
to  stamd.  im  the  Gomputer  programs  f  =  (TU  flUj/T. 

CYLINPWAL  llOUNPi 

A  rommd  of  this  type  consists  of  a  cylinder  of  high  e?qpiosive  em;cased  in 
a  hollow  maetal  cylinder  or  liner.  The  fragmemtation  of  the  limer  may  he 
comtrolled  or  random.  If  random  fragmemtatioa  ocemrs  the  mass  distri- 
hntion  will  be  governed  by  some  probability  function,  such  as  Mott's  law; 
this  kind  of  performance  is  not  included  im  the  presemt  study.  Instead, 
we  assume  controHod  fragmemtation,  wheme  all  the  fragments  are  of  the 
same  mass  and  are  distributed  uniforinly  throughout  the  liner.  The  ends 
of  the  round  are  assumed  plane,  and  end  effects  are  neglected.  The  fuze 
may  be  placed  anywhere  along  the  axis  of  the  round,  although  certain  places 
may  be  preferred  for  convemiemce  in  fabrication.  Its  position  is  taken 
as  if  above  the  c.  g. ,  and  negativ^e  if  helow,  as  shown  in  Figure.  2. 

It  is  important  to  note  that  its  position  determines  the  location  of  mini¬ 
mum  fragment  density  in  the  field,  as  will  he  seen  later. 

The  performance  of  fragmenting  rounds,  including  spherical  as  well 
as  cylindrical  ones,  is  described  by  two  well -established  formulae.  The 
speed  of  fragments  ejected  is  approximated  by  Gurney's  formula 


JLrmy  Matfaefflffiatieiafts  f  g 

w&e  te  is  iis  £t/s©€  aai:^  fits  .paraflaeter  Si#®  is  appifopriate  wfeeii  Coiap. 

©'  is  ffee  axpIS'SlvSs.  C/M  is  flte  ■'Gitar'gea'to^saiass  -ratiSj  aais  k  is  ®.  i&r 
eylia4@is  as€i  ®i  ®  tot  spite  ^es..  “ffMs  lorHaiala  elieeks  wifit  expef  isaeatal 
f'eS'ialfS  f@r'  C/M  bsIw'Sert  ®...  5  afi4  §■.  i  aa'fi-  lipiits  Y.^  t©'  v^afS  ieSS  tkas 

1 0‘j  0®®  ft/sSG  j 

'fks  dilfeetip®  ia  wkiielt  fragffliSnf s.  ajre  ejrSGf si  is  give®  fey  T ayiet' s 
|©rfflti^a  : 


i4|  sift  ^  =  (¥^/24|  G©S  eti 

wkere  Vq  is  fke  iftitiai  Spee4  as  given  fey  (3)  an4  4  is  tke  rate  @£  4ef ©na¬ 
tion  ©£  tke  explosive.  Tke  definitiofts  of  tke  angle s  are  skovm  in  Figiire 
2.  F  roftn  tke  £nse  at  F  tke  diefonation  wave  expands  spkeriGally,  inter - 
seGting  tke  liner  at  z,  from  wkenGe  tke  fragment  is  ejeGted  in  a  diireetion 
making  tke  {small)  angle  ^  witk  tke  normal  to  tke  snrfaGe.  (For  spkeriGal 
rounds  centrally  initiated  all  fragments  leave  radially  and  tkete  is  no 
need  to  Gonsider  Taylor's  formula. )  Experimental  values  for  d  are 
afeout  2S,  000  ft/ sec  so  tkat  V^/iEd  is  always  less  tkan  0.  2,  tkus  limiting 
^  to  9®  ©r  10®,  even  at  an  infinitely  great  disteuace  from  tke  fuze,  where 
<St=  0®.  As  a  result  of  this  directional  ckaracteristic,  a  cylindriGal 
round  ejeets  fragments  in  a  side -spray  with  an  angular  divergenGe  of 
no  more  than  18®  or  20®. 

Fragment  jPistrifeution  ka.  the  Field*  Tke  ckoice  of  a  coordinate  system 
for  this  calculation  is  dictated  fey  tke  fairly  ofevious  fact  tkat  tke  rays  of 
fragments  are  symmetrical  about  tke  point  of  initiation  F,  wkiek  is  taken 
as  tke  origin.  Tke  transverse  plane  tkrougk  F,  perpendieular  to  tke  axis, 
is  tke  reference  for  measurements  parallel  to  tke  axis  at  auiy  field  point 
wkose  coordinates  are  (r,y).  Tke  equations  of  motion  for  a  missile  give 
tke  location  of  0,  tke  center  of  gravity,  and  tke  orientation  of  tke  axis. 
Since  tke  fuze  is  usually  not  at  G,  tkis  fact  must  fee  taken  into  account 
in  solving  numerical  profelems;  it  will  not  affect  the  calculations  based 
on  F  as  origin. 

Tke  fragment  distribution  at  any  field  point  depends  upon  the  distri¬ 
bution  in  tke  shell  wall.  To  show  clearly  tke  distribution  at  a  field  point 
we  split  tke  distribution  on  the  surface  of  the  shell  into  two  linear  distri¬ 
butions.  Let  tke  cirGumferential  density  be  n^  and  tke  lengthwise  or  axial 
fee  fragments  per  foot.  The  circumferential  density  at  a  distance  r  is 
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e^Mai  ta  =  agfa/r|v  sSaee  i&a  h 
all  'd-iireGtio-ft's  In  tfee  ref&raaee  pla 


foagnaenls  ate  Gj>eeie4‘  anifGJrtaly  in 
ttoimngtei  F  ., 


Tfee  axial  density  at  llae  i 
feat  we  dan  say  that  n'^  at  '|r,, 
.an;d  Y,  thns  n'^  =  l(f»y|. 


f©%nires  sonae  detailed  calGnlatinns^j 
f;  is  eii|nal  tf!  n^  times  some  iandtisn  of  t* 


To  derive  f|r  j  y|  we  eonsider  the  paths  of  fragments,  as  shown  in 
Figare  2.  &  fragment  arriving  at  F  dame  Irom  a  dor responding  point 
Z  on  the  shell  wall,  a  dlstande  z  from  the  referende'  plane,  And  all  the 
fragments  arriving  within  dly  eame  from  a  dor responding  infinite siwaal 
segment  dz  on  the  shell  wall.  From  the  figare  it  is  fairly  evident  that 


y  =  z  +  ^  (r^a) 


where  the  approximation  tan  ^  ^  is  aeearate  to  within  0,  ^/o  for 
^  <  10<?.  The  next  step  is  to  find  the  relation  feetween  dy  and  dz.  In 
(i)  we  sabstitate  ^  ~  D  eos«6  ,  where  15  -  Vo/^d  from  Taylor's  formala, 
and  express  coSoC  in  terms  of  a  and  z,  giving 


and 


y  =  z  +  (r-a)  I)z/{a'  +  Z-  ) 


dy/dz  -  1  +(r-a).  I)a^/(a^  +:Z^) 

Since  the  fragments  in  the  differential  segment  dy  came  from  the  di|» 
ferential  segment  dz  in  which  density  is  n^,  we  have  the  eqaality 

n  dz  =  n'  c 

X  X 

thus 

n'^  =  ®^/(l  +  ©(f/a  =  1)  sin^dt'  ) 

/,  2  2,1/2 

where  We  have  ased  the  relation  a/(a  +  z  )  =  sin  pi, . 

At  this  stage  we  can  combine  the  r  e  salt  s  for  n'^  and  n'^,  obtaining 


(6) 


n  =  nj(a/r)^/(a/r  +  D|l^a/r)  sin^P!^.  ) 
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wfeere  jil|  =  -  nHnnt&er  ©f  fragments  per  Hnit  area  on  tihe  slieil. 

fM#  resnit  is  ce^reet  fent  it  is  ineoiiV’eniient  teeeaa^s«'  it  -ceniains  tjie' 
angle  ami  net  tfee  y  eeor^diinate  ©f  tfee  field:  w&ieli  is  tfee  ■desired 

independent  variafele.  T©  derive  tfee  desired  resnlt  we  ge  Paek  t©  |S|  and 
express  y  as  a  fanctien  of  ^  : 

|7|  y  “  a  Got  nL  t  B(r-a|*e©s  p£„  . 

Previons  analysis  of  this  proMem  has  shown  that  a  new  variahle  X  -  since 
is  a  prefef  S-hie  GhoiGe-  I’lo  matter  what  variahle  is  Ghosen  (z  or@6|  on 
the  right  side,  a  ^nartic  equation  ensngs .  whiGh  has  to  he  solved  for  the 
chosen  variahle  as  a  fnnGtion  of  y,  to  he  inserted  hsto  the  distrihution 
fimction  (6).  Making  the  indieated  snhstitHtion,  equation  (f)  yields  the 
equation 

(8)  ♦  x^P  +  x^  j<F/a).^(i  +  (y/a)^)  1 

where  P  ^  2/(©(r/a-i))  and  is  always  positive  for  r^a. 

^  The  roots  Xj^  of  this  equation  are  the  numbers  to  he  inserted  in  (6)  for 
sin  et  to  get  the  fragment  distrihution  as  a  funGtion  of  y  and  r.  Examination 
of  the  Goefficients  i^  (8)  provides  clues  to  the  solution  of  the  equation.  As 
y  appeat©  only  as  y  the  signs  of  the  roots  are  unaffeeted  by  the  sign  of  y, 
thus  satisfying  the  obvious  symmetry  of  the  fragment  distrihutiQn.  Des carte 
rule  of  signs  prediGts  that  there  can  he  only  one  positive  real  root.  The 
Goefficient  of  x2  may  be  either  plus  or  minus,  but  in  either  ease  there  is 
still  Only  one  change  of  sign.  The  geometry  in  Figure  2  shows  that  the 
angled  ranges  from  0®  to  180®,  and  its  sine  is  always  plus,  On  the  basis 
of  these,  considerations  it  is  fairly  safe  to  eonelude  that  the  single  positive 
root  of  (8)  is  the  one  to  be  used  as  the  value  of  sin  ot. »  regardless  of  the 
sipi  of  y. 

The  shape  of  the  distrihution  function  \W’ill  he  deseribed  to  provide 
a  more  complete  understanding  of  the  performance  of  cylindrical  rounds ^ 

In  general  the  value  of  the  function  must  be  known  at  each  point  of  the 


^xP  .  (p/2)^  ^  0, 
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target,,  espeGially  wfeen  the  ^iffererait  \ml:iieral>iltti€s  ol  separate  parts  of 
the  target  are  taken  into  aceonnt.  However,,,  for  the  SpeGi-al  appiliieatipn 
treatei  here  this  infor’t>^®tion  is  not  reiqiaire'd^,  as  will  fee  explaihed  later. 

Cnrves  for  hfr,  y|  are  shown  in  FigHres  3  an4  4  lor  an  infinite  Gylindler 
with  Idf,  ®00  fragments  per  sq.  ft. ,  whieh  is  approximately  the  iiensily  for 
64  l/s"  enfees  per  sq.  in.  fhe  vaine  #.164  is  Hse#:  for  the  parameter 
y  /2dl.  The  iensity  at  the  target  clieereases  as  r  iinGrease4  |Fig.  3),  font 
it  increases  as  y  inGreases  tFig.  4|. 

For  finite  Gylinders  the  snrfaGe  terminates  at  the  vertical  lines 
shown  in  Fignre  4  for  three  different  Gylinder  s.  One  cylinder  has  a 
califoer  (h/a)  =  3  and  is  initiated  at  the  center,  shown  In  the  fignre  foy 
the  numher  3.  The  other  cylinders  footh  have  califoers  =  1.  One  of  these 
is  initiated  at  the  center  ,  shovm  foy  1  in  the  fignr  e.  For  central  initiation 
the  surface  is  symmetrical  ahont  the  originj  only  the  left  edge  is  lafoeled 
in  the  figure.  The  third  cylinder  is  initiated  at  end,  shown  fey  le;  for  this 
position  of  the  fuze  one  edge  of  the  surf  ace  is  always  at  the  center,  as  shown 
in  the  figure.  Shifting  the  faze  toward  one  end  of  the  cylinder  shortens  the 
surface  at  this  end,  and  lengthens  slightly  the  other  end. 

The  maximnm  densities  represented  foy  the. high  plateaus  in  Fignre 
4  are  attained  only  foy  very  long  eylindefs,  afoont  3D  ealibers. 

liETHAL  AREA  CALCiJLATiOilS  FOR  CYLlNORiCAL  ROUhffiS 

The  first  steps  are  the  evaluation  of  parameters  dependent  only  on 
the  round.  The  slant  range  P  is  sufficiently  well  approximated  fey  r  itself 
because  p  ^  r  sec  4  1  vertical  incidence  of  the  charge,  which  is  the 

case  con side red  here- 

Two  other  parameters  are  the  angles  4^  and  4^  whieh  limit  the  frag* 
ment  heam  at  the  upper  and  lower  ends  of  the  eyiinofor.  These  angles,  as 
shown  in  Figures  2  and  5,  are  given  foy 

(9)  >(0  =  0  (b.j)  /  ta-  + 

4  =  «b+j)  /  (a*  * 


-  ^  . . . 

Fjtgure  Frs^goitnt  Den^ltf  Y9  ,  Ran§9 


Figiirie  5 .  Ij^eni^eiid  Target  and  Cy^ndriaat  f^ound 
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Aridtii'er  parameter  ii-  tfee  laterval  ©f  r  ©ver  wMcIi;  letjaality  iaay 
©©■earj  'TJie're  are  tw©'  peseiMe  vai-ues  f©r'  llte  apper  llriliti  Fer'  :givea 
valaea  #f  all  ©tfcer  pa^aMsefera  r  will  iiave  a  maxlisiuiffi  valae'  bey©ai 
wiiiGb  Pj*  =  © . 


m 


=  fm  ^  /: 


wkere  B  is  a  letkality  parameter.  If  a  Gat'^^dii  vel©Gity  is  speeifieS, 
beidw  wkiGk  P^  is  arbitrarily  set  eqiaal  t©‘  ze  r©  ,  another  maximmm  valae 
of  r  is 


Rj  =  («' 


where  ^  is  the  proAnGt  of  three  aerodynamiG  faGtors  in  the  veiocity  deeay 
formala 


V  =  AL  exp  r  m  '  ) 


The  smaller  ©£  the  two  valmes  |10)  or  (11)  is  taken  as  the  upper  limit. 


The  lower  limit  must  be  taken  as  at  least  t-wdee  the  radius  a,  beGause 
smaller  valnes  would  produce  irrevelant  roots  for  the  qusrtie  equation 


Ej  -  2a 


The  other  one  oGeurs  when  the  bottom  of  the  round  is  abov^e  the  top  of  the 


E,  ^  (H^b‘f )  / 
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arf  tfee  target-  is  entirely  laaei^Osedl  at  sfeGrter  raages  .  The  iargef  of 
the  tw©  yalaes  Cl$|  #r  5|i4|  is  takeiK  as  the  lower  liseit. 


The  range  of  r'  is  It=  ^  &y. 

‘Ct  X 


i^tiGipating  the  ealcalation  of  in  the 


last  part  of  the  GoMapatation,  this  interval  is  4ivi4e4‘  into  a  sait- 

ahle  namfeer  of  panels^  say  40^  for  numerical  integration  by  Simpson's 


rale.  eaeh  of  these  4®  valnes  of  r,  the  iollowing  faetor  s  are  Galealated. 

Elevations  of  HU,  HL.,  TU  anii  Tfe.  The  elevations  of  the  edges  ©f  the 
fragment  beam  are  given  by  the  eqaations 


H  +  b  + 


KL  a  il  -  h  ^  t  ^  . 


The  valaes  of  TtJ  and;  TTi  are  obtained:  by  using  (IS)  in  conjiinetion 
with  the  GOnditions  (l)  and  (2).  To  Galotilate  the  number  of  fragments 
Striking  the  target  we  need  the  diistances  from  the  horizontal  referenGe 
plane  y  ^  0  to  the  edges  of  the  e?#osed  part  of  the  target,  given  by 

YU  s  TU  -  (H  +  j) 

m 

YE  =  TE  -  (H  +  j). 

These  y  values  may  be  positive  or  negative.  The  number  of  fragments 
striking  a  strip  one  foot  wide  between  YU  and  YE  is  the  integral 

YU 

(IT)  N'  =J^  ^  y)  dy. 

If  YU  and  YE  have  the  same  sign  they  are  both  on  the  same  side  of 
the  referenee  plane.  Sinee  n  is  an  even  function  of  y,  the  signs  of  YU  and 
YE  are  in  this  case  immaterial.  .  But  if  YU  end  YE  have  opposite  signs 
the  integration  straddles  the  origin,  hence  it  is  necessary  to  keep  track 
of  the  signs  of  YU  and  YE,  and  to  integrate  aceordingly. 

Keeping  in  mind  these  precautions  we  can  now  preceed  to  the  numerical 
calculation.  At  first  glance  it  would  seem  that  we  would  have  to  integrate 


Array  MatteraatiGiaas 


if 


iJae  diialri&iilsi'Ga  fjyiaGtion  witiGit  wGiiW  fee  qjaite  a  lask,i  Sat  if  we  gG> 
feaelc  to  tfee  derivatis®  #1  tils  iaaGtion  we  are  reraiiaded  tlat  tie  iragraeate 
reaGiiag  dy  'ea  tie  target  are  tie  saaeie  eae^s  liat  left  tie  segraeat  dz  ©a 
tie  liffier,, 

'If  ie  ref  ©re 


a|  M  % 

wilGi  is  a  pamei  sirapler  'task*  Sat  we  still  aeed  t©  solve  tie^qaartiG 
eqaati©®  1 8|  t©  ©fetai®  Z.tj  a®d  ZIj:  Gor  r  e  SpoediRg,  to  tie  tw@  y  liiiiit  s  ^  a®d 
tie  signs  ©-£  tie  z  linsits  .mast  fee  tie  same  as  tie  sigiiS  ©f  tie  Gorresp’ondiag 
y  limit  Si 


jyy 

a  (r,  y| 
Yi 


Z.0 


n^  dz 


Sinee  tie  point- to  -point  variation  in  density  of  fragments  on  tie  e%- 
posed  part  of  tie  target  is  of  no  interest  ierei  tie  density  distrifeations 
n  and  n  are  feest  disGarded  and  lie  total  namfeer  of  Iragments  M”  =  ftif 


w/m  v^iil  fee  ased  instead. 


If  we  imagine  tie  target  to  fee  a  cylinder  Gompletely  sarroanding  tie 
groand  zero  of  tie  fearst  point,  tien 


N  =  M”  A  Z/Efe 


is  tie  numfeer  of  fragments  striking  tie  target.  Tie  average  namfeer  per 
sqaare  foot  is  tie  afeove  value  divided  fey  tie  lateral  area  ©f  tie  target 
Gylinder  of  radius  r  and  ieigfet  T: 


M 


N"  AZ/(4-n:  fer  t). 


Tie  remainder  of  tie  calculation  is  routine; 


m 


INF  A 
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=  t  -e3» 


*1.  =  2  "4.  Pg  •’«»  • 


Tk«  elenaent  of  area  is  2  »  r4r  feeeause  lor  verliGai  iffiGiAence  tke  €0®= 

t@ia.fs  of  GOiSStant  ^f  e  Girefes. 

iK. 

A  flow  Gkart  indiGatiasg  tke  prmcipai  steps  in  tke  Gofflaputation  is 
skO\^  in  Figiif  e  7  . 

Llrf  MAIL  AEMA  CALCWLATKym  FOE  iPeFElC  AL  EOlllSIDS 


The  proeedure  follows  the  same  general 
fotands.  The  two  uppef  limits  fof  f  given  in 


s  as  used  for  cyliHidfiGal 
and  (11)  no  w  he  come 


R’j  = 


1 


when  the  hurst  is  ahove  the  target. 

An  additional  upper  limit  must  he  considefed  here,  when  0^  <  90°, 
as  shown  in  Figure  6. 

(22)  R"  =HtanO_ 

The  lower  liniit  for  r  is  zero  except  when  the  burst  is  above  the  target 
and  0,  then 

(23)  Rj  =  (H-T)  tan  ^ 


The  range  of  r  is  R^  -  R^  and  this  is  divided  into  a  suitable  number  of 
panels,  as  for  the  cylinder.  At  each  of  these  intermediate  r  values*  the 
follovdng  factors  are  ealculated: 


:SMW»  Wimi  CHARTS 
i&t  LeHtai  of 
Gylind^fcl^  and  SphefiCal  GhargOs 


Figpjre?.  Flow  OtUiitn  for  GyHndfif 8  tnd  Sidl 


Army  Matfeematiciaiis  ...  7  b 

CGJMPASaSOlSf  OF  €YLi®l3&E;MS  AMB  SFMEmES 

III  makiag  tfeis  comparis'®*!  all  rjorniids  are'  as  sia.*med  t©  |>r#d.imee  2/0  0# 
iragmeM/fes,  all  witli  Ike  same  iaitial  vele'cityj  H^e  same  iiadividia'ai  masSj 
and  npifer mly  disitrlkatp'd.  T©  examine  Ike  eflecl  ©I  Ike  skapes  ©f 
■€yllndri'G.al  ■Gfearge.s.j,  ikree  ©.alikers  were  ckS'Sen:  1^0",,  1.,#  an'd  0'',.  eaeih: 

©ne  initiated  at  Ike  Ci  g.  fmid  p©ini  ®f  Ike  iengtk|‘.  Cerrespendir^  I©  eaek 
of  Ikese  Gylinders,  a  pariicnlaf  spkere  was  designed.  Tke  limiiing  angie 
^  at  tke  end  ©f  tke  cylinder  was  nsed  i©  deie  rmine  tke  side  “  Spr  ay  angle 
for  tke  spkere.  Since  tke  keam  ©f  fragmenls  Irom  tke  eylinder  is 
Symmetrical  afeeve  and  below  tke  fnze,  tke  same  symmetrical  ©rientatien 
was  nsed  ©n  tke  spkerej  i.  e.  ^  0|  -  9#®  -  4  aind  =  90®  Tke  * 

numerical  valnes  @£  tke  parameters  ikus  ©otained  for  tke  six® ronnds  are 
skown  in  Table  k 

Tke  field  densities  were  calenlated  for  ranges  of  10,  2:0,  40,  and  70 
ft.  and  for  a  sefies  of  y  valnes  ending  at  tke  edges  of  tke  beams  in  eack 
case,  as  skown  in  Fignres  8  to  11. 

To  provide  a  basis  for  understanding  tke  skape  ©f  tke  curves  sk©wn 
for  spkericai  rounds,  it  may  ke  instructive  to  mention  tkat  tke  spkerical 
round  kas  a  distribution  lunction  analogous  to  tke  one  f©t*  a  cylindrical 
round,  namely 

(f*)  »3(r.  5f)  *  /ly*  +  th 

wkere  a  is  tke  radius  of  tke  spkere  and  r  is  a  parameter,  Tkis  function 
is  seld©m  noticed  in  going  tkrougk  letkal  area  calculaiions  because  it  is 
so  easily  computed.  Written  in  tke  form 

n^  ^  kr^  /fy^  +  r^) 

where 

,  2/  3 

k  =  Uj  a  /r  , 

it  is  tke  equation  of  tke  ”Witek  of  Agnesi”  (Itef.  3),  first  constructed  and 
described  by  Maria  Gaetana  Agnesi  in  Milan  in  tke  ibtk  Gentury,  Tkis 
is  a  cubic  curve  kaving  a  maximum  at  y  ^  0,  anddeergasing  asymptotically 
to  zero  for  large  y  values,  just  tke  opposite  trend  from  the  density  function  (b) 
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lor  tke  cylimder.  The  points  of  infieGtion  lor  fZ?)  are  at  y  =  ^  r  /  '03  = 

#  .  5774  r,  and  at  tho  se  points  the  function  is  75  /o  of  its  maximum 
valne. 

To  ohtain.'  sorne  idea  ©f  the  ra»:g,e  of  |Zf  I  enGonntered  in  the  ahove 
exanipie  s  eho  sen  for  eo*nparison,  it  tan  he  shown  that  the  edges  of  the 
fragtnent  beatns  Gome  at  ahont  one^fonrth  the  distant e  to  the  iniOettion 
point,  liente  the  tnrves  for  the  spheres  are  praGtitaiiy  straight  lines 
with  very  slight  negative  siope®.  They  are  actnally  enrves  with  a  hori¬ 
zontal  tangent  at  y  -  ©,  and  a  negative  Gnrvatnre  imperceptihle  in  the 
region  of  interest  here. 

This  design  of  spherical  ronnds  prodnced  prohahly  the  fairest  po®- 
sihle  conaparison  but  it  is  not  quite  perfect  because  the  edges  of  the  side 
sprays  frona  the  sphere  are  inside  those  from  the  cylinder,  by  an  amount 
equal  to  half  the  cylinder  length  at  top  and  bottom.  But  the  difference  is 
relatively  Slight  at  short  ranges,  as  is  evident  in  Figures  8  and  f ,  and 
is  almost  irr^erceptible  at  longer  ranges.  In  all  cases,  the  cylinder 
fires  the  same  number  of  fragments  at  the  target  but  they  spread  over 
a  slightly  greater  vertical  expanse. 

This  slight  imperfection  in  comparison  cannot  be  corrected  fey 
placing  the  sphere  farther  from  any  one  particular  target  so  that  the 
edges  of  its  side  spray  coincide  with  those  of  the  cylinder  in  that  parti«t- 
cular  direction,  because  to  obtain  by  integration  over  all  other  tar¬ 
gets  around  ground  zero,  the  two  rounds  'Will  not  have  the  same  point 
for  ground  zero. 

The  lethal  areas  shown  in  the  last  two  lines  of  the  table  were  cal¬ 
culated  for  target  heights  of  5-  5  ft,  (standing  men)  and  .75  ft.  (prone 
men),  the  burst  height  in  each  case  being  half  the  target  height.  This 
burst  height  was  chosen  t©  es^loit  the  symmetry  of  the  side  sprays. 

Many  other  situations  might  be  used  to  compare  cylinders  and  spheres, 
but  they  will  be  reserved  for  the  optimization  studies  to  fee  described 
in  later  reports. 

BI$C U S§IQN,  The  fragment  densities  at  field  points  shown  in  Figures 
i  to  11  indicate  that  the  sphere  produces  practically  constant  density  in 
the  y  direction,  whereas  the  cylinder  produces  a.  lower  denlity  at  y  =  0, 
whieh  rises  above  that  for  the  sphere  somewhere  in  the  last  third  of  the 
y  range  to  the  edge  of  the  fragment  beam.  The  3-ealiber  cylinder  ehds 


Figure  9,  Fragment  Densi^  vt*  Het|^t  lor  GyUndtre  and  Spherea  at  20  It. 
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witli  a  density  al  t&e  e4;ge  #f  the  feeasit  wMch  is  five  #f  iffi@re  tisaes  gfeater 
than  the  Sphere  'density,-..  ■  'TM.s  rati®  seems  t®  merea-se  a.S'.  the  range  r  in- 
ereasesi  IThe  tw©  shorter  cylinders  Ghosen  l©r  this  stwd'y  jnst  happen  to 
end  with  neariiy  eqmal  densities  at  the  edges  ©i  their  heams'.  For  the 
cylinders  the  increase  In  fragment  density  as  y  incr eases  is  to  fee  expected 
from  the  Gnrves;  sfeown  in  Fignre  4* 

The  ietfeal  areas  sfeown  in  Tafele  I  for  tfeese  six  ronnds  are  less  for 
prone  targets  tfean  lor  standing.  targetSi 

Tfee  sphere  feas  a  larger  Ietfeal  area  tfean  the  long  cylinder ^  fent  a 
smaller  area  tfean  tfee  short  cylinder  for  feotfe  stanGes  of  tfee  target^  wfeereas 
for  the  intermediate  l-Galifeer  rocnds  the  sphere  is  slightly  snperior  for 
prone  targets  while  tfee  cylinder  is  definitely  superior  for  standingi 

The  very  high  densities  at  the  edge  of  the  heam  for  the  3-caliber 
Cylinder  sfeown  in  Figures  $  to  11  seems  to  act  as  a  disadvantage  in  com¬ 
parison  with  the  nearly  constant  density  for  tfee  sphere,  ifiasmucfe  as  the 
3-caliber  cylinder  feas  definitely  less  lethal  area  than  the  sphere  for  both 
stances  of  the  target. 
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J^ROijlfOllOM  i  tisis  paper  is  epflicemeti  witi  a  teeteifuie  for  evatuatiriig 
multiple  ifttefrals  niiffieficaliy  wkea  ttae  iniefraeis  satisfy  eeftalfl  ©opi^tioas 
whi®  ate  to  PS  speGifieJ  ia  the  paper,  fae  feaeral  idea  is  to  fSdaee 
pfofeiefia  of  a-fold  iatepatiofts  to  a  problem  of  solvla#  a  efaatioas  for  a 
partiGilaf  Set  of  parameters . 

fbe  iatef ration  of  a  single  integral  is  disGtaSSed  first  and  the  tecbniqme 
is  then  extended  to  multiple  Gases,  formulas  treatini  the  feneral  n^fold 
intefration  problem  are  finally  inoluded. 


Case  1  The  One^^ Fold  Integral .  let  it  be  regulred  to  perform  the 
following  integration: 


(1,0) 


= 


f  (x)  dx. 


In  order  to  evaluate  this  integral,  an  auxiliary  integral  is 
introduced: 


(1 , 1) 


d  F 

dx  L 


.  dx  -  f  (1)  -  0  f  (g)  . 


Assuming  that  ^O^f,(0)|  =0,  eguation  (1 . 1)  is  simply 
(1 . 2)  J  =  r  f  (x)  (fe  +  r  X  f^  (x)  dx  =  f  (1)  . 


On  applying  the  Gaussian- Legendre  one-point  quadrature  formula  to  both 
integrals  of  equation  (1 . 2) ,  one  obtains  the  following . 


ilrHiy  MitlaeittStiisiiles 


it 


f  M  ^  f|i/:^  *  m  ^ 


M  3« 


i 


X  f  cix  -  „  _ 

X  X 


xxx 


4  If. 


XX 


t  ^  ^  1, 

so  that  eqmation  (1  »2j  ea®  bo  expressed  ast 
(l.fj  J  ^  f 


^  -p  «xx  O)  ^  ' 


+  24  • 


Tv  f  (A)  +  2i 

XXX  XX 


*  f 


of 


(1,6)  Af  (A)  +  3f 

xxx'  XX 


*  24  •  f  (1)  -  f 


^  i 

X  X 


The  numerical 
as  follows: 

1 


f  (x)  dx  =  f(l/2) 


can 


*  -k  W^> .  0  «  >  *  1 . 


'^xxx  ®  [*  **>  '  * 


provided  that: 


ft 


tfceitl* 


X  f0F  '  n  w .  ‘^  1 

i/%i  #  u  . 


By  Formulas; 


f  (x)  ^  X 


ri 


f  (x)  =  a  X 

X 


a-1 


f  (x)t  =  a  (tt-ij  X 

XX 


a- 2 


n-3 


f  (x)  -  n  (n-1)  (ft- 2)  X 
XXX 

1 

^  f  (1/2)  I?  fxx 
Ij  (■^  ^+  •  |  (r  )  •  (  n-l)  % 


ft- 21 


+  3  f 

XXX  '•'  "  XX 


=  24 


OT  (ft)  (ft-1)  is, 


ft- 2  24 


1  - 


f  (1) 

Ijyft 


Hence: 
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f  __  .3®4  f  ■ai’e  ^©ntiiaiioaS  faw©iii»s,  ©a  ft®  donate  of  iefiailfefflj 

XX  '  W  ' 

il!iie®©e,j 


■a  =  g  -  li»  ib  ^  ^  d:  * 

la  G©acias4o®j  tbe  tw©=^f©M  ijutagral  ©aa  b®  avalaated  as  £®M®w&i 
J  A 


I  = 
2 


f  y)  <bc  biy 


®  o 


+ 


24 


xxyy 


1“>  ^  *yy  ‘ 
(a,  b)  ,  0  a  ^  1,  0  -  h  -  i  , 


wh®F®  tlie  nua^ers  4.  and  Ja.  are  obtained  by  solving  tbe  equations: 


^  ^xxx  ^  ^  ta,4-)  -  24 


f  (1*  ^)  f  (4^*T' 


1  1 


b  f  (4-,  b)  +  3  f  b)  =  24 

yyy  «  yy  * 

provided  that: 

(1)  There  is  one  and  only  one  real  root 

a,  |o  ^  a  ^  1  j  ,  and  ^  [o  -  b  ^  1  j  . 

(2)  f  (x,  yj,  f yyy  be, y)  are  real  valued 


1  f 

ty  (’T » 


1  J 


f  Ct  '  ^  ^  2  ^y  2 


eontinuous  functions  defined  on  the  closed  sets  p  -  x  ^  1 , 
0  4t  Y—  l|  . 
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t*  £  !®*^j  -  |i'*i 


Case  3; 


*3  * 


■  i  ^1  ^1 


'  ©  J'Q'  J  & 


£  y*  z|  4x  5d!y  dz 


if. 

tlx  1  L 

2'  it  24  ^X3 

/  1  1  V  r  » 

(a,  +  f  „  ( 

£  2  i  yy 

:T>^r^  +t2z(T'^ 

i 

‘  1  '  ' 

"f  (a,  b,  1/21 

•^-  f  (a ,  1/  2 , 2 ) 

+  1  ^  (1/2.  fe.e) 

I 

J 

xxyy 

xxzz 

yyzz 

4*  ya\  * 


I  ta,  b.  q)\  , 

jQcyyzz  { 


0  ^  a  ^  1.  0$fe  ^  1*  f  ^  e  ^  1  . 

,  1/2,  1/2)  +  3  (a,  1/2,  1/2)  ^  24  [f  (1.  1/2,  1/2) 


1  f 

X*x 


+  3  f 


,  b,l/2)^24  f  (l/2,  1, 


^i^y 


,  1/2,  c)  ^  3  f,,  (1/2,  1/2,  c)  ^  24 


,  1/2,  1)  -f(l/2,  1/2,  1/2) 


Case  4;  Tfoe  P©<ar-^jF^ld  Integral 
rirlAA 


h  = 


f  (x,  y,  z,  t)  ^  dy  dz  dt 


o  o  o  o 
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n 


^  f  ll/l. 


m 


i  fe,  l/t.  1/2,  i/^*i  Wt,  fe.  1/2. 

i  y  y 


24 


xxyy 


i  W2.  i/t, 
zz. 

G  ,  l/'2$  + 

(1/2,  1/2,  1/2, 

d)j|  . 

(a. 

b,  1/t,  l/t)  + 

*XXZZ^®* 

1/2,  1/2)  + 

^  (a,  1/2, 

1/2,  dl 

[1 


^  f _ ( l/t  ,  h,  G, 

yyzz 

3 


i  (a.  te j  G, 

xxyyzz 


f 


,  b.  1/2,  d)  +  fgztt^ 


,  G, 


+  f 


+  f  ^*(a, 

xxyytt'  ' 


,  b,  G,  d) 


+  £ 


xxzztt 


,  Gj 


yyzzt  t 

W  •  [Wzitt'*''’' ®' 

0  ^  a  ^  1,  0  ^  b  ^  1.  0  ^  c  ^  1,  0  ^  d  -  1  % 

af  (a.  1/2,  1/2,  1/2)  +  3  f  (a,  1/2,  1/2,  1/2)  ^  24  « 
XXX  ^ 

1  r 


p  (1,  1/2,  1/2,  1/2)  -  f 
bf  (i/2,  b,  1/2,  1/2)+ 3  f 


yyy  yy 

-  f  (1/2,  1/2,  1/2, 


.  b. 


,  1/2,  1/2, 
=  24  ^  If  (1/2,  1, 


--Lfy  (1/2,  1/2,  1/2,  l/2)j  . 

c  i^^^il/2,  1/2,  c,  1/2)  +  3  f„(l/2,  1/2,  c,  1/2)  *  24  j^f  (1/2,  1/2,  1, 

-f  (1/2,  1/2,  1/2,  1/2)  (1/2,  1/2,  1/2,  l/2)j  , 

* 

df^^^  (1/2,  1/2,  1/2,  d)  +  3  (1/2.  1/2,  l/2,  d)  =  24  f  (1/2,  1/2,  1/2,  1) 

-f  (1/2,  1/2,  1/2,  1/2)  -  ’Yh 
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'Ttoe  paraHielGfSr  -.  i..»/  a^l  afe  sciMliGas  M  fee'  f©Jil©v\^fitp 

aqiiiatl©ii& i  •  ’ 


a  f  m.i 

Tv  X  X  X.  A 
A  A  A 


l/Z,  „  I/t)  #  I  f, 


A' 


i  0  0  0  t 


U 


I  =  i. 


,  ....  im-  ip/2.  ....  i/n- 

;  A  -  1.2.  i  i ..  a  ; 


pfovided  fe^t 

1)  There  is  one  and  only  one  real  root  a^,  |0  -  a  ^  ij  ,  for  eaoh 
sahsoript  A.  of  fee  afeove  differential  ennatioas. 

2)  f  (x  .  ..,xj,  f.  ^  ,  p. xj,  are  roal  valaed 

i  n  X..  i  ** 

,  AAA  f  ✓  1 

continuous  fuaottons  defined  ©a  fee  closed  sets  [0  ”  H 

V  A 


f  tig  F®©®LgM  ■0@MPgE'tg& 


gaim'Otod  A>  .Itf-tiMe 


M’©'rtfe.'  •S’-a.fM ina  State  'College,,,  galeigfey  C>a,f'§lma 


l*#4ay  I  sJadAiildi  like  to  iiisettss  sorsie  tkedretiGal  an4  piraGtical  iina- 
pliGatiOifts  telatiag  to  tke  general  solutida  @f  tie  Diaffiag  e^atten 


(i)  H  +  a^x  “0^  ^0^ ^  ® 

(a,  F^j  )l,  y^eoastaatj  jj0|  small)  . 

For  sotae  time  adw  we  kave  beea  applyiag  a  fortaal  ejq^aBSioa  pto- 
cedare  ia  tke  stady  of  osoillatioa  proiblems.  fke  teckaiqjaes  wete 
origiaally  develope<l  dariag  aa  iavestigatioa  of  tJie  tesoaaat  motioa  Of 
artificial  satellites  aa4  tke  gaffiag  e<|aatioa  faraishei  ai  witk  oae  of  oar 
first  textfeOok^type  applioatioas  of  tkese  teekaiqaes,  Tkere  kave  teeea 
otaerSj  soame  more  iaterestiag  and  some  less  iaterestfeg,  aad  oertaialy 
the  last  chapter  oa  this  work  has  not  yet  heea  writtea,  However ,  it  is 
not  my  intent  here  to  discuss  these  formal  technlqaes  nor  theit  future  in 
this  husiaess  hut,  rather,  it  is  my  iatent  to  illustrate  with  this  familiar 
Puffing  prohlem  some  iaterestiag  results  which  stem  from  rigorous  cons 
siderations,  Coupled  with  the  extensive  formal  results  you  may  or  may 
not  agree  with  my  suggestion  that  the  Puffiag  prohlem  is  now,  perhaps. 


The  formal  expansion  obtained  previously  suggests  that  the  geaerai 
solution  of  (l)  should  he  either  a  comhination  ©scillation  which  esdiihits 
two  hasic  freiuencies  or  a  mon©=frequency  oscillation  with  a  long  spgriod 
heat.  Two  noteworthy  special  cases  are  (i)  a  stahle  periodic  solution 
corresponding  to  a  heat  of  vanishing  amplitude  and  (ii)  a  transient  solution 
eharaeterized  hy  an  envelope  which  is  the  limit  of  a  beat  with  least 
period  tending  to  infinity.  The  linait  envelope  is  unstahle  and  consists  of 
separatriceS  departing  from  and  returning  to  a  stationary  envelope.  The 
latter,  in  turn,  corresponds  to  an  Unstahle  periodic  solution  of  {1).  The 
periodic  solutions  are  well^^known  and  have  been  uncovered  by  rigorous 
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metteelis,  It  is,  cf  coarse,,  always  reassarmg  to  fini  tfeat  partiGalar 
known  iliehavaior  is  properly  embedideJ  within  results;  inferred-  from  formal 
procedures.  1  intend  to  show,  that  in  this  case  at  least,  the  suggested 
general  hehavior  of  is,  in.  fact,  correct  as  in  doing  so,  1  shall 

introduGe  an  artifice  for  exten/ding  the  application  of  the  method  of 
averaging  to  distinctly  new  proMem  areas.  I'm  referring  here  to  rigorous 
applications  of  the  averaging  method  and  not  to  the  intuitive  or  formal 
applications  Which  are  very  popular.  This  work  will  appear  in  a  short 
paper  Scheduled  for  puhlication  in  the  Journal  of  the  Society  for  Indus¬ 
trial  and  Applied  Mathematics. 

First  we  introduce  the  Van  der  Pol  variahles  (a,  hj  fey  equations 

(3)  X  =  a  cos  Xt  t  fe  sin  Xt 

X  =  -Xa  sin  Xt  +  Xfe  cos  Xt 
and  slow  time  s  fey  the  equation 


then  (1)  is  equivedent  to  the  variational  system 


Af  riiy  |»iM-&eina‘ati®iafa-« 


(  jS  .  3  A  il  ,  „2« 


2'  -  -  .2' 

y  a,  h.,  s|  =1  ^  #  I  A^  ^  1 1  ^l|  fe  sin  4lt^  J 


«  ||4-|A-  -  fe'  !;  afns4Jt-g‘ 

’^2  2  ^ 

.a  .2.  &v2  S  ,  i  13  V  .  . 

4^  i“y  “  b  )  a  c&B  8X  p  +  ^  (a  -  )  b  sm  8  X 


iTbis  is  tke  tradiiUnnal  variation  oi  parameters  method  and  there  are  no 
approximations  involved  herei.  In  slow  time  s,  and  are  rapidly 
varying  terms  o£  zero  mean  value  and  the  averaged  equations  associated 


with  (3)  are  simply 


da  f  .  3  .2  f  , 

dJ  *  j  *’ 


a  +  F  . 

o 


One  might  suspect  that  some  aspects  of  the  true  behavior  .of  the  Puffing 
oSCiPatOr  might  be  reflected  in  these  simple  equations.  We  Shadl  return 
to  this  question  presently. 


The  solutions  of  (4) ,  the  averaged  system,  have  been  discussed  in 
detail  in  a  paper  which  appeared  in  the  Archive  of  national  Mechanics 
and  Analysis  last  year.  Trajectories  for  typical  eases  are  illustrated 
in  Figs.  1  and  2.  Hearly  «dl  of  the  solutions  of  (4)  are  periodic  {actually 
ePiptic  functions');  and  these  would  depiet  longs;peribd  beats  of  the  motion, 
hi  slow  time,  the  least  periods  are  independent  of  /Q  ,  as  is  (4);,  if  the 
detiunlng  is  held  constant.  The  averaged  system  pluses  ses  the  iategral 


(7|  4|a")  A"*2F^  a^C, 
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wltera  €  is  a  €S'ils.ta®t..-  Tfce  varisas  -ttaj!e€'t#-riesj,  #f  ©sairsey  eoTr’esp^-nd 
t@  pafti'calaf  ekoieesi  'of  feka  Mtagratlom  ©©(fflstaal  'c,,  as  iii'dteafed  i®  Fig,-  1, 
Tjae  G eaters  GQrf esp®>n4  to  stationary  osG illations  and!  afO  loGatOd  so  as 
to  five  tke  known  valnes  ior  tke  amplittides  of  tke  stable  periOtliG  soln^ 
tions  of  |l|.  The  saddle  point  in  Fig.  2  ©or re  sponds  to  the  nnstabie 
periodliG  Solution  of  |l|. 

For  a -permissible  valne  of  o,  we  let  denote  the  loGns  defined  by 
(S,)  along  wfeiGh  the  motion  given  by  i(4,)  is  periodiG  of  least  period  F_, 

For  later  Gonside rations,  it  is  Gonvenient  now  to  piGtnre  the  trajeGtory 
as  being  wound  about  a  eylinder  in  (a,  b,  s^^spaoe  which  has  fOr  its 
crosseGtion,  (See  Fig,  3.)  Aetually,  the  eylinder  is  Gomposed 

entirely  of  trajeGtories  sinee  the  phase  is  arbitrary.  The  eylinder  is 
then  referred  to  as  an  integral  manifold,  SinGe  there  exists  an  integral, 
the  eetuation  of  first  variation  of  (4)  with  respeGt  to  a  periodie  solmtion 
will  of  neGessity  admit  two  zero  charaeteristiG  exponents  and  the  method 
of  averaging  does  not  apply,  tienee*  we  look  for  a  similar  but  more 
amenable  system.  What  is  desired  is  a  system  whieh  will  permit  a 
rigorous  applieatlon  of  the  method  of  averaging  and  at  the  same  time  will 
not  be  totally  unlike  the  one  we  have.  In  order  to  apply  the  method  of 
averaging  we  shall  make  the  H ■cylinder  rather  special.  We  shall  fof  Ge 
the  neighboring  trajectories  to  move  toward  the  cylinder  without  altoring 
the  cylinder  itself.  In  the  original  circumstance  this  is  not  the  case 
since  all  neighboring  solutions  also  lie  on  similar  cylinders.  The  transient 
behavior  of  neighboring  solutions  is  a  Gharaeteristic  requirement  for  the 
mathematical  theory  of  averaging.  One  seems  to  got  nowhere  without 
it! 

Liet  us  introduee  the  function 

(6)  I  (a,  b,  e|  i  (7^  +  ZF^  a  -  c. 
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Tke  averagei  f  ^atioiis  ag#deiate<i  willi  |1}  ate 


#a 

ds 

m_ 

ds 


||+  l)l(ai  l>,  cl'  +  i  a  + 


F 


and  retain  tfee  particHlar  periedic  solntion  aleng  since  Ike  ataxiliary 
term  lbl(aj  c)  vaniSkes  every  wkere  cn  -p.  ilcwever,  tke  n^naticn 
cl  first  yariaticns  of  (S)  witk  respect  to  tke  periodic  soimtion  along  l|~' 
now  possesses  boat  one  zero  GkaraeteristiG  exponent.  Indeed,  since  ^ 


(8)  is  antoMLomns,  One  ebaraeteristic  exponent  is  zero  and  the  second 
is  given  by  the  well-known  expression 


ip 


trace  H  ds', 


where  H  is  the  coefficient  matrix  of  the  e<|uation  of  first  variation 
evalnated  along  p.  Since  the  contribiition  of  the  original  terms  in 
(4)  to  this  definite  integral  is  zero,  one  need  only  compiite  the  G©mtri'»- 
biition  of  the  anxiliary  terms  in  (8).  These  are  readily  found  to  give 


V  i 


trace  H  ds  = 


2F 
'  o 


C  2 

b  ds  <  0. 


Thns,  the  periodic  solution  along  P  is  now  asymptotically  (orbitally) 
stable.  The  neighboring  solutions  tend  to  the  p -cylinder.  Accordingl’j 
for  each  sufficiently  small  j  ^j,  there  will  be  an  asymptotically  stable 
integral  manifold  M  of  the  auxiliary  system  (7)  lying  near  the  corre¬ 
sponding  Pscylinder.  This  manifold  will  not  be  a  cylinder  but  will 
vary  slightly  in  ctossection.  (See  Fig,  4.  )  However,  throughout  its 
entire  length  it  will  lie  near  the  P-eylmdei'*  More  spocifically, 
there  exists  functions  a«(s,  @,  ^  ),and  h  (s,  periodic  in’  s  and  9  of 

?r/X  and  respectively,  which  satisfy  the  inequality 
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i©'f'  'all  s  'aai  wilfe aa  per©  a^^-aad  l>'^  'Aeaste  ®olati@n 

fuii.<Git|o.ii-'S'  ior  Ifee'  periodte  motion  along  ilT*  ©n  <tfe'e  manifolii-  tfe©  .'S'ystO'm 
i|f|  is  oi|ni valent  to  a  differential  elation  of  tM  form 


H  =  1  ♦its.  I.  wfeere  I  Wi&yJHyp  I  j  < 

Tihis  desGribes  bow  a  partienlar  trajeetow  is  wonnd  aboiat  tbe  manifold  ^ 
TbnSj  not  Only  is  tbe  manifold  near  tbe  P  -^Gylindef  for  smaM|^  L  bi*t 
the  motion  on  tbe  mani  fold  is  nearly  tbe  skme  as  tbat  along  We 
note  in  passing  tbat  for  a  suitable  oonstant  k,  tbe  inequality 

(it)  [pa,  b.G)j  <  k 

is  satisfied  everywhere  on  M  . 

g 

Suppose  now  tbat  a(vs)^  b(s)  is  a  solution  of  tbe  original  variational 
System  (3)  witb  initial  point  on  r\  ond  a*(s)  =  a*(s,  d(s)j^),  b*(s)  = 
b*(s,  ^(s),  )  is  a  partiGsdar  solution  of  (7)  lying  on  tbe  manifold  M 

witb  initialpoint  witbin  (g(j0)  of  a(0),  b(D).  We  may  e3q>ress  eacb 
of  (3)  and  (7)  in  integral  elation  form.  For  example  (3)  may  be 
written 

a(s)  =  a(0)  l^+l  b  -  f^(a,b.  j  dr 

b(s)  =  b{Q)  +J  |j^+  I  A^l  a  +  +  fgCa,  b,  <r)Jdr 

When  similar  equations  are  written  for  (7)  all  terms  correspond 
except  tbe  initial  values  and  the  auxiliary  terms  proportipnal' to  bl. 

If  these  equations  are  subtraeted  from  the  above,  one  readily  derives 
tbe  inequality 
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fslj  <  M 


w&ef  fe  K  is.  a  siaitable  positive  eosist-ajafe.  We  liave  aS'e;i  lih-e  lae^aWty  |iOf 
li©ra  for’  tfee  .a#€titfo®al  fei-forni®  aaidi  tM®  'aeoifoni#  fo't  'foriffl  iai^' 

sr4e  tJM'  iiit®,g;raL  ilte  h\fi}  term  '©titsMe  affi.e!Oiiiat»  for*  tfee  sllgifetfily  • 
'(iifierejait  iiiitial  val  ^es  i.  Ils’fog,  a  iamiliar  argiaMiepI  '@£'  Bellman  'IM®,,  te 
tnf  a,  leadis  te  tke  ine^jiiiality 


111^  J  ai|s|  -  +  |big|  -  &  |s||  <  > 

The  ineqiaaiity  (11)  foraiskes  a  ibenn^  on  the  gro'^h  of  the  tfifferenoe  feetweeo 
the  nafoiowa  exact  solution  and;  a  fcaown  approximate  golution  lying  ©n  the 
manifold  M^,  few  if  £.1^0,,  we  may  define^  for  small  1 ,0i  ,  the  positive 
nimaLher 


Then,  implies  that 


(13)  |a(s)  ^  a  (s)  I  +|b(s)  ^  b''(s))  <  ^ 

for  0  <  s  <  R(  j6  ).  Clearly,  (12)  implies  that  R(^  )■--?  as  ^  0. 

This,  together  with  the  inequality  (9),  establishes  the  following  theorem. 

APPROXIMATION  THEOREM.  Let  a(s),  b(s)  be  a  solution  of  (3)  with 
initial  values  lying  on  a  locus  corresponding  to  a  nontrivial  periodie 
solution  a^(s),  bg(s)  of  the  averaged  system  (4).  If  then  there  exist 

for  small,  two  functions  <5  (yS)  and  R(^)  0  such  that 

(14)  (i)  |a(s)  -  a^  (^s))/  +/b(s)  .  b^  («(s))j  <  A 
is  satisfied  for  0  <  s  < 
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i|ii|  THe  €|sf  satisfies  a  ^iifferetotial  eifiiatlSB!  #f  tbe  lor  MS 


i&r  wMoto  I  iff  S.J  £  Mjfy  -toy  ail  s  aai  &,  Fiirtter»©ra,,  l 


It  is  imjiortaat  to  aotiGe  tfeat  wMle  tike  fee  at  period  P_  ia  slow  ti»e 
s  is  fixeclij  tfee  approxiiaatio®  (14|  is  vaiyi  tferoagkakt  a®  interval  teaiiag 
to  infinity  as  tenis  to  zero.  Tfens  tfee  feasie  long -pe  fifed  fee  at  pfeeafenaena 
is  most  Gertainly  a  trne  efearacteristiG  of  tfee  exaot  solution. 


1  woiiid  now  like  to  tourcfe  on  some  interpretations  and  implioations, 
It  is  olear  from  |7)  tfeat  the  ataxiliafy  fei^terms  may  fee  lumped  into  tike 
detuning  pafameter  fjl  to  form  an  equivalent  |aon  constant)'  detuning 


1  +  fel. 


Recalling  tfeat 


.2  2 
X  ^  n 


tfee  effect  may  fee  visualized  as  a  efeange  of  e|tfeer  i^put  frequeacy  or  of 
natural  frequency.  For  instance,  if  we  let  a  (s),  fe  (s)  fee  a  solutiOfe  of 
(7)  lying  on  the  manifold  and  define  Xs^  fey  the  equation 


X?  (t)  =  +i?b*i  = 


then  we  conclude  from  (10)  that  there  exists  a  constant  such  that 


I  M«)  -  x|  < 


for  all  t.  The  auxiliary  system 
system  for  the  equation 


then  feecomes  the  exact  variational 


..^2  ^3 

X  +  n  X  ytix 


cos  X*  t, 
o  ^ 


(17) 
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wfeere  liie  excltiag  £f'e'q<ii>en<&y  is  s-ensibly  comstaMt,  1b  3Ge©r4iBg 

I©'  flfel  j;  t&e  dlifferenGe  belweeB  3^4  &e  G©'ifist3Bt  X  is  stnall  e  v-ep  wfepB 
GGlBpared  £©  ,0  .  Irt  ipapy  3p|>liG3ti©BSj,  tbef  ©  faay  be  n©  praGitiGsl 
fet'emGe'  bpSweeB  |i7|  3b4  '{l}  ^  iiwE  ppslhaps  e  veP  Ba©*©  sigBiliGSBi  is  tbe 
fact  tbal  witii  simalat  smSil  variMioBS  iP  like  exeitiag  |re<|®eBGy  Ike 
eBvel©pe  ©f  Ike  ©seillatiGii  ©©lald  vapy  raikef  askiitajFily.  ladeed,  if 
e|s|  is  3By  e©nliBB©BS  fwiBGtioa  wily  values  G©irreSp©>n!d!iag  to  periediG 
ls3.jeGt®ries:  ®ff  |4|i  ikeP  Ike  auxiliary  sysleM:  01  wilk  c  afeplaGed  ky  g|s| 
will  possess  a  "variable'''  maPifoM  M  >  .  liaGe  Ike  region  near  M  > 

is  always  one  of  aitraGli©nj  M  ,  y  wiill'"©f3g  along"  neigkboring  '  ^ 
solnlionsi  If  Ike  rnovetnent  is;^f&eienlly  slow^  a  pariiGular  solmion 
will  remain  elose  ©f  order  ^{.p}  for  all  s  .  f  ke  impni  freqneaGy  modnlaa 
tions  as  compnied  above  will  tken  be  small  ©f  order.  0^0^ ^  fkere  is^ 
tkerefore,  an  lanoeriainiy  in  Ike  kliimate  bekavior  of  praeiieal  sysiems 
deseribed  by  (1)  and  a  preeise  ekaraeierization  ©f  tke  solntioas  of  |1) 
beyend  tkat  given  kere  is  likely  to  be  of  limiied  praGtiGal  interest,  ©nly 
very  minor  flinGtiaations  in  exeiting  freg,i:ienGy  may  indnGe  large  Gkanges 
in  tke  response. 


Alternatively  one  migkt  mse  tke  identities 


a  -  X  cos  Xt  ^  sin  Xt 
A 


# 

X 


b  =  X  sin  Xt  +  Gos  Xt, 

A 

whick  are  obtained  by  inverting  tke  transformation  (Z),  and  define  a 
ngneonstant  frequency  n^  by  tke  equation 


2  ,  •  4.\  ^ 

1 X,  X,  t)  =  n  - 


a,  b,  e). 


The  aiixiliary  system  (7)  then  beeomes  tke  exact  variational  system  for 
the  equation 


X  +  n  X 


X  = 


cos  Xt. 


Again,  with  initial  values  nearl  y  ,  tke  difference  between  and  the 
constant  n  is  small  like  J0)  ,  If  c  is  ckanged  slowly,  a  solution  of 
(19)  will  trail  along  accordingly. 
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Filially  I  sfesaaM  like  te  meMlew  a  receiiit  resiult  ofetaiEfced!  fey  Jmrgea 
Moser  wMgIi  relktea  to  tfeis  profelem.  lie  feaS  sboWM  tfeat  for  nearly  all 
valneB  of  tfee  inpiat  f  re^nenGy  k  tfee  solafeions  of  fl)  are  almo  st  ^periodsiG 
witih  exaetly  tw©  feasiG  freqtteneieSi  Tlie  exeeptions  are  Jnst  tfee  nearly 
resonant  Gases ,  one  of  wMcit  we  Itave  Goneentrated:  on  Mere  i  Mis  resnit. 
applied  feere  eoineides  witfe  onr  view  of  tfeose  trajeGtories  wfeiGfe  are  far 
removed  from  tlfee  origin  in  Figs.  1  and  I.  Tfens  we  feave  tfee  ratfeer 
fasGinating  sitnation  wkere  tfee  periodiG  responses  emerge  in  tfee  very 
keart  of  tke  resonanee  region  wkile  tke  almo  st  periodiG  response  s 
emerge  in  tke  far  removed  regions.  Evidentally,  tkese  speGial  soliitions 
are  linked  togetker  fey  enrions  feeating^t^^e  responses  wkiGk  np  to  now 
kave  escaped  rigorous  deteGtion. 


i 
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L,..,  BiiviS' 

E.xp!c>.'sSve  aia4  Pfa-feliaat  ijafe-o-f  af®'rf 
Pigatiaay  ^^rsesal.,  ©©’Ter,  New  ler#ey 


1.  INTRODUC  TIQN  .  This  wfflrk  was  Motivated  fey  tfee  feseeil  t®  attempt  to 

aia4=erstaa^  tfee  tespoase  ®l  visGoeiastie  meiia  to  iymamic  loads  in  tfee  non* 
liaear  sange.  A  variety  of  military  profelems  in  tfee  piastics  and  packaiging 
area  involve  tfee  response  of  viSGoelastie  media  to  linite  amplitiade  ©sGillatory 
deformations  and  stresses  applied  on  tfee  feoandariesi  Tfee  Glassieal  linear 
tteieory  of  viSGoelastiGity  is  nnafele  to  adet^nately  ej^lain  some  es^erimental 
results  for  suck  finite  amplitude  feoundary  GOiiditions  wMek  destroy  tke 
linearity  of  tke  response  of  tke  elastiG  and  viscous  elements  of  tke  medium. 
W'e  kave  therefore  sougkt  to  formulate  a  nonlinear  tkeory  for  dynamiG  loading 
that  would  keep  tke  essential  features  of  tke  medium  and  yet  fee  simple  enougk 
to  lend  itself  to  matkematical  analysis  using  elementary  teckni^uesi 


We  restrict  ourselves  kere  to  a  ©ne^dimeasiDnal  diserete  viscoelastic 
medium  including  mass*  Ferhaps  tke  most  natural  way  to  introduce  small 
nonlinearities  in  tke  medium  is  in  tke  elastic  element  through  the  elastic 
modulus  and  in  the  viscous  element  tkrougk  the  viscosity  coefficient.  (This 
will  he  escplained  in  Section  2  "Nonlinear  Nypotkesis"  .  We  apply  tke  metkod 
to  single  Voigt  and  Maxwell  models  with  and  without  mass  and  then  to  coupled 
models,  restrieting  ourselves,  in  this  paper,  to  first  order  nonlinearities. 

The  main  results  are  that  the  response  of  a  nonlinear  Voigt  model  to  a  sinu-^ 
soidally  applied  stress  is  governed  by  a  "nonlinear  complex  compliance", 
and  tke  response  of  a  ncfnlinear  Maxwell  model  to  a  Sinusoidally  applied 
strain  is  governed  by  a  "nonlinear  complex  modulus".  The  extension  to 
coupled  systems  involves  complex  compliances  or  moduli  that  are  the  sums 
of  the  moduli  of  the  individual  elements. 

2.  NONLINEAR  HYPOTHESIS.  We  shall  ckaracterize  a  single  Voigt  and  Maxwell 
model  fey  the  following  parameters:  m^mass,  a  positive  constant;  E-^nonlinear 
elastic  coefficient,^  -nonlinear  viscosity  coefficient.  For  a  coupled  system 
let  fc;.,  bp  the  parameters  of  the  i  th  element  of  the  system  (Voigt  or 
Maxwell).  Let  the  positive  constant  be  the  linear  elastic  coefficient 

I 


il8 


s  Modtotes  for  G©mfifeiSs4oifc  ©f  tewisiotij*  ai^  ^  fe©  tte  liiiaar 
viSG©si)ty  ©©©EfidieM .  iai  Cg  be  like  siaFaie  ©n  ttoe  eiasMe  eleiierit  a®d  ^ 
Ifoe  strtlik  ©e  fte  viscoMsS  eJieffl©®ti  ©er  toiypGihesis  ©f  ©©elfeeariity  is  as 
fi©l|©w:si  UsSyme  we  ©a®  a|^F©3Q»aite  E  by  aa  Nib  iefree  p©iya©MiiaI  is  iS.g 

Wb©s©  leaiia#  ter®  is  Sb  aad^  by  aft  Nib  degfee  polyitoftiiai  tft  4*  wb©se 

Jieadift#  ter®  is  *  restricti^  ©ftrselves  t©  a  first  ©rdaf  ft©ftlift&  tbeory. 
Specdfi©ally: 


i=t 


dlmeftsienlesS  ©©astaftts  tbat  give  a  measufe  ©f  nonlinearity 
in  the  spring,  (dashpot) .  the  set  ©f  constants fAjj^are  ©©nsidered  to  be 
known  functions  ©f  L.^  ani^  •  .jjknown  functions  bif  We  further  special* 
ize  (2)  to  two  cases:  (a)  M  =  1  which  we  call  "gua#atl*c  nonlinearity"; 

(b)  N  -  2,  "cubic  nonlinearity." 


3,  SINGLE  VOIGT  MODEL  .  Goftsider  a  single  Voigt  model  with  mass-  It  is 
Composed  of  an  inertial  element  {mass),  an  elastic  element  (spNng)  ,  and 
a  viscous  element  (dashpot)  coupled  in  parallet.  the  model  is  defined  by 
the  following  conditions: 


<4) 

Where  represents  the  strain  on  the  yiSGous,  elastic,  and 

inertial  elements;  respectively,  and  represents  the  stress  on 

those  elements,  the  bcundary  conation  Is  given  by  er,  the  applied  time 
varying  stress  .  In  this  paper  ^  will  be  a  given  Sinusoidal  function  of 
time.  The  following  constitutive  eguations  are  assumed  for  each  of  the 

^ —  •  df 

*  We  use  the  notation  f  = 


el&jliMss 


Ce  ; 


\A%efe  iii  its  lire  mass  pef  Matt  teafft.  1  aadi  >|  are  foveraei  fcy  tt)!  aiii  f2|. 
ffee  sysiteii  ©I  eGpatieas  (1)  «  ,  .  fS)  eemplateiy  ieflaes  6m  m©ieji  f©r  a 
ireSisritesi  sat  ©f  tateraal  parameteFS  1  aai  Man^ary 

G©a#tt©a  ®r  it) ,  laserttaf  (SMat®  aai  asinf  tl)  yield®  ttee  foltewlng 
aefflliaetF  ©rdlnary  differential  equation  f  ©vefning  the  respense  ©f  the  medel 


€  ^  Stf4  ^  ^  dL#^ 

60  '^  is  ,  2  C  =  ^ 


where  Hi  is  the  natarai  fFeqaeeey  ©f  vihratten  and  T  is  ©ailed  the  "dainplni 
©©effiGient  *  ”  It  is  thas  seen  idiat  the  prefeiejn  ©f  findinf  the  response  of  ©ar 
nonlinear  Ifedfi  iiodel  with  taass  t©  a  presGrihed  ^  (il  is  tfansf ©Fined  to  that 
of  soWnq  a  n©nlin6ar  ordinary  dliferentiai  equation  for  C  .  itit  (i)  is  a 
weii*hnown  type  of  equation  ocGmrrtnf  in  the  theory  of  nonlinear  vihrations 
and  is  Galled  (ander  Gertatn  GirGnaistances)  pyffiaf  - s  equation  |l,  2  ,  ©ne 
point  worth  mentioning  here:  We  do  not  make  the  restriGtioh  that  ^p)  is  of 
the  order  of  dg  whioh  appears  to  he  made  in  the  standard  works  on 
nonMnear  meGhantGS .  §ammarizlnf  thus  far:  We  have  tfansformed  the 
prohlem  into  that  of  solving  a  prohlem  in  nonlinear  vihraiions , 

We  now  seek  periodlG  solutions  of  C6)  for  a  presGrlhed  perlodElG  o  p) 
hy  die  following  pertnrhation  method:  ixpand  e  in  a  power  series  In 
and  where  the  coeffiotents  are  functions  of  time  to  he  determined. 


€  ^  + 


% 


Where  C2  ,  ^  .  »  ^l  »  ^2*  ^  ^  are  unknown  fanGtions  of  t  whiGh 

are  determined  hy  an  infinite  set  of  linear  nonhomof eneoas  dlflerential 
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e^atlofts  teserttoiti  IM#  iltstnt  IIJ*,  Iwai  sfeftiiif  the 

G#e®fiGje®t  Gf  e®Gh  power  of  ^  se^ar^eiy  eiitel  to  zero  Isiaoe 


J  g  aoi 


C.  ^ 


'  a>>i. 

4,,  ir  'UiJf  .'C,  = 

*0  ®  © 


ant  patameters) .  We  9 

-1  >  *  •  •  J  | 

:  '  i 

-1'  '  '  " 

ire  known  fun 

> 


•  •  ‘  J 


J 


lit  piOGtiGe«  of  Goorfei  a  fioite  ou^er  of  eooatiohs  ih  luo  asei  where  the 
imuher  of  tens  of  the  M  th  partia];  sains  approxirnatihf  the  fight  haei  si4e 
|7)  OepetidiS  oa  the  rapt<h:ty  of  the  oonverfehGe  of  these  series  whtii^  la 
tara  Oepends  on  the  fnagnitade  of  the  parameters  that  Goatrol  the  aonlineaiity . 
M  Is  Galled  the  order  of  nonlinearity*  ilnGe  we  Gonsider  m  Ws  paper  only 
first  order  nonlinearity  M  ^  1  and  (7)  beGomes 


(»)  €  ‘  ■ 

C I  j  I  are  the  first  order  perturbing  functions ,  We  now  consider  special 
casee. 

3»a.VQlQT  WITHOUT  MASS  ^  QtJADgATiC  NQMJI^ARIfY.  Specializing  (2)  to 
the  case  of  quadratic  nonlinearity  by  setting  IT  ^  l  ^  Cj®) j  i 

^  C  /  ^  =  j  we  get 

0,  J  _Z  1  ' 

Lo  ^  4 


since  ■  C>^for  a  Voigt  model.  ^  Is  called  the  retardation  time  for  a 
linear  Voigt  model  without  mass.  Specializing  (6)  to  the  case  of  zero 
mass  we  get 


wiiefe  ^  is  Ae  ampIttAiiie  aiad^  its  As  ffefi^®Gy  ©f  til#  appliad  sitfsss., 

Ifebe  IteM  tt-e  of def  ©f  tfe©  diflefeMtal  ©itiattGa  is  fedaced!  tey  ©iie  s©  tiiat  a® 
trtttaJi  oopitbi©®  is  iGsls  W©  are  fi©t  G©nG©f®©d  wWii  liiis  pGiM  feef©  s;i®6© 
w©  af©  ©Ply  |ip©f©sted  i®  tli©  st©ady  sial©  ©©iiti©®!^  Bit  s  ©as©  ©f  z©f©  Mass 
was  s©lv©d  iM  fi:©  s©ltfEi©R  is 


— # 

4  ^rv.. 


v^©fe  I*  is  Gallsd  tb©  "®©®Mp©af  ©©laplax  ©©fripliaaG©"  aad  is  fiv©®  by 


I*  =  I*  + 

o 


UJ  "Y:'^ 


whef©  ^  is  a  diM©®si©ni©ss  ffaqaency  a®d  J*  a®d  J*  are  Gomplex 
valued  fu®Gti©®s  ©{  fiv©®  by 


J*  ^  f 

o  o  ■  © 


i  (1  +>*©* 

© 


t*  =  S¥  ,  W  =  ir  4.  f  V  U  sr  ~  a 

.  w  u  +  IV  ,  (^+'4j;(x^b  if 

V  =  -  ^  (  uqes  wt  -  vsintot)  , 

4)i<^  ir  1 


v'  —  W  (veoswt  +  u\Si®'a»t)  . 

J*  is  th©  staadaFd  complex  modules  for  a  siagle  linear  ¥©tft  model  witbout 
mass,  j*  fepresents  the  first  order  noniinear  Gontribution  to  J’*'  .  Note  that 

*  1  •  4^ 

I  is  a  sinusoidal  function  of  t  whose  amplitude  is  frequency  dependent 
aecordinf  to  the  expressions  for  M'  and  v  . 


^"bVOlilT MASS  ^  C?UBIC  NONLINlARiEFY.  Consider  the  nonlinear  differential 
©queiio®  |f|f ©pies enting  ^e  Voigt  model  with  mass.  For icublc  nonlinearity 
IJr?  in  (2)  so  that 


=  +«aa6’- 


Putting;  |16)  into  (6)  and  using  (9),  the  perturbation  method  yields  the  following 
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Ma^einMiislSiis 


:sy'§t'eite  '©f  tt»eaf  'dlileferjitial  aqaatt©n!,s  '(settm#  w  ~  i 


i/) 


where 


^  »  h  ^  -  '6  — ■ 


the  solution  for  is 


€  A  xle  st*#  *^  ^  P  sd^  tA>  t 


A  *  i->5.  B  ^  jy( 

a  '  a 


4  =•  x*4 


The  forcing  functions  G  and  D  are  flven  by 
3 


G  = 


(CjjCoSnwt  #’  C^  Sin  nWt) 


#=1 

3 


D  ^  ?  i  djj  cos  n<dt  +  d^  Sin  ntirt)  , 
n=i 


3  a,jXF 

c,  - - 

1  4A 


^  '  ®2  “ 


e,  -  - 


3  d  i2yF 
4 


'  ®2  “  "  “T^ 


a^,  x^)y^ 

2A^ 

ajjxy 


I  <3. 


^2^ 


2  2.  J 

-  X  )  F 


4A‘3 

/2  ,2,_3 
ai2y  (y  -  3x  )  F 

4Af^ 


I 


MMtleittaii  clMis 


III 


«  3  ^ 

a  m  Y  F 

4  ='  =  _ ^ - j  4., 

I  '  “  2 


%  2:  ,.  i. 

a||  R^Jy  - 


ID  Tl! 


**1  =  ^ 


yh 


-  $  ^ 


%  " 


2  ""  2 
a^#^x  y  F^ 


_  ■  *»*W®  xOy^  -  r® 


ftet©  s©iMit@ii  for  c,  a®i  Is  fivefi  by 
3  ' 

(m  €,:  ^ 


M=1 


Gos  lujirt  Sim  iitot|»  ®^|  ^  ^  If^Sos  riitat  *  l|jj.siiti 

a=l 


Pmttiag  {22)  Imto  {17“b,  g),  usimf  t2§)  for  C  arid  P,  aad  egu:a*ing 
coeffiGiemts  of  like  karmonies  of  GOs  ati)t  arid  sia  riM/t  ^  we  fat 


f  *  ^nS-  yh°n  ,  f  .  J^aS+IaSa  ! 
n  &„  n 


x«du  *  ^  x^C  ^  ^n^f.  2  2  2 

-k  a _ n  o,,  t  x 


n  n  ■  n  ft  ^ 

Q  s  "r  jv::...  .'■..  t  9,. 

■  n  n 


n 


Now  GonsidaF  only  the  fmadamefttal  mode.  This  is  obtaifted  by  setting 

f  =  f  =  g^  =5  g  ”  Q  for  n  ^  2  j  3  ,  The  perturbing  functi ©as  €. 
a  a  a  a  ^  -  i 


and  beqome 


^1  fj^  cosoit  +  f^  sin  wt,  C,  ^  fj  dos  ui't  +  g^  sin  t0ti  f^  « 


f  =  -  ^ 

1  n  a3 


24=* 


’i” 


^  ®22  **^  F  '" 
2A^ 


3  x^)  F^ 

. - 

4  A"" 


We  observe  that  f  ^  ^  f  ^  are  functions  of  «%»  that  depend  only  on  the  ^ 
term  in  f(€.)  and  g^^i  g^  depend  only  on  the  term  in  gi^),  i.e.  f^, . . . ,  g,_j 
depend  only  on  the  "cubic"  part  of  the  nonlinearity  (see  (16)  ) .  This  means; 
for  the  case  of  "quadratic"  nonlinearity  where  ftj2  ®22  ~  ^ 


f  =  f  =  g  =  g  =  0 
1  1  ^1  1 


so  that' the  fundamental 


1 


Ilf  my 


m©de  d©es  laM  SppfSr  irt  tfee  i|#nltn©3«r  pSft  of  the  SOMtlPft  §  The  saihe  Is 
iraie  foir  ttee  \tetft  model  without  mass*  That  Is  Why  die  nOhliheaf  pait 
of  the  soitttioa  for  la  iEOTi©M  ^*“a  does  aot  involved  the  fraadameihtai  mode* 


Oatherlat  the  ahove  fesulis  the  aoaliaeM  oomiiex  oompiiaaGe  heeomes 
i*=  i'  +  ii*'-  s  + 1*  *  ' 

i'  •  ft,  i**=  . fts  f*  -Sj  t  ♦*»?,.  -r"'*  f,  . 

©  ©  i  1  4  1  I  ^  1  t  it 


h,  B  are  given 


and  i  f ,  are  given 


SINGLE  MAXWELL  MODEL*  Gonsidef  a  Slafle  Maxwell  model  with  mass* 
It  Gonsists  Of  a  mass/  spring  and  ^shpot  in  series  ,  and  is  defined  hy  die 
following  Goaditions: 


C7L  -  <^v*  ^  er 

1  ^  ^ 


where  €.  is  the  applied  strain  and  is  a  given  sinusoidal  funGtion  of  time. 
The  constitutive  equations  are 


C  =  — 

E  i* 


2:  ~  M.  €.  =. 


where  S  and  ^  are  given  by  (1),  For  the  case  of  cuMe  nonllneafity 
N  2  in  (2)  so  that  * 


*  We  use  the  same  notation  as  for  the  ¥oigt  model. 
There  is  no  amhigutty . 


Iteffiy  MttfeiiaaiiGiiiaiSs 


w©  fet  §m  €-  cmd  i 

£  t 


i®6©'  |t#  ©«(i  ■etily  first  ©rdSr  tGfSs  te  'llti 


t  ~ 


^  .. -_j  yf  .  ^  ^ 

©  g  aiM  %  ^  are  cutoic  pGiytioiiatels  to  ^  >  tlie  linear  terin  ©Gcnrrtof  fGr 

~  ^  0  ‘  frerni  toe  ai)©ve  we  4erive  toe  follewtoi  nonltoeaf  tofferential 

efnaiion  vtoiGii  geverns  toe  respense  of  toe  ffipdei  far  toe  oaie  Gf  Gapic  nGn-^ 
linearity: 

ff  f  x*  +  «•  *  t 


€g  ani  € 


/  .  <?■ 


+  )cr  * 

y 


» « 

s  E  ^  . 

^  ‘^O  -  • 


4  .*a  MAXWELL  WlTHOlIf  MASS  -  QUADRATIC  NONLINEARITY,  f  or  qaadEatiC 
nonlinearity  $(&|),  f  d;^)  are  given  foy 

(32)  ^C«e)«  E.fcg,  , 


the  ease  of  toe  Majovell  model  witoeut  mass 
in  (31)  which  hecomes: 


to  letting  cO^' 


cr  -r  Ti  r  - 


SL^s^e-  Q* 


_  S  r  £  -  ^  6  ^ 

72  p 


*  We  ase  the  same  notation  as  for  t|je 
There  is  no  amblgaity 


Voigt  model. 


MatfeemaEiciias 


i©F  iiie  casa  C  -  \  Icgiaiiii  th-a  @fi©f  Qi  tfee  itliarSFiial  e^MfSlian  is 

Fe«te€e4  toy  o.®e*  ftiis  ease  was  solvel^W  Mae  first  ©rief  pertoffeatioa  ®ft©tfe©cii 
fhe  selMtieri  is 


a  §  E'c^, 


wfoere  the  "aonlmear  eoiMpiesx  motfeiMs*'  is  given  by 


1*  -  +  i  -t  li^C  ,  E^^  =  Vq  +  v^£ 


The  classiGal  Gomplex  Hiodnlus  for  a  iinetf  Maxweii  model  without  mass  Is 
given  by 


(35)  shows  that  the  nonlinear  portion  of  E*  depends  linearly  on  €  ,  tlie 
eoefflcients  ,  and  ,  both  depending  on  and>«^.  Clearly 

for  the  linear  ease  and  E*  =  E*  . 

4.^fa  MAXWELL  WITH  MASS  -  CUBIC  NONLINEARITY.  Consider  (31)  which 
governs  the  response  of  the  Maxwell  model  for  this  case.  The  first  order 
perturbation  method  Involves  setting 


teil^  ^|liefflfiai|Gii«s 


er  =  ■*■  • 


I®sertifi§  |3i|  tel© 


"  tetmis  i 


>  i'ft  '^'g;  ani 


we 


ttee  peffiiitoteg  fusietioris  tj,  ,  ■ 


%  « 


&  +•  a  \k 

fs  C  Q  ^  #  *  • 


if©te  that  €f  is  the  sdlutioh  of  the  iineafized  (31)  oMalhei  hy  settinf 

&  •^5,8 

s  I 


0,  an(i  settihgC^  %C©4(u^» 

rX 


A  a  A  -  ~  R  -^  - 


•) 


4 

J 


?^o 


The  solMtion  for  %  is 


flTa  /)  eostOt  +  B  sin  wt;  A  = 

y  =  a  j  **^  » 


A  -  x*+  y^  . 


Qonsi^erini  ohiy  the  fundamemtal  frequency  In  the  steady  state  solution 
of  Gj^  and  Sj  the  forcing  functions  become 


W  -  Gyoosm  +  Gj^sint^t,  G  =  d^  cosart  +  d^  sin#t^ 


Irrny 


wfeate 

Q'  -a  a  _  ,, 3  -Sk  -  ■ 


(^  arid  S,  are  tlieft  giveft  fey 


X  ©j-  y 


^  cos  tot  +  f  j  sinttft  *  Sj  ^  ©os  tot  +  g^  sin  toft;  =  — ^4~ 


«.  xf.  +  y©,  xd.  -  yd  _  xi.  +  yd 

f  =  _ i-  ■  .  .-.,i,,-  §.  =  - -i - -JU  ,  f.  ■=  -:■ 

I  A  I  A  1  ^ 


the  nonlinear  complex  modulus  for  this  case  feeccmes 


(45)  E*  =  E^+  lE^*  ;  e’  =  A  +  8  f  +  Sj,g,  ,  -E^'"  ^  B  +  d^f  +  8 

El  7  1  El 


For  the  linear  case  E*  -  E*  -  A  •- IB, 

The  nonlinear  contribution  to  E*  is  given  by  ^  • 

5 .  COUPLED  VOIGT  MOQEL .  Consider  N  nonlinear  Voigt  elements  with 
mass  conpled  in  sertes.  We  make  the  following  assumptions  conGerning 
the  coupling:  (a)  The  internal  sferain  gf  the  model  eguals  the  fum  of  the 

internal  Strains  of  each  element:  ^  is  the  strain  on  the 

1 

i  th  element,  (b)  The  stress  on  each  element  is  the  same  and  eguals  the 
applied  stresser(t) .  (©)  The  tth  element  in  governed  by  the  internal 

parameters  %i,  and  =  6g;  =  2g  ,  % 

1,  J  «  1,2,.  .  .  ,  N.  3 


Fr©M  *iis  I®  f©|l©ws  tfeaft  tt#  liGraMaear  GGrnpfex  GGMpiiaaGe  |*  Is  fivSli  fey 


I*  ^ 


I*  =  I*.  # 

■’i  ■’oi 


V\^ere  I*  I?i  ^vSr*  fey  ^2:5)#  mSliig  an  spprGfiriale  safeSGrlpt  1 

'©1  il  _  .  _ 

f©f  tfea  i  tfe  aiainent.  ffeMS  wa  have  an  additivity  prlncipla  fnr  nQnlinear 

p©rti©n  of  tfea  ©oiriplax  cOBapiianoe  .  For  the  llneaf  Gase  J* 

whlGh  is  the  Glassieal  Fesnlt  for  a  Gonpied  linear  Voigt  model  with  mass. 

For  the  massless  Gase  this  reduGes  to  the  GlassiGal  resiilt  given  in  Ref.  (4) 
p.  13.  . 

g ,  GQl]i>UB  MAXWELT-  MODEL  .  Gonsldef  M  nonlinear  Jdaxwell  elements 
with  mass  coupled  in  parallel  under  the  assumptions:  (a)  The  stress  on 
the  model  equals  the  sum  of  the  internal  stresses  of  eaeh  element: 

^  where  is  the  stress  on  the  i  th  element,  (b) 
strain  Jn  each  element  is  the  same,  (c)  ^  • 

it  follows  that  the  nonlinear  complex  modulus  is  the  sum  of  the  non-' 
linear  complex  moduli  of  each  element:  £’*’=  y  E*  ,  eT  givens ;  ;,v 

fey  (45)  substituting  i  for  the  i  th  element.^*' 
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Stou&sii^kfe  TaJcagI,,  ^  M»  ,J^.'SC£ 

Materials'  fEesear'e-k  Braffieih 
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U'.'  ik'rsrty  'G-©'M  Eegi^aS'  Kes'earek  .a#i4  Eiigiiiiete'rteg  tiak-i 

.tYMGPiii'  • 

H 

Jt  ©oHssisteiit  tkesry  #f  plane  plastie  deterfflEiatien  #f  s©il  is  fermnktted 
ky  as  snening  sell  as  an  ideal  rnaterial  that  kas  eonstant  eekesien  and  irie  - 
lional  angle«  lack  an  ideal  sail  is  an  extens&en  el  tke  ideal  naetal  ikatkaSj 
in  tke  terinineioigy  ol  soil  ineekaniGS»  cokesion  ealyi 

After  a  review  ef  ike  existing  dieeries  from  whlek  tke  present  tkeory 
kas  emergedi  tke  matkematical  expression  referred  to  as  tke  "eompres- 
sion  ekaraGteristiG"  is  developed,  fken  tke  systein  ©f  differential  egnations 
deScriking  tke  plasticity  of  die  material  is  devised,  GonsistenGy  ol  tke 
system  of  equation  is  skown  ky  the  tkeory  of  ckaracteristiG  lines. 

Many  matkematical  and  pkyslGal  difkculties  remain  to  ke  solved  kefore 
the  perfect  explanation  of  die  plasticity  of  ideal  soil  will  be  attained. 

INtRODUGflON 

The  mathematical  study  of  the  plasticity  of  an  ideal  soil  having  con* 
stant  cohesion  and  frictional  angle,  which,  for  convenience,  wilTke  called 
cp^material,  has  not  yet  keen  eadensively  develpped.  The  objective  herein  is  to 


*TM$  paper  is  part  of  tke  coyprighted  Journal  of  die  Engineering  kloohanics 
Division,  Proceedings  of  the  American  Society  of  Civil  Engineers,  Vol.  8$, 
No.  EM  3,  June,  1962,  pp.  107-151.  Permission  to  reproduce  this  paper 
here  is  greatly  appreciated  by  the  editors. 

^Contract  Scientist,  U.  S.  Army  Gold  Regions  Research  and  Engineering 
liakoratory  Corps  of  Engrs.  ,  Hanover,  N.  H. ;  on  leave  from  Tokyo  Univ.  of 
Agric.  and  Tech, ,  Fuchu,  Tokyo,  Japan. 

There  is  an  errata  sheet  at  the  end  of  this  paper. 
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prieseti  a  gonsistant  iasis  f0r  iliie  piasHig  dlf§fMai|dn  of  cf- 

naateflai  vM  HiOMon  lo  ifi^plMe 

Iho  fheOty  Is  liOveli^ei  oi^  ItiO  ^agilOOiailtal  co^foiaoiiis  that 
are  i^aaiiatoi^  to  oxaiho  stiaih^rato  tensor  oonsistent  vift  the  sire^  |eti>^ 
SOr^  Intf oduetion  dt  these  matheiaaiio^  repireihents  ffSrxnlts  the  a^Sl^nH 
naent  of  saitalile  ehataetettstles  to  oiji^Anaati^af<  %ese  ehari^^  i^e: 
|||:  4lthouili  the  #reet£ons  Of  f  rtnetp^  stFes s  and  prlne^ai  stratn  rate  are 
o^inetdent  for  a  f lasde  raets^  |Baint^¥enant’s  p>stt^ation^J^^,  this  Is  not  nec« 
essarily  so  for  a  G^-m^ettkaii^  a  oj^-nratefiaii  depending  on  its  inode  of 
deformaiioni  has  either  corapressihiMty  or  diiataney  ^  wMeh  canses  ehange  of 
densityi  fS)  the  reiationstnp  between  stress  and  strain  rate  is  not  detemiined 
a  pi^ori  bnt  in  aooordance  with  boundary  and  inbiaL  eonditions}  (4}  It  is  'em 
pe^elUhat  the  three  dintensionai  yield  criterion  of  cp^^inaterlal  may  be  die 
form  suggested  by  G,  Brucker  and  w.  ^rager*^  and  (5)  it  is  also  ^ected 
that  limitation  of  me  modeof  modmitidllgire  various  forms  of  yield  criieximi< 

The  differential  equations  loimaLulated  on  these  bases  are  confirmed  to  be 
consistent  by  the  theory  of  characteristic  lines.  They  include  no^near  terms 
caused  by  local  acceleraMon  that,  vhen  treated  wilit  the  theory  of  character- 
isttc  lines,  demonstrate  that  a  c^-material  assumes  the  motion  of  a  hi|uld 
when,  under  realization  of  slip  hnes,  a  certain  veloci^  is  surpassed^  This 
phenomenon  is  evidenced  by  the  transfer  of  two  of  the  three  characteristic 
lines  from  the  read  to  the  imaginary.  Moreover,  these  equations  include  non- 
steady  terms.  Therefore,  when  adequately  developed,  they  have  suidcient 
generality  to  become  effective  eventually  Inanadyzmgany  type  Of  plane  plasdc 
motion  of  c0-material.  Two  simple  examples— vibration  under  the  Itaiiltine 
state  and  one- dimensional  secondary  consolidation— are  treated  in  the  text. 

Lindtations  for  the  practiced  sq>plication  of  the  present  theory  are:  (1)  fhere 
is  no  concise  experimental  method  that  will  provide  numericid  values  of  both 
cohemcm  and  frictional  angle  because  the  three-dimensional  theory  remains 
so  obscwe  that  the  ^ect  of  boundary  and  initial  Conctttions  on  plastic  behatdor 
during  customary  tests  on  soils  is  uncertain;  (2)  such  deformation  cp- 
material  that  precedes  the  plastic  deformation,  ,  corresponding  to  elastic  de¬ 
formation  in  metal,  is  not  combined  vdm  the  plastic  deformation  (therefore, 
we  do  not  know  exactly  vdiat  actusd  deformation  corresponds  to  the  delorma<^ 
tion  considered  herebd;  and  the  mathematical  prohf  for  eidsteiice  and 
uniqueness  of  the  solution  is  not  yet  knoWn.  These  Umitnitions  mum  be  re¬ 
moved  in  the  futqre  by  enlarging  the  properties  of  c4^-materhd  to  make  It  an 
Idemization  of  the  actual  soil. 

NotaUm.—The  letter  symbols  adopted  for  use  in  this  paper  are  detined 
where  they  first  m>P®kr  and  are  Usted  alphabetically  in  Appendix  V. 


REVIEW  OF  THE  EXISTING  THEORIES 

After  scrutinizing  two  apparently  irreconcilable  approaches  for  formulat¬ 
ing  the  plastim^  of  c^-matertal,  the  author  vms  able  to  form  a  general  theory 
of  plane  deformation  of  c^-material.  One  successful  method  was  the  eactended 

S  *TheMalhematioaL Theory  of  Plastloity.^by  R.  HlU,  Oxford  tMv.  Iress,  New  Toih, 
N.  Y.,  1980,  p,  88, 

3  "Soil  Meohatdoe  and  Plaatio  Analysis  or  limit  Resign,*  by  R.  0,  RrookeT  and  W> 
Prsger,  Quarterly  of  Apt^ed  Msthematilos,  Vol.  2,  1982,  pp.  187-168. 


use  if  iie  concept  ot  ®e  pele  tai  Ifee  If ©fir  eirclei^  M  Ihe  stress  pint  M  a 
plane  t^eugh  a  given  p@M  in  the  freimd  is  mevnt  en  ^  liihr  eii^eie,  aii^ 
ether  Intersectten  yi®  the  iii^ir  etreie  M  the  Mne  #ay®threu|k  lh^ 
ppnt  p^arelMi  te  ^e  piahe  Is  a  teei  peipeeMieithefolei  <7ehversei^  ^ 
line  (iramx  frem  the  pelt  parcel  te  a  pane  ^at  passes  tepclh  ^e  ^^en 
peint  in  the  f reuni^  yiten  It  hitetsePs  ine  Hehr  eirele  agaiii)  pvei  the  slreis 
pf  int  ef  ihat  plane,  Heyrever ^  because  the  use  ef  ttis  eeneept  largely  depends 
en  the  lecatlon  0  ine  press  pPnt « the  sipi  cemrentien  ler  tangeniial  slress 
must  be  clearly  defined. 

H  majer  and  minor  prfndpai  stresses^  and  #j|i>respective%^j  are  licPed 
as  sheym  in  Fig.  tMgential  stresses  f  on  sMpes  FQ  are  directed  as  shoymj 
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FIG.  1.— SIGN  OF  TANGENTIAL  STBESS 


in  which  slepes  PQ  in  the  left  and  right  figures  are  rotated  by  6  counterclQidc^ 
wise  mid  clockydse,  respectively,  from  the  plane  PA  of  ma|pr  principal  stress. 

In  order  to  express  the  directipnofT,  Karl  TerzagM,^  Hon.  M.  ASCE,  uses 
the  angle  of  inclination,  i,  pf  confound  stress,  wMch,  however,  is  seldom 
utibzfd  to  the  applioation.  The  better  choice  is  to  use  the  rotatior^  dlreGtion 
of  iht  ^pliious  momeP  thP  is  formed  by  a  pair  Of  tangential  siinisStSi  r  , 

e  "inojtees  on  Theories  to  Soil  Meobanlos,  ”  Parts  by  ShitoSaie  Tpip, 

JOmiial.  Amcie.  Engrg.  Soo.  of  Japan,  Tohyo,  Japan,  Part  1:  Vol.  26,  No.  4,  liS8,  pp.  58- 
63rPant  M  Vel.  26,  No.  8,  1256;  pp.  41-45;  Fart  HI;  Vol.  26,  No,  6,  1959,  pp,  50-^15; 
Part  KiTi  Vol.  27,  No.  1,  1959,  pp.  44-49;  Part  V:  Vol.  27,  No.  2,  1969,  pp,  49-54;  Part 
Vl!  Vol.  27,  No.  3,  1969,  pp,  38-44j  Part  VH!  Vol.  27,  No.  4,  1969;  pp.  48-50;  Part  Vfil: 
Vol.  27,  No.  6/1960,  pp.  37-44  (to  JapShese). 

5  **^eoretloai  Soil  Meohaidos,  **  by  Kart  Terzaghl,  John  Wiley  and  Sons,  too,,  New 
VOrk,  N.V,,  1951,  p,  16. 
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Idfatei  on  op^sile  sidns  same  slope  itianst  ils  #ie^ 
dststmined  as  a  result  of  agreement,  vdth  ttie  rotation# 

Over,  this  choice  Is  h^pf#  ia  idsuallini  die  Erection  #  m^dph  On  ilS^ 
under  oonsldiration  heoaii^o  t  on  tte  sl^  may  be  eonihi#Odai1jlifl^ 
ponent  Of  motion  ih#  bidngs  t  into  aoioni  iio  liollhous  rot#i^^^l^^ 

WM  terined  si^  m  ine  auQnord  in  or#r  io  egress  the  siind|  |in^^ 

stress,  sijp  m  is  posiifve  nien  &  IS  posiiive, 

fie  appiieation  of  diis  ooneo^  mt  He  liohr  oirele  vdlt  now  be  i^oiibid. 
In  Fig.  tj,  X  and  y  are  He  eoordinate  axes  ql  He  pl^Sli#  pane,  f  he  #gt^ 
hand  and  left>hand ooordinate  systems  are  shown  inFig.  2.  He  angH  i  in  the 
stress  plane  is  direeted  inHesame  manner  as  &  in  He  physic#  plane,  fhere^ 
fore,  f  is  positive  in  both  of  He  stress  planes;  and  aeeorHngly  sign  m  of  f  at 


RIQHT-MANP  LIFT  ^  HAND 

eO  OR  DI  N  ATE  CO©  RDI  NAT E 

FIG.  2.-SIGN  OF  TANGENTIAL  STRESS  ON  IHE  MOHR  GIRCLE 


Q  in  boH  figures  is  positive  by  deHiition.  ^ngle  <^OC  In  Fig,  2,  however,  is 
apparently  oppo^te  in  HrecHcni  to  I  in  Fig,  1,  llHough  liatK  Should 
same.  fMs  Hscrepaney  can  be  resolved  only  by  Ghrecting  He  t  aids  as  shown 
in  Fig,  2,  Hen,  He  or^  r  coordinatO  iHStpaa  obtains  the  opposite  sense  frOm 
He  X,  y  coorHnate  System.  He  following  equation  is  obtMded  H  this  ma^f  r: 

T  =  -  sin  2#  ,  , .  ,  .  .  ,  (1) 

in  which  ®  is  He  ra#us  of  He  Mohr  circle,  He  relattphs  dst^lishfd  do  flatr. 
are  shotvn  eollecllvely  in  ilg.  2, 


/ 


BS 

Ihe  p@l@  Is  io&SEfeetf Slohl’^iirelev  Itts 

whieti.  i^ir-  vill  ibe  'iilx%SS'^  l^l^etlibsy-vife- 

fey  the  iebteetllc  htelhM  fFt|i 
fhfe  fble  'viiii  be  ioi^eiiiby  asMiilhgttMthe  teealit^  ef 
¥  of  the  vef Heal  #iahe  Hie  eesir a|  £Mf le  M  measiiref  Hoih  the  fioiht  4  of 

malor  psteetEial  sti'ess.  Ute  mest  step  is  to  intfoiuee  ©>  deiitieH  fey 


2  §  = 


f 


in  whieh  #  is  the  frieHonal  angle.  Ifeien,  fr oin  the  geonietry  in  Fig.  3^ 


<  Bf  B  =  #  + 


and 


<  EPH  =  *  0  +  6.  . . . 


in  which  D  and  E  are  the  H^msuid  'ni  stress  points,  respecHvely,  on  the  liinlt-  I 

ing  Mnes,  and  B  is  the  stress  point  of  the  horizontal  plane,  istress  Gharacter#  i 

istic  directions  Pit  and  PE  are  therefore  given  as  | 

I 

dy  -  tan  (0  t  ©)  dx . (4)  j 

i 

i 

in  wMch  the  tqpper  and  lower  of  the  doufele  signs  incHcate  the  and  *in  i 

recHons,  respecHvely.  Ilns  convention  of  donfeie  signs  will  fee  used  throngh^^  < 

Out  tins  paper  uidess  oHiet^se  stated.  ; 

Eq,  4  han  feesn  derived  using  Hie  right'^hand  coordinate  systeip  vdth  Hie  | 

y  axis  directed  verHcally  downward.  It  is  also  vahd  (if  Hie  convention  shown  \ 

in  Fig,  2  is  tolioyred)  not  only  for  the  right<^hand  cQOrthnate  systetn  vdtb  the  | 

y  aMs  #rected  verHcaHy  upynurdf  feut  also  for  the  left«hand  cooritoatf  sy^exn  I 

with  Hie  y  direction  either  vertically  downward  or  ^qpward.  ft  Shoulil  W  hoted  \ 

Hiat  the  e  axis  does  not  have  to  fee  horizontal  in  order  to  apply  the  geonietry  I 

of  the  Mohr  circle;  however,  sHght  conipfecaHons  must  fee  #l^sed  cl  if  Hie  I 
e  aris  is  not  horizont^.  | 

¥^en  the  sense  of  the  e,  t  coordinate  ^stem  is  ofeserved>  the  theory  of  | 
characterisHc  hnes  prorides  the  same  stress  characteris^c  ttrecHon  as  | 
given  fey  the  geometric  method,  iMs  may  fee  verified  fey  using  Sokolovski's  1 

method,^  or  fey  usii^  ^e  me^od  presehted  sufeseiuenMy^^  herein,  negative  I 

sipi  in  front  Of  tan  i  S  ±  5  )  does  not  appear  in  SoholovsM's  emi^Hdhl  t^fe^diS  | 

of  the  diHerent  deffeiiHon  for  @  (see  l|s,  1,15  and  1.16f|.  if  H  is  deiil^ii  to  | 

r  emove  ^e  negaHve  sign,  0  Should  fee  dinned  as  one-s^iiii^^^  | 

the  poie,  or  as  the  angle  from  the.  horizontal  to  the  hne  of  acHOn  e|;  I 

choice^  however,  is  not  convenient  ^r  maripuiaHng  the  geometry  of  thS  Mlim  f 

circle.  .  . .  _■  .  ,  I 

l^e  feasic  aSsmnption  for  plasHc  deformation  adapted  M the  general  I 

of  plasticity  is  that  the  strain  rate,  or,  if  not  referring  to  time,  the  strain  f 

S  “Statics  of  Soil  Media,  “  fey  V.  ¥.  Sokolovski,  j^ttey^iferii,  feondon,  lS60,  "  f 
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infei-eiient*  is  ae^erinittei  the  stress,  ixiliareais  lii 
stt^silii  |^g|{  is  reltted  ^  slteds^^^^ 

M  a«ss  of  a  n^lsi  lie  JHeieB  OjpitetiOft  of 

is  Sip^  io  a  oonslaiit|  Ibe  retadp  iftweosa  eOSi|»OneiSI;  if  siF^a  talf iuii 
oiaipoafaitis  of  sfress  %  is  fiuai  il^  ailfefea^afiag  lio  yisli  fimdilpl^  fa 
risj^ot  ioilji,,  thal  is^ 


la  viiefa  a|,  sg*  are  the  prlaeip^a  stresses,  arranged  in  an  arbitrary 

order;  f  is  a  poi^ve  eoastaat;  iimd  ^e  dot  P  signifies  dliferentlatip 


ai^es  ]^eMdoii8  <^  sa?idn«  Ste^-hKHPememt  a^' cSl^Se 

f>]|Sde  pe^prMdons  YoeUnP^,  Bsport  N^p.  343. 

"foippr  3aj^  -  -  ' ;' '*;''''',r-':'^  rrrrr'rr--; 

^  '%  K^ritp  BibMsJdng  C@,,  f^,  3^,  i-jigs 


j?,  **  by  A.  E.  Qreen  ai»l  W,  Zproa,  Oxford  l^y.  Eressi  Eew 


rispeet  t@  tiae.  Wxexii  rggaM^di  as  a  iunGtlen  ©f  tfte  state  of  Mt^ws,  Jg 
catiei  fiastie  poteitiial.  It  niyirt  be  iioteii,  bciweve^^  that  fn  St,  5 

iai£it«'^ebant's  poSliia&@^  i»  presuiiee^, 

l^eker  a^  extended  ibe  eenci^i  eip^iiepQtesiiai  to  the  Ihree^ 

diniensienai  defer ^alron  of  ep-mateirial)  sbo^ng  that 


=  k »  .  * 


is  a  fftper  gener'aiization  ^  the  iMtses  eftteriim  of  yielding^  and 


^  k  J 


I  . . 


is  die  piastie  poteMlai  for  ttds  ease,  in  which  k  and  k  are  positive  constants 
and  J|  is  the  first  invariMt,  . 

Ji^of^ +  0^  +  03 . . . m 


It  shontd  be  noted  that  a  positive  sign  is  nsed  to  indicate  compressive  stress 
herein.  In  the  case  of  plane  strain,  ^e  yield  eriterion  11%  7)  is  reduced  to  the 
Mohr  eriterion  of  yielding.  It  is  noted  that  Saints venant’s  postuiadion2  is  siili 
maintained. 

Srucker  and  Sr^er’s  theory  was  advanced  further  by  Prucker  10  and 
Shietdll  for  the  case  of  plane  deformation,  but  conid  not  be  widely  accepted 
by  researchers  in  soil  mectumlcs.  fhe  reason  may  be  ^at  it  was  not  clear 
Whether  ©rucker  and  f  rager's  derivation  from  the  three^ibnenBional  exten# 
Sion  of  the  yield  eriterion  was  adequate  for  the  plane  deformaiion  of  cd^ 
material  (Princh  Pansenl^).  H.  YamagucMlS  almost  succteded  in  indicating 
that,  if  Salnt->Venant's  postulation^  is  prestuned,  the  Prueker  and  Prager  ex« 
tension  of  the  Mohr  criterion  of  yielthng  is  the  only  possible  yield  cidterlon 
for  the  three^-dimenslonal  deformation  of  cp,>material  {see  Appendixes  bi  and 


G.  A,  Genievl^  developed  another  theory  of  plane  deformaiion.  Geidev’s 
funibimental  concept  is  most  ea^iy  e^lained  geometFicaUyr,  as  ^own  in 
fig.  4,  If  both  the  scale  and  the  posilion  of  Ihe  f  mces  are  adeipately  sen 
lected,  in  which  ^  is  Shear  strain  rate,  the  Mohr  circle  of  StrMn  rate  may  be 
S]0erimpoSed  On  the  Mohr  circle  Of  stresSydlh#^  poles  Of  bOjQi  circles  fixed 
at  the  Same  point  (for  example,  i>  so  that  ihe  geometric  in^rpretatiomi^ 
leaiible.  The  stress  point  at  which  the  plasMc  ddlormaMbn  Is  bpfrative  is,  ai 
is  well  recogi^edf  either  P  or  1  where  ihe  Jimdttng  iinef  the  Mohr 


Iv  "liindt  Twe  ani  Ttoee  Qjimeneioaal  Soil  Mecluttnlps  pE0|>leim@i  *  by  ip. 

C.  0r.upker.  JpuTi^  me  Meclwmcs  t%d  phSsios  Of  l^lide,  V0I.  1,  pp.  |l7^22S. 

by  %  T,  '^eilj’^^hiiur-terly 

(d  Apphed  Madiei)p.1ie8,  VqL  11,  1253,  pp.  sintS. 

If  "gar^  Preeonre  Oalculationv’'  by  Brineb  Hansen,  The  hastitiiinoas  ef  Bantsh  Giv. 
ln®%rG0BiiN^im,/i253.  -  IV^r'Z' 

W “A  Theeiy pa  Field  m  the  Plasile  Plow  of  Granidar  Materials.,*  by 

H.  lAmiagii^,  Transaetions.  J.  S.  0,  hte.  63,  1356,  pp.  6^16  ^%psnoae)|. 

Id  ‘^bproey  Spedy,*  by  G.  A.  ^i^iUev,  A}%dehaiia  sfebitel’gtva  I 

^MUtektey  SSMl,  Mosebw,  1968. 
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whereat  1;&e  a|tNgMi^the0as|IM 

alivfei  Ihe  i^raiive  pMHt,  Is  lisi  iiii^v 

azMlrja]^  ilSSipNi^  (||  the  ^SirMlvS  ^  ilSM- 

stralfi^^t^ate  #ialithS^c^rs!ive^SltMh^ 

f ^  on  the  stifess  f#ht  it  the  safne  slip;  m  on  One  of  %e  ll^ilni  lines. 
eftheir  Pl^  ot  PE  Is  pe  oonMon  aoterlsile  #teol$On^  I  S^S  ;^^@ans 
On  eiPer  ^  Or  ili^|  «  wMch  ere  rotated:  hy  §'  oounlereloOkvise  Pi 
oloOlt^sei  repeetlvely^  troni  Ihe  o  aidis.  ^Ehnsy  P  wp  suggptei  hy  de  ios^ 
seUn  io  iongi:^^  ©eniev  deviated  frop  saini»  venanf’s  postulation^  Moptei  lor 
metatlurgy. 

MthOugh  Cjeniev^s  lirst  psumption  Is  arhilra^t  the  second  Pstnnplion  is 
Mandatory.  I!  tvro  dlsiinet  oh'pacleristle  directions  exist>  one  froin  stress 


Fia.  4.  ^FUNDAMENTALS  OF  TIDE  OENIEV  DEFOEMATION 

pi  one  Irop  strpn  rate,  it  is  not  possible  to  satisfy  con#l|ons  op  bowdpy 
Unesr  or  P  cQiupp  bso  psoptlpeoas  soiudons  aeross  a#ne<  ^^Pp^hce  of 
botil  prpprPe  oPira^erisdo  preoHons  vith  Pe  ipeis  oheipeie^^ 
ffcjion  p  pe  spne  sl^  p,  as  p  Pe  Srucher  and  Pf^er  ioprpa^dn,  Is  n^^ 
neceosary. 

p  order  to  lOipippe  Pe  genenfi  delorPatlon>  ftenlev’s  second  i#itffiipt|o 
Is  j^ptod  p!^P^  assinppMon  hereP.  fhe  arbltrs^  looalioiii  ii  pe 

p>era^e  i^ai^i;^  point  on  pep]ppN||£p  M^^ 

follo'^hg  principle,  iraznagucddl3  Pdocllvely  adopted  In  dexl^d]^  pe 
Drucker  and  Prager  plane  deformation^  PPough  not  in  a  perfect  form,  from 

i®'*Sfe"pid^55tenesaW^s[pmaSoFfoi^?^^^^^@pPd/n^'#7delto8Seip^ 

Jodg,  BrusPlsConf.  onEa^  Pressure  Prohiems,  Group  ot  uhePatl.  Soo., 

S.Sr.E,.  W  I,  1958,  pp. 


tlie  M0hF  crlteriQn  of  ylel#ng  on  the  bs^is  of  SMnt-<^Venanf  s  postulaUon:  The 
traneforBiation  of  a  set  of  ftFsUoFder  parMal  diffeFenttal  eipaitoiuil  to  a  eo^ 
ordinate  systein  in  adiich  the  eoor#nates  are  the  characteriOtie  Unes  of  the 
fiven  eoinutions  i$  iiinphKcatton  of  hie  oet  of  equations  into  a  set  In  ^Moh 
each  efoatton  contains  ch^eehonal  ^fferenhals  in  oMy  one  coordii^te.  The 
set  of  traiiSforined  equations  may  be  eimressed  as  a  set  of  toM  differentiai 
equations  each  of  which  is  valid  i^ong  a  ckaracterisMc  direciion.  'i^s  is  a 
mathematlcai  fact  (Appen<hx  Q,  and  is  adopted  heFein  as  the  secondbasic 
asstnnption. 

THE  CQMlHiSSION  CHAHACTEHISITC 

Let  US  suiqiose  that  the  strain-^  rate  Mohr  elreie  mid  the  stress  Mohr  circle 
are  superimposed  vdth  their  poles  at  the  same  point  ^  l(Figs.  5  and  #.  Then, 
accortliig  to  hie  first  basic  assimaphoh,  the  operatlye  Strain’‘rate  point  must 
ai^ear  cm  either  in  S  br  E  in  fii^.  6,  wMch  isince  %e  x,  y  cOort^ite 
system  is  assmned  here  to  be  the  right^'hand  coordinate  system!  is  either  %e 
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the  >iti  stress  pstntj  respectiveiy,  fie  stress  poMt  on  wiici  the  opera- 
Strain- fate  po4it  oee'^^S'  vnil  he  terntei  aetivateii^ 
fhe  Ideation  lie  in^era^ye  stratn-rate  point  i(|or  exaniple;,  ilf  tn  fit, 
5  df  in  fit.  ho^ev^j.  Is  nit  ]m&wn  a  piiofi.  It  Is  assuinii  iiat  ^e 
eentral  antle  of  %  or  Oi  is'  |axter%  Z  f  iian  that  of  the  *ni  or  ihe  stress 
point  jon  the  Unniint  l^es  In  i  or  Pn  in  fit.  i|i*  It  Is  also  ass^ei 
that  t^  eentri^  ac^le  ^  point  %  of  maior  princ^ai  strain  rale  is  Sartor 
by  2  a  than  iiat  of  the  pcint  %  of  in^or  prineip^  stress,  fhe  Immediate  oh« 


FIQ,  e.-^ACTIVAflON  OP  THE  -m  STHESS  POINT 


jeetlYe  Of  the  foUoedng  analysis  is  to  determine  what  relatimmliip  must  exist 
betvmen  d  andl  a  in  order  that  the  straui^rate  charactextstiGs  eonlorm  to  the 
stress  charaeterlstics. 

from  the  geometry  of  figs.  5  and  6, 

1  ®  cos  (2®  -  2a) . .  (Id) 
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9  =  ^  e  «  2a  I  - - - - - - - - - - -  P27 

xy  • 

in  whicll  0  ani  i  ai^e  iha  caxint  mi  e  e@@jr3inal6  :^e  aetttff  M  lire 
slria#i-zaia  liihr  eircitej  and  die  negailve  sign  tii  die  ifi^-liani  Side  ed  #1^ 
It  Is  used  in  aseordanee  sddi  die  sipi  eonveiidi^  lor 

Oomp onents  ef  strain  rate  are  assumed  to  be  positive  when  they  are  oom- 
pressive^  Components  of  veitoei%  are  positive  in  die  positive  x  or  y  directions, 
and  are  eonnected  by  the  relaMons, 


■  I\  8  y  8  X  /  . . . 


Elindnating  I  and  (|)  in  Eqs,  iO,  II,  and  12  and  using 
yields  the  foltowtng: 


£qs.  13, 14,  and  is, 


'8  V  8  V  ' 

n  y 

,8  X  -  8  y  , 


sin  (  2  d  ^  2a!  ) 


8  V  8  V 
n _ _y 


-  2a )  ^  0 .  .  . 


Eq,  IS  is  the  oidy  equation  that  conneets  components  of  velocity  and,  by  Ya^ 
magucin’s  piinciple,  (at  the  top  of  p.  IIS)  it  must  beeoine  toM  ditterential 
equadons  vdien  ^Epressed  in  terms  of  strain-rate  ch^acterisdc  #recilons. 
For  a  consistent  anMysis,  r^erence  is  made  to  the  vector  field  deter¬ 
mined  by  the  s|r^-rnte  •^araeterlsdc  #rec1lons,  schematlc^y  represented 
in  7,  in  UdiiOh  l|i  and  si  are  the  operative  and  the  inoperative  directions, 
respectively,  the  angles  di^  these  str^-rate  charaGterifl^cs  make  with  ^e 
X  #rectlon  ipe  easily  dieterniined  from  the  geoniei^hif^  3  or  Fig,^ 
vdnch  the  operalive  i^recdon  is  1^  or  and  the  inoperajilve  ihre^on  is 
PHe  or  respectiyely,  Ihe  residt  is  suimnarlised  as  -  S  ^  I  for  the  op- 
eratii^e  and  -  f  ^  S  lor  the  inoperative,  in  which  Me  i^per  or  die  iWor 
of  the  dodble  sif^  in  the  circle  correspindsto  the  aeMvadon  oiihe  -t^m  or  the 
-m  stFees  characteristic  #recticHi,  respectively,  and  die  circle  surroiniMng 
the  doid^e  si|^  signiiies  that  01^  one  of  the  dou^e  si^  Is  aciaal^  used. 

’the  reladoii^^  the  vectors  (dx,  d|^  and  |dsp,  ds|)  ^ivei  the  re- 

ladoiiship  between  the  chrectiomd  ddCferendations, 


14E 


It  sh@u|i  M  n@t€d  that  the  #|teFenildati5ni  vdlh  f  espedt  to  sg  and  s  |  does  not 
indleaie  thi^  the  quantity  to  he  di:^tenltated  id  essihte  ae  a  fundithh  OE 


FI@.  7.  ^VECTOR  FIELD  DETERSHNED  BY  tBE  StRMN^ 
RATE  €HAi^TE^1^  liREgTlM 


sq  and  Si ,  IMS  is  evident  fFom  the  fact  that  the  order  of  diiCerentf aMon  In 

9^/ti|Q  9s|.  11^118^  oaipot  he  reversed^  the  y^  reipict  |o 

Sq  si  sh^  he  nnii^stood  to  sifi^i^  the  rate  #  eh^e  M  inaiflil^  In  tie 

res|pdife.^ectiens« 

^jihi^lulion^  17  mid  1$  into  Bq.  Id  ideMs 


’  /'*6 


8  y 

^  2o?  +  g  -  ^  sin  6  ■  2ff  ^ 
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E%  Is  nit  a  titai  diilfejfen^  ani  the  sufni  of  the  tif^  yrtlMin 

iaclx  iei  of  toraikils  xnnsl  fee  ze-ro  in  irctir  t©'  yield'  two  total  diiEefea#^  lilMae^ 
tlOnSi  The  tiwo  total  difEarential  egnitione  ©Otajited  may  fee  wiH^efe  inifte 
lolloiwdng  fir  ms: 

©is  -  to-  d]i  “  sin  ^  2  a  *  fj:  =•  #  » . « :.■ 


ating  Me  operative  straiMrate  eharaiterisii#  direcliiius,,  In  wMofe, 


dv  Gos  (0  (^6  «  2a)  ^  dv  sin  (0(1)  6  «  2a)  «  ®  , .  . ,  t22) 
X  y 

aling  Me  inoperalive  straln^rate  efearaGteriSde  directiinf  In  whlGlIi 


Thns^  two  eondtdons  have  feeen  ofetalned  feeglnning  frOM  one  retalionsfeip 
(Bq«  16)  and  Me  eMstenGe  of  another  relationship  should  fee  ejected.  To 
write  this  oMer  relationsMp»  sufestltute 


into  Eqs.  20  and  22  and  use  Eqs.  21  and  23  to  eMndnate  #/dx, 

two  equations  thus  ofetained  simuitaneously  for  &  v^/^x  and  9  v^/e  y,  aili  nil? 

ing  Me  resultant  two  equations,  Me  follo^idng  is  ofetained: 

/8  V  8  y  \ 

( eos  (2a  -  d)  Sin  (20  *  2a) 


/a  V  a  V  \ 

+  sin  (20  -  2o)  sin  (0  -  2a)  ( ^  Fy^j  *  *  •  •  ‘ 

Tins  relatlonSMp  must  fee  an  invariant  of  strMn-rate  tensor,  M»d  Me  second 
term  M  Me  right-^hmd  member  must  vanish.  This  requlremeht  IS  lidded 
setdng 
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:^!,=  2  a 


f  hen,  E%.  2  5 

'i  =  a  .COS  i(2cr'0!.25|  ^ .» «. *»,..»*  * ..  ^27)' 

usl^  Ihe  s^^eSslons  of  Is  E^.  12  asd  15 .  TMs  reistiosship  vvi^  piFOvIdS 
s  S^leiiatic  t^sateeiit  the  pXaStleif^  M  e(|>^ssafsfti^  and  ttesoeioiiil 
f>s  reletred  Jo  as  Ihe  compFOSSios  oytracterisliCi 

Bsoauas  if  In^eales  the  raf s  votase  dScrsase  and  Is  poslliiyei  sldieF 
dllatasey  or  coisprossion  must  acOOMpany  dio  plastic  defOrmaliOn  of  #- 
inaterlal  in  accoFdatice  vdtfe  cos  {2o  ^  2  >  or  <  %  respoellvo!!^.  FOr  die 

parifcdiar  ease  of  2  o  ^  ^  a  change  Inyoteiie  does  sot  oecuir;  l^s  is  l5e 
delOFiitatloti  descFliied  iy  A,  Oonlev.l^  is  the  ease  of  the  Prucker  aiad 
Prager  plane  defor malios,  in  ^Meh  2  o  =  dilataney  alwi^s  oeenrs^  as 
Proeker  Md  Prager  have  stated^ 

E%  26  stipulates  die  foliovdi^  geometrte  interpretattoiu  ^e  inoperative 
strain^  rate  point  is  synameWe  vd^  the  operative  straini-rate  poliit  in  Fegard 
to  the  k  a^s  on  die  strain~rate  Mohr  circle^ 

Eq.  26  siinplilies  Eqs«  25  and  22  to  die  same  form, 

dv  +  dv  #  0  ,  »  ,  * . *  »  .  (2$) 

^  y 


in  Vi’tdch  Eq,  21  is  valid  along  the  operative  strain-rate  eharacteristic  dlrec- 
dons  ,  and 


is  vadd  along  the  inoperadve  strain- rate  eharaeterlsde  (Erections,  Reduction 
to  the  simple  form  of  Eq,  28  resets  in  the  foRovdng  intei^Fetadons;  (1)  The 
increment  of  veloeily ,  of  which  &e  eomponents  aredv^  and  dvy,  sdong  each  of 
the  straiq-rale  cjN^acterislic  ^reedc^  is  i#rmal  #  J^e  respeettye  sj^^^ 
Fate  eharaeterlsde  directi'!i^,  of  y^Mch  the  copafiqnents  are  ^  ;pd^i;^lld 
(2)  die  uiit  compression  rates  Aq  and  in  the  operaU^  indlhs^lie^ 
chreedons,  respecdvely,  are  ho^  zero,  as  may  he  veiided  hy  suhsiitqdon  of 
Eqs.  24a  and  24h  Into  Eq,  2$,  However,  the  sheitr  strata  rate  y0|  ^  the  co^ 
or#aates  of  ^e  strain-rate  eharaeterlsde  Hne  Is  not  zero  (see  Appendht  H) 
and  therefore  (f  is  not  zero, 

ihe  foHowing  theorem  cas  be  presented  in  a  manner  sindlar  to  the  dSfiya- 
don  of  Eq,  25,  H  Eq,  22  is  assumed  to  be  vaMd  ibbotb  the  operadve  ard  iie 
inoperadve  direcdons,  boh^  Eqs,  16  and  27  must  be  valid,  IberefOre,  Iq,  28 
is  equivalent  to  Eqs,  16  and  27, 


CHARAeTERISTie  PIRECTKIHS 


Fundamentsd  equadons  goveridng  the  plasdc  deformadon  of  c^-mateida} 
are  as  foHows: 
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Writteg  C  =  ?  fcn  Fig.  3-,  and!  frcJmi  Ihe  geoMetry  ©f  Ihe  atress 
cifcle,  Ihe  iallovdng  Is  obtained;; 

^  =  (If  |l  #  siffl  p  cos  2#  c  cot  p  ,  » .  f .  * .  i  .  130); 

/@L  -  O  |1  sis  #  cos  '2i|  C  'COt  ip  ...  »  -r  .  i  ,.  |3l) 

and 


T  =  *  Ir  sin  p  Sin  2i  *  »  *  .  .  .  .  .  ,  ^  .  ,  (SsSi 

xy  ^ 

in  wMcn  c  denotes  ecfee^n.  The  stress,  strain- rate  relatlonsMp  Is  dhtained 
fey  elifliinating  %  %  and  e  in  E^s*  30;  31,  32,  Itj  11,  12,  and  21  (see  %pndix 
111).  It  is  noted  that  n  is  generally  a  teetion  of  location  and  tinae,  and  thad 
the  variafeillty  Of  n  leads  to  particular  attrifeutes  of  c0-n.  \tertah 
The  equations  of  tnodon  are 


/a  T  _  a  cr  \  a  v 
U  J2t,jUv  5 


')■ 

and  the  equation  of  continuity  is 


a  V 


y\ax  gy 


,  -  Y  1-1-  iiyy  T  '--■-■Tr.-- 

X  a  X  y  a  y  at 


•  '• 


at  Tk 


ay 


,  (35) 


in  which  (since  either  chlatancy  or  compression  always  occurs)  the  uidt  density 
Y  is  a  function  of  the  variables  x,  y,  and  t;  and  X  and  Y  are  the  external  forces 
on  the  uMt  mass  in  the  x  and  y  cdrections,  respectiyely, 

The  plasd:c  work  rate 


W  -  OF  4  +  2  T  y  +  ff  ^ 

X  X  xy  'xy  y  y 


must  remain  non«negative  during  die  plastic  deformation  of  cd-Material  if  no 
irreyersible  changes  other  than  the  pl^astic  deformation  are  concurrent.  Upon 
substitution  of  Eqs.  30,  31,  32,  10,  11,  12,  and  27  mid  bhe  eq^uation. 


@  =  u  sin  p 


W  is  found  to  be 

W  =  20  cot  p  [e  cos  (2q!  025)  00  sin  2o!]; 
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in  whieh  (#)  i#  the  radius  of  the  stress  Mohr  GlrGle,  f  herelOre  j  the  ineicLmaltty 
eOnidhtiOn 

tD  -cos  ste  2a  J  S  #  r  i .  ,  ,  i  .  ,  i  |3i)- 

mnsl  he  salisllei.  fhe  consistenGy  of  this  spiein  of  e^allons  Is  shoijm  in  the 
lollO’vidng  analysis:  Inserting  il<|S.  2%  31^  and  22  Into  E(|Si.  33  and  34  yieMS 


m,  i  |j  ^  I  Lf  I  2  sin  #  |4  #  -  2 

1  y  8  X  1  y  8  y  i  y  ^  8  x  1  y 


,  8  &  ^ 
O'  +' 

^  8  y 


and 


8  V 


8  V 


^  V 


X  8  X 


+  V 


y  8  y 


=  X  - 


8  V 
„  I 
8  t 


P  i  L£  ^ 
2  y  8  X 


18®.^  ,  8  0  ,  e  1  o 

2  o  sin  o  t—  +  Sft  =  2 
y  8  y  2  y  ^  8  x  2  y 


8  0^ 
^ry  * 


+  V 


9  V  8  V 


X  8  X 


y  ®  y 


Y  - 


8  V 

3 

8  t 


in  tvhieh 

Pj  “S'  1  +  sin  p  GOS  20 »  .  . . .  (42) 

Qj  s  ^  sin  p  sin  20  ,  (43) 

Rj  -  -  sin  20.  ,  ,  .  . (44) 

ij  ??  «  cos  20. . . . (43) 

Pg  -  =  sin  p  sin  20.  ,,,.., . .  .  (43) 

Qg  "  1  »  Sin  p  cos  20.  ,  (47) 

Rg  -  ^  cos  20.  .  .  .  (48) 


and 


Sg  -  sin  20, 
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Efflmltiatog  I  arii  <|>  in  1^.  1%  11,  12;,  and  nsing  E^i.  12,  14,  and  1& 

yleldi 


8'  V 

— J 

4  8  X 


4  m 


B  V 
X 

I  8  y' 


8  V 


8  V. 


+  €; 


1  Bx 


+  & 


1  8  y 


Ey  ^Emfaating  0  and  nsing  itos  axpre&sten  i@r  in  E%  12,  Eq»  21  flanges 
I# 


8  V 

t-  J 

‘‘2  8  X 


8  V 


8  V 


8  V 


+  Bi 


2  8  y 


♦  €; 


2  8  X 


^  .1 


2  8  y 


=  i  ...... 


in  wM&ti' 


Bin  {28  2  a} t  r  c  i 


MS 


c,» 


GO  B  \  i 


•■  9  ‘9.  9 


h- 


Ag  - 


“  Bln  (28  -*  2a)  . . . 

Bln  (28  -  2n  . 

GBB  {2a@28) _ _ _ _ 

MS  (2a026  )  . 


and 


©2  ^  sin 

In  addtttilBn,  the  GQn#dpns  of  pne.^’vraluedness  for  the  uitoo:jpis,  8»  ^x»  ^y» 
and  y  must  he  sadsfied: 

^  -  _  8  3?  .  ^  8  0f  , 

^0  _  dx  ■1'  g~  y  dy 


0  8  ,  ^8  8 
^  =FX  ^-^Fy 


dv .  = 


(hr  - 


8  V  8  V 

X  ,  ^  X 

dX  + 

8  X 


8  V 


y  8  X 


dx  + 


8”y 

8  V 

_ 5 

8  y 
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aiiM 


-  ®‘  y 


+  iLl 

,8  y 


#  .  .  .  .  »  * 


The  t6a  e^aiti^ns  te  E^v  3§,  5%  i|^  tO  lhteu|h  64  eoiitste  ten 

toeai  pwlliai  iierlvattves  M  Vy,  asad  y  Mitfe  fespect  ter  ^  itni  y.  The 

detefMjment  of  eoeihiiciiente  (ii|  Of  the  ten  efai^Meous  lalgebraielllnear 
eipatlone  yiith  the  ten  loeal  dei^vnttves  as  ur^omiS  is  talotiated  and  lOuni 
to  he  eqnai  to' 


Charaetefistie  direotions  are  determined  by  placing  4  equal  to  zero.  One 
of  the  characterls^c  directions  is  the  stream  line,  in  which  dx/vx  «  efy/vy. 
Froni  4^  ^  0,  the  stress^charaeteristic  directions  already  fiven  by  iq.  4 
are  determined.  From  4^  ^  0,  the  (merative  and  the  inoperative  strain^rate 
characteristic  directions  alrea^  given  by  Eqs.  21  and  29,  respectively,  are 
determined.  It  is  dien  obvions  that  Eq.  28  is  also  vaUd  for  this  ease  in  which 
the  change  of  both  stress  and  density  is  concurrent  with  the  change  of  velocity. 

For  puiposes  of  consistency  in  the  following  paragraphs,  a  transformation 
of  Eq.  28  is  added  here  by  placing 

Vj^  =  V  cos  #  (6i) 

and 

Vy  ^  V  s  in  (I)  (  06  ) 

in  which  V  is  the  magidtude  of  compoimd  velocity  and  #  denotes  ^e  angle 
measured  from  the  x  asds  to  the  direction  of  veiociiy.  Eq.  28  then  changes  tp 

dv/v  tan  (d  0  6  +  w)  da» . .  (67j 


Mdng  the  dpef  ative  stf ain-Fate  diiaraeteristitc  direetion,  es^ressed  hy  Eq.  2|, 
aad  td 

dw/y  -  taa  2m  £«)|  dw  .  .  ^  ,  .  .  .  .  ,  . 

aldhg  the  MdpeFative  strain^Fate  eftaracleristte  #reettdn,  e^ressed  hy  Eq. 

m. 

©me  el  the  taest  laieFesMg  aahjdeta  te  the  piastle  laettea  mi  cd-matei#;! 
Is  the  Fea&satidn  df  slip  lUiea,  ia  whidh)  a  partieaiar  pheaeMeiiea  laey  eeeur 
that  eannet  be  seen  in  the  piastie  metion  described  in  previems  paragraphs. 
a  slip  line  is  a  flew  line  of  the  material  that  is  realised  when  the  #rection  of 
velocity  cemcldes  with  the  acUvaied  stress  eharaeteris^c  ^rec^on,  or,  m 
other  wordsi,  with  the  Operative  strain^rate  characterlsiiG  direction. 

\i%en  ibe  shp  ine  is  realized, 

:(o  =  -^  §  +  n#  .  i ............. .  (§2) 

fheay  from  Eq.  61, 


on  the  slip  hne,  of  wMch  the  direction  is  given  by  Eq.  21.  In  other  words,  ve¬ 
locity  is  constant  ^ong  the  sUp  line,  which  is  a  remarkable  feature  of  ep- 
material.  From  Eq,  68, 

dv/v  ^  tmi  (2a  (?)  25)  dd . (71) 

in  the  inoperative  strain.* rate  Characteristic  direc^on,  given  by  Eq.  29.  PaFtic- 
ularly  in  the  Oeidev  deforniation  (in  which  2  a  -  p)  the  inpperative  is  the 
eqtd-8  direction,  because  dd  must  oe  zero  to  maintain  the  right  side  of  Eq,  71 
at  a  finite  value.  For  the  realization  of  slip  lines,  the  strain- rate  chafacteri.. 
istic  Erections  and  the  total  di^erential  equations  along  these  directions  are 
Obt^ned  in  tMs  manner  as  a  particular  ease  of  the  plastic  motion  in  general. 

Characteristic  directions  for  realization  of  slip  bnes  other  than  those 
previously  menlloned  are  obtained  by  writing 


and 


=  V  cos  (  ®  (?)  5  )  ,  (72) 


Vy  -  -  V  sin  (  0  (?)  5)  (73) 

allowing  V  to  be  either  positive  or  negative.  By  substituting  Eqs.  72  and  73 
into  Eqs.  33  and  34,  the  following  is  obtained: 


1 50^ 


8  t 


a  W 


&  $ 


8  0 


^4 


X 


t  V 
> 

»  t 


*$1 


- - - - 


a^ni 


:S^  'Z  W  :S^  !^- 


dj0 
8  y 


&  V- 

%  2  I  v_ 

&  t  y  , 


) 


iii)  yjld!Ch 


Pj  -  i  4  ato  #  cos  28i  .  i  »  ,  ,  .  » i  »*..*«  (761 
=  -  s^  p  sii»  20»  i  * »  *  i  s  .  <  i  .  .  *  ,  *  i  (77 1 


R|  “  -  stoi  20i  »  ,  »  *  » 
2 

S  |  s  *  00  $  2  0  +  1:'  »  *  *  . 
Pg  Sift  p  sin  20. ,  .  i 
Qg  -  1  *  sin  p  cos  20.  . , 

2 

Rg  *  »  eo  s  Z  ®  -  V  ,  .  , , 
Sg  ^  sin  20. ... .  .  .  ,  , 
2  _  y 

j*  -  ■  -  V_.,, 

2  &  Sin  p 


(6i» 

(«2) 

(83) 

(m) 


and 


8  V 


8  X 


(»5) 


In  deriving  Eqs.  74  and  75,  the  relatlonsMp s 
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»  V 

'x  a  x 


#  V 


Y  <8  y 


*  2  i 


2  8  # 
^  ri 


,aiti 


a  V 


X  ax 


y 


a  V 


y  a  y 


y  i  j»  T  -  -  2  a  6 

i  #  2  ^  V  ^  =  -V 


are  easily  verified  i»y  i^e  @f  EfSi  72^  73t,  ani  ate  used  le  cal# 
culate  tHe  uouliuear  leeal  aeeeleratkiu  terms  in  Eqs,  33  and  34,  It  sheuld  Ise 
neted  that  and  %  InelMde  veleetty  terms  l^at  are  derived  ir^M  die  ndn^ 
linear  Ideal  aeeeleraMdn  terms.  His  inclusidn  Gauses  a  resdnaneef  as  de¬ 
rived  in  the  IdlldViing. 

Beeause  l^s.  74  me'  ?§  eontainT,  Eq,  85  must  be  ednsidered.  By  substi¬ 
tuting  Eqs,  72  and  73  into  Eq.  85>  the  tdlldvdng  is  obtained: 


8  V  8  V  »  8  9  8  9 

H  FI  ®3  ^  Fx  ®3  Fy 


=  -24 


in  whieh 


and 


Ag  =  cos  (8  0  6)  .  . 
Bg  =  -  sin  0  6)  . 
Cg  =  -  Sin  (@  0  e)  , 


(89) 

(90) 

(91) 


Dg  =  -  eos  (0  0 


(92) 


CombiiUng  the  conthdons  of  one-value^GSS  for  9,  ^d  v  vddi  Eqs.  74, 
75,  and  83,  six  simultaneous  (algebraic)  linear  equadons  vdfh  six  unlmovms 
are  obtained,  diat  are  the  local  pard^  derivadves  oi  8,  and  y  with  respect 
to  X  and  y,  Eq,  35,  the  condldon  of  condnuity,  may  not  be  considered  indie 
present  analysis  because  the  fact  that  the  Gharacterisdc  direcdon  to  wMch 
Eq,  35  is  related  is  the  stream  line,  is  ^ready  recognized  in  the  preceding 
analysis, 

Calculadng  the  determinant  of  coefficients  of  the  six  simultaneous  (alge¬ 
braic)  linear  equadons  yields 


A  =  A  A 
V  0 


1S2 


ini 


A  = 

V 


^  % 
is  diy 


AMd  A.. 


dx 

& 


% 


t 

dx 


a. 


Wr&m  %  «  %  the  Mtlvated  Atress  eMraet&Mstie  (idreetidn  viiich, 

ifi  this  ease;  is  the  ^reeMdn  of  sMp  f  rom  A^  »  6v 


^  •.■  s|a  2d  U  Qps ja  Vl  » 

dx  “  *  A  L  .  S  I™  \  .  /  2 


gOs  2#  |1  •¥  p"  jsitt  p  f  (»/^  +  sin  p  ) 


II,  .^s  transforms  to 


by  plaGing 


and 


^  e  tan  (d  +  6  )  dx  . . 


4  ®»|»  p(0SpS|) . . . 


V»  - 

-  .  »  . 


*  COS  0 

cos  p  *  ^  2 

'  1  +  i/~  sin  p 


V  +  sin  p 

sin  p  - 

1  +  V  sin  p 


. (97) 


or  suminarizing  Eqs,  96,  67,  ^d  98 


1  - 

tan  6  tan  6  . . 

t  *  1/^ 


The  directions  0ven  by  Eq.  65  will  be  called  resonance  characteristie  direc» 
tions.  These  'were  deriyed  h7  Oeijleyl^  as  a  parUcular  case  of  Ms  deforma^ 
tion,  but  they  are  still  valid,  even  for  the  jeneral  deformation. 

^en  y  =  0,  or  when  y?  =  6  and  p  become  6  and  p,  respectively,  and 

the  resonance  characteristic  Mrections  eoincide  with  those  gdven  by  ESq,  4. 


1§3 


%en  :i/2  §  1^,  #r  wheH  $/t)  y  v^’ <  f  i  Is  real,  and 

actetl|pt  dliseGilefli  are  real*  Hewewer,  >  1,  ©r  vrtienj^/^l'  v2>  jjf 

sin  #,  #  is  ima|dnaz7»  and  ^  x'esenanee  eharacier IsHg  #re@liins  cisa^eaf , 
fht  ®iiy  renvaining  ettaraeietisile#reeM©nis  the  slreani^^^^^  lii  ether  werdi> 
ihe  Sysie^  ef  liqs.  14,  ti,  and  8&  transfers  Irom  ithe  ^pei^lic  I©  ihejpiasi-* 
eiM|)lde  vdien  v  Inireases  ^yend  the  erltleal  veloGtty,  S'  sin  pff  fids 
tnathematiGal  statement  may  he  restated  in  physlGal  terms  as  lell#ws^ 

V  In  me  reaUzatLon  ef  sitf  Mnes  heeemes  larger  man  the  eriliGal  veleGlty, 
the  motion  of  G^^miatetlai  gains  iditeness  to  that  of  a  iiipld, 

Beeanse  the  consistency  of  the  system  of  the  fimdamenial  Eqs,  l@,  II,  |2, 
27,  20!,  21i  S2,  23,  34,  and22has  heen  shown,  it  is  now  possible  to  an^ze  the 
plastic  motion  of  ce^material;  however,  one  #fficnlty  s^ll  remains  smdihat 
is  the  lack  of  a  general  method  for  determimng  a.  In  fact,  as  may  he  seen  irom 
the  following  examples,  a  must  he  determined  in  such  a  mamier  that  me  soiu« 
tion  exists  imder  given  houndary  and  initial  conditions^  Therefore,  the  stress 
and  strain- rate  relationship,  wideh  is  a  system  of  functions  of  a,  is  also  de¬ 
pendent  on  the  boundary  and  immal  conditions.  However,  the  mamematics  for 
this  type  of  problem  is  not  yet  known.  The  follovdng  examples  are  presented 
with  me  intention  of  illustramng  the  general  memod  for  determiidng  a  by  citing 
particular  cases. 

Example  1— Vibration  Under  the  Rankine  State. velocity  field  in  a 
ground  will  he  analyzed  assuming  that  me  ground  surface  is  horizont^  and 
that  all  the  properties  of  the  ground  are  fractions  of  depth  and  time  maintain¬ 
ing  me  same  values  in  me  horizontal  plsmes.  This  is  sm  extension  of  the  Han- 
kine  state  of  stress  for  inclusion  of  me  velocity  field. 

For  simplicity,  only  the  active  state  will  be  considered,  in  which  me  hori¬ 
zontal  plane  Is  the  plane  of  major  principal  stress.  Then,  in  me  lower  part  of 
Fig.  8,  A  is  the  stress  point  of  a  horizontal  plane  under  consideration  and  H 
is  the  pole.  Moreover,  if  the  right-hand  coordinate  system  is  assumed,  then 

28  =  X . (100) 

The  4-m  and  -m  stress  characteristic  (Erections  are  BD  and  BE,  in  which  B 
and  E  are  the  +m  and  -m  stress  points  in  contact  wim  the  respective  limit¬ 
ing  lines.  Then,  as  may  be  recogMzed  from  the  geometry  in  Fig.  8,  me  +m 
and  -m  stress  eharacterismc  lines,  wMch  are  shown  in  the  impm*  pmrt  of  Fig, 
8  as  M  mid  form  angles  of  -6  and  +6  wim  the  vertical,  respectively^. 

Because  all  me  quantities  are  functions  of  y  and  t, 

^  =  0 . .  . . (101) 

Eq.  101  is  equivalent  to 

?  =  0  cos  2a  ...  . . (102) 

as  may  he  recognized  from  the  expression  for  in  Eq.  10.  Assuming  the 
activation  of  the  -m  stress  characteristic  direction  for  this  case,  then 

i  “  -  0  cos  (2a  -  26).  .  ,  . . (103) 
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ifriiii  £4,  2f .  In  order  to  Make  Eqs,  t'©2:  and  103  coMpatlble,  q;  is  deterMlned 
as 


2^  =  #  i  I  . . , 

whlek  reGateeS  ilqSv  102  and  102  to  te  saMe  lotii 


tl@4| 


■(^  -  t  '@'  sin  & 


The  donMe  sign  of  Eq.  I©%  iwhioh  is  not  reierred  to  sigH  M,  signifies  eoM- 
pfession  for  the  upper  sign  and  dilatancy  for  the  lower  sign^  ieeause^l  Is  a 
positive  nuMber  and  T,  by  defiMilon,  is  positive  when  eOMpressivei 


The  piasli^G  we-i?k  rtte,  f@r  IMs  is  ftali  to  he 


w  =■  t  2  Igl  oet  #■  |@'  €0s  #  0  sift  i'l  ^  4  i  * . .  *  il®&| 

iii  whioh  the  dOohio  st^  is  ih  saithe  orde?  as  in  1%  1^5  ^  ThetelOfev  il  ^ 
IS  suifieientiy  shiail^  diiataney  eannot  iaike  pace  sinee  W  aust  he  |>osilive. 

lie  total  diiterehi^  etpalon  along  the  strain- rate  eharaeterisMe 
direetions,  is  lor  this  ease 

/  a  V  &  V  V 

I  dx  *  #  }#  =  #  iW) 

in  Muhieh  the  operative  strain^  rate  charaeteristie  direeiion  is 

dy  =  -  GOt  6  dx  .  ,  i  4 » i .  .  .  i .  ^  i  i  s  i  (108) 

as  shovfti  froni  2:i,  and  ihe  inoperative  straip-rate  chafacteristte  diree- 
tion  is 

dy  =  8 . *  * . (100) 

as  shovm  from  Eq.  29, 

By  SubStltumg  Eq,  108  into  Eq.  107^  it  is  found  that 

V  =  V  cos  6  -  v^  sin  6  .  ,  .  . . .  ,  (110) 

y 

is  a  funetiQn  of  t  alone,  V  is  the  component  of  Veloeity  along  the  Operative 
strain-^  rate  charaeteristie  direction^  lie  positive  direction  being  downward  to 
the  right,  as  may  be  recopdzed  from  the  upper  part  of  Fig.  8.  Since  Eq.  109 
satisties  Eq.  107,  another  component  of  velocity  is  indeterminate  in  this  ease, 
because  the  equivalence  of  Eq,  28  with  Eqs.  16  and  27,  as  presented  at  the 
bottom  of  p.  120,  does  not  allow  the  emstence  Of  any  other  relationship. 

The  diMculty  of  determiidng  the  component  of  velocity  normal  to  the  oper^ 
ative  strain*^  rate  charaGteristic  direction  may  be  avoided  by  assmning  the 
realization  of  slip  line,  in  wMeh  case 


=  -  V  (t)  sin  0 _ _ _  (111) 

and 

V  ^  V  (t)  cos  6  . . .  (112) 

Reducing  v^  and  vy  to  functions  of  t  alone  causes  the  strain- rate  Mohr  circle 
to  dwindle  to  npolnt,  and  neither  compression  nor  dilataney  occur  im  this  ease. 

Eq.  109  may  be  determined  from  the  geometry  in  Fig.  8,  in  which,  for 
simpMcity,  the  location  pf  is  shown  for  the  lower  sign  of  Eq.  104  only.  By 
the  geometric  interpretation  of  Eq.  26,  must  appear  at  a  point  in  symmetry 
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With  E  in  r  e  spe  ct  to  lif  Mi  must  coincide  ^th  4^  showing;  that  the  inoper  a> 

tive  strain^  rate  characteristic  direction  is  horizontal. 

ihe  stress,  strain^r#e  relaiionsi^s  Obtained  thus  far  provide  equations 
lor  deleriiiMaie  the  #strlbuiiciES  of  stress  and  velocity^  ®y  schsillutinf  the 
value  of  #  ;given  ly  Eq.  ^e  Eqs.  3iV  Md  32  change  to 


and 


a  =  o  2  siir  6  -  c  cot  p  .  ,  *  , »  *  ,  *  » ,  ,  ,  ili3| 

X.  \ 

/w  2' 

=  o  2  cos  e  c  cot  jO  s  *  i  ^ ^ .  » *  .  ili4| 


•  • 


The  equations  of  motion  i(Eqs.  33  and  34)  then  become 

-  ^  Sin  5  =  X  .  * .  . . . .  (lie) 

and 


i  l-|  2  cos^  6  +  ^  cos  6  =  y  .  . . (117) 

y  c  y  at 

on  substitution  of  Eqs.  HI  through  115.  The  equahon  of  continuity  (Eq.  35) 
becomes 


•  0. 


on  substitution  of  Eqs.  HI  and  112.  Moreover,  it  is  assumed  herein  that  die 
external  force  is  vibratiomd: 


a  sin  u)  t 


and 


y^  g 


in  which  a  and  u  are  constants,  and  g  is  the  acceleration  due  to  gravity. 

Then,  Integration  of  Eq.  116  yields 

. <»«) 


in  which  A  is  a  constant.  Eq.  118  is  Integrated  to  yield 


iS7 


M  wMell  S  2iii  €  are  '©©H:sta®ts.  Them,,  E^.  117  Is  iniegipalei  t®  yielil 


^  Cg  +  a  G©t  #  slit  <y'  t|  H  ft  I  -  y  set  i 

A:  i3'  ‘C0S  '©'  if  V 


Ct)^  t  +  A  t  III  +' 

■q!  '  .$1®,  •&  / ! :  . 


# 


(m) 


®n  tli®  G®nditlon  that  ft  is  not  zero.  In  which  F|t)  is  a  function  dopendSnt  on  t 
alone.. 

F(t),  In  Eq,.  123>  is  determined  from  the  boimdary  conation  that  &y  =  0  at 
y  =  d.  The  constant  A  may  he  determined  from  the  initial  condition  of  the 
plastic  motion,  if  it  is  known,  such  as  V  =  0  at  t  =  0,  However,  deficiencies 
in  the  present  knowledge  of  cp^-material  are  such  that  no  appropriate  method 
for  determimng  B  and  C  is  available. 

According  to  the  limitation  imposed  herein,  Eq.  106  shows  the  value  of 
the  plastic  work  rate  for  the  ^m  activation  in  the  active  state  (the  +m  or  -^m 
activation  refers  to  the  activation  of  the  +m  or  -m  stress  characteristic  di^ 
rection),  It  may  be  shown  that  Eq.  106  is  also  valid  for  the  4-m.  activation  in 
the  active  state.  In  the  passive  state. 


W  -  +  2  @  cot  p  [®  sin  6  -  c  cos  6] . (124) 

for  both  the  ^-m  and  ~m  activation,  in  which  the  upper  and  lower  parts  of  the 
double  sign  correspond  to  cases  of  compression  and  dilatancy,  respectively. 
Therefore,  if  c  is  svdficiently  small,  dilatancy  can  never  occur  in  any  of  the 
cases' of  the  Bankine  state. 

Before  advancing  me  general  theory  for  practical  application,  several 
(Mfflculties  must  be  solved.  One  of  the  problems  is  the  theorization  of  the  so- 
called  progressive  failure,  wMch  is  an  enlargement  of  the  region  of  plastic 
motion  or  elongation  of  slip  lines,  or,  in  the  terms  of  plasticity  of  metal, 
elasto^plastic  deformation.  It  is  esmected  that  tite  progressive  failure  is  re¬ 
lated  to  the  particular  role  of  time  as  a  parameter,  not  as  an  explicit  un- 
Imown,  in  the  total  differential  equations  for  plastic  deformation.  The  total 
mHerential  equations  are  not  shown,  except  for  Eq.  28,  because  of  space  limi¬ 
tation.  However,  since  time  derivatives  are  not  considered  as  maiknowns  in 
the  simultaneous  (algebraic)  linear  equations  for  deriving  ehfiracteristlc  dif 
rections,  it  is  clear  that  any  resulting  total  thfferential  equations  do  not  con¬ 
tain  total  differentials  in  regard  to  time  (see  Appendix  I). 

2—Qne-Mmemional  Secondary  Con$oU<itaUon.  —The  effect  of  the 
flow  of  water  on  the  two-mmensionsd  motion  of  c0-matertal  vdth  the  pores 
filled  vdth  water  is  easily  formulated  by  considering:  the  well-established 
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^U^ifleal  last  IM  intergrai^ar  Bto^ss  sdi^nt  is  resipWSibls  tSr'  tile  iiioi^ 
ti@m  ©f  ©ijfi^nigtteriaij  Eqs,  iO^,  il,  12,  27,  3®,  31,  32,  ini  35  ie  usei  vith 
tie  ©©nii'entiin  that  and  ire  the  e©rnp©nent3  ©i  intef  granular  stress, 
and  f  Is  the  sUbinerged  uiut  densil^  ©f  ©0>niateri3l»  file  eiiid@ns  ©f  nioM©n 
l©r  this  ©ase  are  suhjeet  t©  iii©dliCiead:©n>  and  are  ©htilnei  %  re^iaelng  <%, 
Oy,  and  f  xy  M.  Ei|Si  33  and  34  udth  ©x  i-  oy  +  and  t xys  respeeiively,  as 
l©ll©ws: 


r  X 


X .  i£*, 

f  8x 


and 


,  /  &  t  9  e  \ 
y \a  X  9  y  /  x 


a  V 

I 

a  X 


+  V 


a  v_  a  V  ,  ^ 
y  ^  y  =  Y  ^  i  il 
y  a  y  a  t  "y  ay. 


in  which  p  represents  the  water  pressure.  The  charaGteriStic  directiens  de¬ 
termined  by  these  equatiens  are  the  same  as  these  presented  previeusly  sinoe, 
in  ©btaiiUng  the  eharacterisllc  dlreetiens,  p  may  be  assumed  to  be  a  function 
of  X,  y,  and  t. 

In  order  to  complete  the  formulation,  the  assumpdon  in  the  theory  of 
three-dimensional  consolidationl^>l'^  that  the  rate  of  volume  decrease  of  ei^- 
material  is  equal  to  the  chscharge  of  water  out  of  the  volume  under  considera¬ 
tion  vdll  be  introduced.  Then, 

2  ?  «  div  . . . (127) 


in  which  Vw  is  the  flux  of  water  through  a  unit  area  including  sections  of  soil 
parUcles  and  water,  ^w  is  (dven  by  the  Darcy  law  as 

V  B  -  k  grad  p . . . (128) 

w 


in  which  k  is  the  hydra\dic  coeMcient  and  P  is  the  velocity  potential.  Com¬ 
bining  Eqs.  127  smd  128  yields 

2  ?  »  -  div(k  grad  p) . . .  .  (129) 

In  Eq.  129,  k  is  a  function  of  y  and  must  be  considered  as  a  function  of  x,  y, 
and  t. 

Consider  a  layer  of  cp-material  lying  on  an  impermeable  bed,  extend^ 
infinitely  in  the  horizontal  direction  and  filled  with  water  to  the  surface,  that 
is  being  consolidated  under  a  uniform  load  (q  per  imit  area)  on  the  horizontal 

15  ‘General  Theory  of  Three-dimensional  ConsoUdafion,  ‘  by  M.  A,  Biot,  Jowmal  of 
Applied  Phsifsios,  'Vol.  12,  1941,  p.  155. 

17  ‘Physios  of  ConsoUdatilon,  ”  by  Shunsuke  Takajdi  Beport  of  the  Inst,  of  Solenoe 
and  Teoh.,  Unlv.  of  Tokyo,  Tokyo,  Japan,  Vol.  8, 1954,  pp.  221-284. 
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gf ©uni  luf fsiicev  ’Ac©  sub|©©t  at  tMs  nna^sis  is  the  liastl©  ielefiika^n  ©I  th© 
layef,  wMeh  is  knovm  as  se©oniary  ©onsoiiiation,  fhe  ©rigia  of  the  it  SSii  y 
axes  he  plaoei  ©n  %e  in^^mealbie  he^  hhe  y  ^reelion  hsihg  upvatHi 
1%©  motidn  ef  tie  ©#»iQ)atetia];i  in  this  ©ase^  nfusi  he  vef tlealiy  iownwafi, 
f het^efOi^y  it  Is  assurnei  that 


=.  # 


ani  that  Vy  is  a  iunotion  ©f  y  and  Then, 


and 


xy 


which  are  equivaleHt  t© 


€  +  d)  cos  (20 


=  0  ,  .  .  . . 


and, 


0  sin  (20  -  2a)  =0 . (134) 


respectively,  as  may  be  seen  from  Eqs.  10,  11,  and  12,  ^  making  Eqs.  133 
and  134  compatible,  and  considering  that  compression  alone  occurs  in  this 
case,  the  follovdng  is  obtained: 


20  -  2o  =  ff 


(135) 


and 


l^Q) . (136) 

By  substituting  Eq.  136  into  Eq.  27,  a  is  determined  as 

2o  =  IT  (D  26  . (137) 

Then,  0  in  Eq.  135  is  determined: 

20  =  0  26. . . . (138) 

The  plastic  work  rate  for  this  case  is 


’ly  »  2  0  cot  p  [-  G  +  0  cos  p]  .  . .  . , ,  ,  . ,  *  (139) 

The  flow  of  water  causes  another  kind  of  enerKr  chssipatton— the  frictional 
loss— and  the  inequality  concUtion  for  this  case  is 
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W  #  kf 


The  sIretS  j  stfM^f  ate  relaMdhsMp  ibtaihei  above  Is  Siiihhiaflke#  ahi 
showh  ih  fig.  i.  to  aeeofiaaee  vito  toe  ®he  aetivillOh,  |ar  IL  | 

Is  toe  Malor  pvtoeto^  straiharate  potoH,  ^  |@f  Is  toe  sittoof  pxtoblpil 

str8to«vaie  potot,  ani  toe  pole  |br  eotoeides  wito  |af  3^|i  |Df 
F.,,)  is  shovm:  as  toe  o  vigto  of  toe  rej^eetove  f  aiiEes  . 

^tibstototoxg  toe  values  of  &  $mM  %.  tous  bbtsMeto  toto  .  21  ihi  22^  M  Is 
found  that  the  operative  andtoe  tooperatovedireetionsare  eoincldent  and  hoflw 
zonlaii  vtoleh  is  the  saine  as  If  0;  This  f  aot  is  also  iliustf  ated  to  Fig.  % 

in  wtoeh  two  strain-rate  eharaeteFistoe  direetions  are  GOtoeident;  F^  j^or 


Ltf  ^  # 

»  y|  “  . 


FIG.  9. -STRESS  STRAM-RATE  I^LATIONSKIP  IN  THE  ONE¬ 
DIMENSIONAL  SEGONDARY  CONSOLQQATION 


P_  A.)  in  aecordanee  with  the  (or  -m)  activation.  Slip  Unes  cannot  be 
developed  to  this  case. 

Substituting  Eq.  138  into  Eqs.  30,  31,  and  32  yields 

\  ®  +  sto^  p)  -  c  cot  p  ...........  (141) 


and 


~  2 

o  a  a  cos  p  -  c  cot  p . * .....  .  (142) 

y 


xy 


“  0  a  sin  p  cos  p 


(143) 


f&e  sla*e  Bf  stress  give®  tey  Ml,,  142;,  tmi  143  is;  6sse®ti4iy  dUifereWfc 
fr©m  %e  state  of  stress  assumeid'  in  the  primary  eOhSoilCation.i^ 

FOr  sirnpiiGiiy,  it  is  asssmei  tef  m  ibody  foree  is  oh  the  systehi, 

then,,  st^stlthtag  E^s.  Ml,  1<^:,  mi  14$  into  Ehs;.  I$5  Md  12®  yiejis 


and 


#  = 


&  V 


I  Li 

Y  s  y 


m  vddch  F#  is  a  teiOtlOn;  of  t  alone.  The  nonlinear  lOe^  partial  derivative 
is  negleeted  in  order  to  obtain  iE|.  14&.  F  vrill  be  detertnihed  frona  the 
boundary  condition  at  the  ground  surf  ace  that 


a 

y 


4“  p 


q  . 


a  « 


if  p  is  knovm  on  the  boundary  . 
From  Eq.  $5, 


Eq.  129,  under  the  present  assmnptions,  become's 


!_JL  =  »  /b  &  P\ 

9y  'sy\y^»yy 

which,  on  integration,  yields 


.  (14®) 


V 


y 


^  L£ 

y  8  y 


+  G(t) 


in  wMch  G(t)  is  a  function  of  t  alone.  Using  the  boundary  conditions  at  the  im¬ 
permeable  bed, 

Vy  =  0 . . .  .  .  ,  . . (150) 

and 


G(t)  is  found  to  be  equal  to  zero,  and 
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CoilifelliiHg  145  Mi  152;  yields 


SdlMism  #  lie  siMdtMedM  difleFeslisI  SiMitionS  pqS.  147  Mi  f  5S|  iof  f 
Mi  Vy  viti  give  the  seleti©s  of  liis  prOMeixi^  Tie  epiatiiinS  OM  ibe  sOlvei 
nuMerlesklly,  providei  tie  tectioial  relatioisilp  bettveeH  k  Mi  y  is  givens 

It  is  iidieFestliig  to  note  ^ont  Eg,<  WZ  dldt^  in  dds  ensOj  tie  veloeity  of 
0-maierial,  v4dei  is  diFeetei  iowi^aFi,  eiM^ls  the  velocity  of  whter,  v^ich 
is  iifectei  i^wari. 

It  is  well  Mown  iiat  ^e  pore  pressiire  in  secondly  eonsoliisMon  is  el^ 
most  constant  throughout  the  sample  ina  eonsolidometer,  but  it  is  the  writer's 
opinion  that  this  empirical  fact  eamiotbeuseiin  the  analysis^  To 
the  form  of  water  surromMng  the  partiGles  most  be  coimidered.  The  free 
water  that  is  not  affected  by  the  adsorptte  force  of  particles  flows  test  under 
the  pressure  of  the  overburden  load.  When  the  free  water  has  disappeaFedi 
the  outermost  part  of  the  adsorbed  water  will  begin  to  move«  SUecessive  inite 
ation  of  motion  Of  the  films  of  adsorbed  wate:.’,  first  the  outer  films,  then 
those  closer  to  the  particle,  forms  the  Secondary  consolidadom  But  the  pres¬ 
sure  that  causes  the  modon  of  these  tMn  water  fibns,  surmoundng  rather 
high  resistance  in  the  adsorbed  water,  cannot  be  measured  by  a  piezometer, 
which  in(dcates  the  pressure  of  the  stationary  free  water  in  the  porous  stone. 

For  rigorous  treatment,  the  immovable  part  of  the  adsorbed  water  must 
be  eonsidered  as  a  part  of  solid  parUcles,  Md  must  be  ineludediny.  this 
necessity  arises  from  the  simplification  of  the  complicated  flow  of  adsorbed 
water  in  the  Darcy  law.  The  Darcy  law  originally  takes  into  accouiit  only  the 
flow  of  free  water  that  is  not  affected  by  the  adsorption  force  of  particles.  If 
the  Darcy  law  is  extended  to  cover  also  the  flow  of  adsorbed  water.  Some 
modifications  of  the  Darcy  law  such  as  mentioned  above  will  be  necessary. 

Because  of  these  difficulUes,  a  complete  ezplMation  of  secondary  eon- 
solidaUon  has  not  yet  been  attained.  However,  the  vsdidity  of  the  general 
theory  of  plastic  deformation  herein  is  manifest  also  in  the  analysis  for  Ex¬ 
ample  2. 


CONCLUSIONS 

A  consistent  mathematical  foundation  for  plane  plastic  motion  of  cp- 
material  is  presented  herein.  However,  several  problems  have  yet  to  be 
solved. 

First,  the  condition  for  the  existence  and  uidqueness  of  the  solution  under 
given  boundary  and  Initial  conditions  must  be  investigated  using  the  proper 
interpretation  of  the  plastic  work  rate.  It  is  expected  that  tMs  condition  vdll 
provide  the  general  method  for  determiidng  o. 

Second,  the  theory  of  three«#mensional  plasHc  motion  must  be  developed 
in  order  mat  the  assumption  adopted  in  the  theory  may  be  compared  vdth  the 
empirical  results.  The  most  essential  requisite  for  this  development  vdll  be 
the  geometric  interpretation  of  the  three-^dimensional  tensor,  with  which  the 
strain- rate  tensor  and  stress  tensor  must  be  adequately  connected  in  the 


saifie  ffianmer  as  was  aSediSf MsMd  lersin  f©r  the  f laise  flastic  jaetiea.  f  he 
ipeethetf y  suitable  Idf  ids  eifeeive  wLlil  he  Ihe  ietmetry  m  a  s|iherteai  SliF- 
lace  er  iie  aea>-EeclNieaii  eih^e  geehieiry enaplane  iiMh  settahie  peiaetidc 
iiitetpf  eiaioti  ef  leaser  Ihvariaats  hecaese  Ihese  are  ejgteasleas  M  Ihe  geesiB 
etry  li  Ihe  idohr  circle  sSed!  heryi®,. 

iMri,  a  tteery  ef  pre^iiasttc  defermaaiioft^  seeh  as  that  fresehlei  by  K, 
Beshinej  iijItr^O  rsiust  fee  eohnecledi  this  theery  M  ©rder  that  the  trifflSi^ 
let  irohi  the  preaplas^  te  &e  glasic  deferMatte®  tnay  fee  cohsidered, 

FCiiTth,  the  iiree«di®he®si©nai  yield  crilerte®  ef  cf^Baaterlal  is  hCt  hhoWii! 
a  priori,  teat  inay  fee  asse®ied  t@  fee  represented  fey  E%  as  was  suggested 
fey  ftridtef  and  Fragerj  te  accerdadce  wilh  the  g eaerai  theery  cf  p lasticity 
(/^endix  IV).  It  shetdid  fee  nsted  that  the  threex-^thehsional  yeild  erilerloe, 
il  esiafelished  la  this  ferm^  ^ves^  §n  Imitation  at  the  Mods  ef  naetle®,  varieas 
speciications  of  the  ^deM  CiMerion. 

a®  atteMpt  niust  fee  made  to  solve  iiese  profelems  fey  enlarging  the  prop'll 
erties  of  G^-malerial  to  otahe  il  a®  idealization  of  acte^  soih  Moreover ^  ^ 
engineers  are  snccessfui  in  comfeining  the  irreversifele  thermodynamics  vdth 
the  three<»-dimensiOMl  theory  thus  developed^  then  not  only  soil  mechanics  feut 
also  snow  and  ice  mechanics  may  come  under  their  commimdi 
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Consider^  f( 
for  only  two  lud 

ir  simplieity,  a  set  of  01 
mown  functions  f  (x,  y)  anc 

nly  twc 

1  g(x,  y 

>  partial  differential  eqt 
): 

sinH 

8  f  ^  V.  ®  f  ^ 

1  8  X  1  8  y  1 

8  X 

.  8  g 

“X  fy  =  ®t . 

h  8  x  ^2  8  y 

8  X 

. 

in  which  a|  through  e]_  and  ^2  i^rough  € 
some  cases,  other  parmueters.  In  addi 
ions  of  one->valuedness  for  f  and  g  must 

!2  are  ( 

ion  to 
be  take 

jtven  functions  of  x,  y,  1 
Eqs.  154  and  155,  the 
n  into  account: 

m  -  * 

8  y 

dy . . 

18  «A  Basle  Theory  of  Plastiehy  In  Soil  Meohantca  and  its  AppUoation  to  Trlaxial 
Test  Kesalts,”  by  K.  Hoshlno^  Transaetiona.  d.S.C.E.,  Mo.  21,  1954  (in  Japanese). 

19  “A  General  Theory  of  Mechanics  OE  Soils,"  by  K.  HQshlno,  Preceedhigs.  4th  In- 
ternai.  Gonf.,  S.M,F.E.,  1957,  I^ndon,  pp.  160-166. 

80  «An  Analysis  oE  the  Volume  Change,  Distorional  Deforniation  and  Induced  Pore 
Pressince  of  Soils  Under  triaxlal  Loading,  "  by  K.  Hoshino,  presented  at  the  5thfeiternatl. 
Gonf.,  Paris,  S.M.F.E.,  1961. 
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^  8  X  8  y 
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114  Wf  m&y  ®Msli4i^ed  £4  Mrm  Mm  itetfan^otis 

Itn^iar  equatidn^  to  d^to^iSiixie  tour  u^n®'^s ,  tlat  tour  par^al  4e- 
riyaliv&s  of  f  aMi  g  reapu^t  to  x  and  y»  1^  pla@ing  Ha  ddlernitoanli  4| 
#f  the  atemitaneaus  equattona  aerial  to  zev&,  toe  ^araaterlaie  ^reeltona  ef 
the  partial  Idllerefdiai  equaltona}  Eqa.  114  and  111,  are  detemilnedi 

^en  dx  $  repreaeiia  ed  toe  eharaeleriaiie  torectiena,  toe  feltoydng 
aitoidtaneeua  linear  efuaitona  are  acdvaiblev  dete^^i^nlng  the  raito 


X  a|  +  p;  a^  =  p  dx  i  i  i  i  * .  . .  i  ^  i  » *  (IllJ 

X  hj  +  p,  =  p  #  .  <  ^  i  .  .  V .  ^  i  i  . . .  (I5t| 

X  ej  4  p  Cg  =  q  dx  ,  .  i  .  .  . .  .  .  4  * .  »  .  Clll) 


and 

X  dj  +  p  dg  q  dy  . . .  (161) 

f  he  eidatenee  of  the  aolutlon  ia  aaaured  aince  A  ts  zero  along  the  oharaeter* 
tatic  direction.  Eqa,  158  through  161  are  constructed  by  muMplying  toe  rows 
of  A  With  X,  p,  Pi  and  q  and  adding  toe  reaults. 

Multiply  Eqa.  154  and  155  by  X  and  p,  respectively,  and  add  toe  two  equa¬ 
tions  thus  obtained.  Then, 

p  df  +  q  dy  X  e  j  +  p  eg . .  (162) 

Eq.  162  is  toe  total  di^erenUal  equation  along  toe  given  characteristic  di¬ 
rection.  Thia  proves  YamagucM’s  principle  (at  toe  top  Of  p.  115). 

This  method  of  fintong  a  total  differential  equation  will  be  conveniently 
used  to  determine  toe  total  cUfferential  equations  along  the  characteristic  di- 
reebtons  for  toe  general  plastic  deformation  of  c^-material.  These  are  not 
presented  herein  because  of  space  imitations. 


APPENDIX  II.-STRAIN-EATE  TENSOR  IN  THE  STRAIN-RATE 
CHARACTERKTIC  LINE  COORDINATES 


The  angle  of  intersection  of  a  pair  of  conjugate  strain- rate  characteristic 
lines  is  2o  0  26  (Fig.  7  with  substituHon  of  2  a  for  (Jk)  tmd  varies  vdto  loca- 
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tiDft  arii  HitKe.  f  iia  aiialysis  of  stzaio^sraie  laasor  unief  fliis  variable  angla  of 
xMtejRsactloa  beGaaaes  ooHsicierabily  oasiof  affli  raote  sjaleHaatic  wilh  toe  iOr^ 
ffijulafiom  of  ii^arl£i)i®ty  M  leiisOf  s  ani  veetOifs  uadOr  GOor#nalO  fransfofaia!^ 
tloa,  In  iMa  seello%  fbe  notation  of  tonsot  i^alynis  vill  be  nsed  lOr  sys%eni« 
alto  Irealfflaeat, 

liail  vectors  are  destgaaled  at  an  aibtlf ary  point  anier  coastderalloa  in 
the  operative  ancl  Ac  iaoper  alive  s#raia*.fale  cisaracterislic  Arectloas^  re^ 
spectivelir,  by  ^  and  e|^  and  ibose  M  the  x  and  y  directioaSi,  respe^veiyj  ^ 
and  e^.  f  hen^ 

Oq,  =  ms  f  #1(1)  #)  =  '©^  sin  i,  »  *  *  Ilif) 


and 

©i  =  ©■  cos  I#  ®  S  -  20)  -  e_  sift  #  -  20)  .  i  .  <164) 
it  X  y 


la  which  ©0  and  ©|  are  covariant  basic  vectors^. 

latrodnce,  in  additioa  to  ©q.  and  ©^,  ^e  coatravariaat  basic  vectorSi  ©@  and 
©1,  wMch  are  defined  by 


©*  =  5, 


in  which  i  and  j  are  indexes  expressiag  0  Or  1,  and  5ji  is  a  Kronecker  deltas 

The  dot  iadicates  a  scalar  product.  ©0  and  ©^  are  at  right  aagles  with  ©^^  and 
©0,  respectively,  but  are  not  li^t  vectors.  The  symbois  eO  and  ©^  are  ex^ 
pressed  easily  in  terms  of  ©^  and  ©y  as  follows: 


and 


sin  (20  (0  26  )  = 


^  e  cos 

y 


•»  sin  (#®  6  -  2a) 

(  #  ®  6  ,  2a) . .  (166) 


©^  sin  (20^  26)  =?  ©^  sin  (#0  6)  +  ©^  cos  (#0  6),  .  (167) 
Or  simultaneously  solving  Eqs.  166  and  167  for  ©^  and  ©yt 

©jj  ®  ©^  cos  (  0  0  5)  +  ©^  cos  (  0  0  6  ^  2a)  .  .....  (168) 


and 

©y  -  ©®  sin  (0  0  6)  •.  o*  sin  (0  0  6  ^  2a  )  ....  .  (169) 

Quantities  such  as  T^  ©i  oi,  T|}  oi  oj,  fij  ©1  eJ,  and  TtJ  1  ©j  are  called 

tensors  of  the  second  degree,  provided  they  are  invariant  under  coor#nate 
transformation.  It  is  customary  to  write  a  vector  as  ei  or  Vi©i,  combining 
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eiiti^diiei^s  tosic  vdclors.  this  IS  sot  IMS  fdr  a  Isnssir,  ‘fhe  wrilSf 
Is  IMSMSd  Id  YoShl^rnuM^®  for  this  mathier  df  es^FiSsing  lehsdrS.  In  die 
pFSSSdini  sttiaUdns,  e^sl,  ani  Sd  IdFth,  id  net  slgnlly  any  iini  di 
bnl  i^sre'iy  indieate  ssqusnees  d£  twd  basic  veCtdrs.  ll  shduti  be  ndled 
Ihe  Cdnvenlidn  of  die  dnmn^y  Index  in  Ibe  lenSdr  anaiysis  Is  dbseFvedi  Ibere-^ 
fdre,  f ||  ^  ol,  fdF  examipile:,  is  dte  Si^  of  font  ISFins;,  -A  lensor  ci  Ihe  secdni 

degFee  may  be  eaptessed  by  any  one  of  the  above  fdUF  forms,  ^en  eimFessed 
In  me  first  or  the  fonrib  form^  a  set  ^  fdm:  lerms*  i||  or  respectively ^ 

Is  caliei  a  set  of  cdvaflant  or  cdntravariant  cdmpdnents  of  a  lensdr  of  me 
second  degree.  The  components  of  strain>rate  lensdr  wim  physlcai  meaning 
mnst  be  cdvariaolj  becanse  oiher  forms  cannol  give  the  weM>establ|sked  law 
of  iransformiaiildn. 


Peslgnating  the  indexes  e^mrecslng  x  dr  y  by  x  and  p>  the  invariability  of 
the  strain»rate  tensor  under  cddrdlnate  tfansformatldn  is  cimressed  as 


*  i  J  # 

*  •  -  %  •  • 


It  should  be  noted  that  equals  ex  in  the  x^  y  coordinate  system,  in  which 
the  X  and  y  directions  are  fixed  and  are  orthogonaL.  Snbsmtute  iqs,  168  and 
169  into  Eq^  IfO!,  amd  compare  the  coefficients  of  e^  e^,  e^  ei*  #1  eP,  amd 
ei  Then, 


^00  "  ^xx  ®  ’  ^xy  ® 

+  4  Sl^  (e  2)  6  )  (171) 

^01  ^  ^10  "  -xx  ^  (1)  6  -  2a)  ,  Sin  (.26  ^  2a) 

+  ^  sin  (6  d)  S)  sin  (6  (|)  6  -  2a)  (172) 

V 


and 

^11  ^  -XX  ^  (260  26  ..  4a) 

+  sln^  (606^  2a)  . . .  (173) 

in  Which  the  property 


is  used. 
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I©  the  ©iF^pinal  motati©©,  ancl  siafestdiinting  S^.  10:,  11,  aiii  12; 

Into  iiiigs,  171,  172,  and;  l73  yields 

^  I  #  ^  ms  !(2n^  2'6j)  . ... .., ., ,. ...... ., ..  Ills) 

'l|  -  ©os:  |2n  d)  .. .. ..  ., ..  .....  ., ... ,.  f  1761)! 

and 


-  €  €©s  {2a  d)  24)  +  d) 


When  the  cofflipresslon  characteristte,  Eq.  27,  is  nsed,  Eqs.  175,  176,  and 
17  7  f  e  du  c  e  I© 


=  © . . . .  .  (179) 

and 


=  0  sin^  (  2©  0  26) . .  (180) 

f  he  follomng  equation  deliaes  j ; 


2  4  -  g 


in  which  giJ  is  given7,6,9  hy  e*  •  ei,  Eq.  181  becomes  the  compression  chai'nc^ 
teristic  when  Eqs.  166  and  167  and  Eqs.  175,  176,  and  177  aare  subslituted  in 
the  right-hand  side. 

The  tensor  an;^ysis  intFOduced  in  this  mmineF  in  the  EucMdian  geometry 
is  much  simpler  and  more  comprehensible  than  the  tensor  anMysis  in  tdie 
Eiemannian  geometry,  in  wMeh  die  concept  of  basic  vectors  csumot  be  used 
eonsistently.  The  reason  for  this  is  that  the  Riemminian  geometry  is  con¬ 
structed  as  n  Mndtation  of  the  Euchdian  geometry  by  omitting  lui  appropriately 
chosen  number  of  pairs  of  basic  vectors  in  the  latter.  As  long  as  algebraic 
caleulation  ^one  is  concerned,  die  basic  vectors  in  both  geometries  are  used 
consistentlf .  When,  however,  (dderentiation  of  vectors  and  tensors  is  intro¬ 
duced,  the  use  of  basic  vectors  mnst  be  abandoned  in  the  case  of  the  lUeman- 
Man  geometry  because  the  derivadve  of  a  vector  In  fee  RiemanMan  space,, 
which  is  a  part  of  the  Euclidian  space,  cannot  necessarily  be  confined  in 
original  Riemajmian  space.  In  order  to  obtain  a  clear  description  of  die  En- 
cUMan  geometry,  it  is  advisable  to  use  the  combination  of  components  and 
basic  vectors  instead  of  using  components  alone,  as  was  done  in  fee  Rleman- 
Man  geometry.  For  example,  it  vdll  be  found  that  all  the  formulas  for  rec- 
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taiiguMr  coordlnaieB  are  valM  intael  even  for  Ihe  euTvilkinaf  eoerdlnaleE,  if 
combinalions  of  eoM|ionents  and  basic  vectors  are  adO|iteito  express  vSCtorS 
and  tensors. 


ia.-^®ESS>  E  EELi^f I©Msa£i> 


Consider  and  &  to  be  ^e  radins  and  the  a  coor#nate  of  the  centef  ^  re« 
spectiveiy,  of  the  Mohr  circie  ot  stress^  as  shoynt  in  Fig.  3.  fhen  Ejjs,  3% 
31,  and  33  niay  be  written  in  another  f  orMi 

&  =  e  +  @  cos  2d  . . .  {182) 

=  i  -  0  cos  29  .......  t  i  (183) 

and 


in  Whi  c  h 


t  =  -  0  sin  2f 

XV  ^ 


0  ^  W  sin  p  «  i  sin  p  +  e  cos  p  (185) 

In  order  to  obtain  the  stress,  strain^  rate  relationship  in  harinoidous  form, 
Eq^s.  182,  183,  and  184,  rather  than  Eqs.  30,  31,  and  32,  mn^  be  used  with 
Eqs,  10,  11,  and  12  and  Eq,  27  to  e^minate  9,  because  0  and  oare  the  same 
type  of  tensor  invariants  as  0  and  € , 

f  he  following  is  ©ne  of  ^e  expressiOHS  of  the  stress,  strain^  rate  rela» 
tionsMpi 

^  g  g 

m  ^  ^  ^  (p  0  2®);  ^  |ces  2®  +  sin  p  sin  (p  0  2®)]  ^ 

=  T^y  sin  2®  *  e  cos  p  sin  (p  0  2®)  ,  , .  ,  .  ,  ,  .  (18@) 

I  -  ‘Y  000  P  000  (p  0  2®)  =  |cos  2®  +  sin  p  Sin  |  p  0  2®):]^  + 

+  T  sin  2®  ,,  c  cos  p  sin  (p  0  2®)  (187) 


0,  . 
0  ’"xy 


g  -  g 

cos  2®  +  sin  2®  ........  (188) 


Hi wever ,  tM  most  cifeaffiiiing:  of  several  ]pessible  expressions  of  ^ 
Stressi^,  slr£rttt*rale  relationsBap  may  fee  me  following  matrix  represenlation 
^th  redsciion  of  me  tensor  to  ieviatorie: 


1  iroos  M' 

@  j[sini  '20!^ 


in  yittete  a  prime  sifMifies  mat  me  respeotive  (panWy  is  devtatoriOs  Ef .  i8§ 
shows  that  the  two  #eviato#c  tensors  are  eomectedi  fey  a  matrix^  as  if  a  ofe- 
material  is  an  aMsotrople  materials 

Vtffeea  O'  =  #>  the  tollowiaf  reiationsiips  exist: 


cr  *  or 


Therefore, 

=  @  -  e  sin  p  (195) 

is  a  plastio  potential  in  plane  deformation  lor  the  ease  in  wMeh  Saints  tenant’  s 
postulation  is  valid.  It  should  fee  noted  mat 

^  ^  €  eos  p  .  (19®) 

is  the  Mohr  criterion  of  yielehng.  The  validity  of  the  eoneept  of  plastic  poten^ 
tial  in  the  Prucker  and  Priger  plane  deformation  of  cijl-^  material  is  manifest 
in  mis  analysis. 
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appeMx  ^©li  'TMi:  supcKEft  peji©E®, 

failEE-E>IMEI3§I©mL 


By  plaeliffig  ©  =  #  ia  E:^s.  if®,  Iff,  aa^  Iff,  t&e  follawiitg  is  ^taiaect: 


m  i  Go  s  ,ip  . 

Ce}  X  2  X 


2 

1  »  Sin  0 


#  -  c  s  in  J  CP  S  0  ,  .  i  . 
y 


§2  2 

G©s  #  1  +  sia  0  _ . 

€  =  0  ^  cr  s  c  sin  0  GOS  p  ,  .  »  , 

y  2  y  2  x  r-  f- 


^  y  ^  f  (19f) 

(D  xy  xy 

When  X  and  y  are  the  principal  axes,  the  EqS.  197,  l9f ,  and  199  teaay  be  ab*^ 
br eviated  as  follows: 


CqO  .  _  cos  0  1  sin  p 

^  .  -rt'  '■  d*  “  . ft  . . 


d.  -  e  Sin  p  eos  p  .... 
]  ■ 


in  WhlGh  a  set  of  indexes,  i  and  j,  represents  the  two  sets  of  cyelic  permnta'* 
tions  of  the  indexes  1  and  2  of  the  principal  axes. 

The  generalization  of  Eq.  200  to  three-dimensional  deformation  may  be: 


^  0  ^  p  (0  +  ff'\..A 
p  p  \  q  r) 


in  which  K,  p,  and  A  are  undetermined  constants,  and  the  indexes  p,  q,  and  r 
represent  the  three  sets  of  cyclic  permutations  of  the  indexes  1,  2,  and  3  of 
the  principal  axes. 

In  the  case  of  the  plane  strain,  it  may  be  assumed  that 


^3  '  » . 


®3  '  {>'1  *  02)  *  A 


Then, 


171 


K  Ij,  ti|  {i  »  &jip  *  ~  A  Cl 


€<bm§a.tkig  Ef,  2®4  E!%  M  Is  ii^wi  #al 


___  I  ♦  Si^  '  ;0' 
1“ 


and 


A  =  c  iS  te  p  6  (0  S  p  .  i  •>  .  .  ,  .  .  .  *  .  s  .  . 


Diete  rained  ^  tMs  tftannPrj  K  is  refisrrei  Ip  as  the  twP-dteenSiiPital  tenser 
invariant,  and  cannot  fee.  used  in  ®e  three“#aiensional  detOrma^on^ 

A  three- dimensionali  plastie  potemiai  may  fee  deffeied  fey 


& 


with  X  =  li  2i  and  $.  Sufestitufing  l^s^  2f!2  and  203  into  the  right-hand  side  of 
E  207  and  integraHhg  the  dtree  equations  thus  ofetained  yields 


*3 

.  A  (.J  ♦  *3  *  <’3)  *  * 


"3  *  *2  «»  *  *3  *1) 


in  which  B  is  an  integration  constant,  ^d  u  and  A  are  ^ven  by  Eqs.  205  and 
206.  By  using  the  relationstdps 


2  .  _2  .  _2  ^  1  ^  ^ 
—  o  V-s  ^ 


*i  *  '^i  *  *3  *  5  ^  *  *  '2  •  • '  •  - . 


and 


^2 


i  ‘  5  "'2) . .  •  • 


'^3  ehai^es  to 


#0  ^  4  (1  +  I')  -  slnL_p 


3  2 

f  hereloi‘e>  fey  placing 


e  sin  p  cos  p  +  B 


»  3  2  2 

B  =  -  j  c  cos  p 
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II  fGtllows  that 


%  “  §  #  si^'  #'1  \\.S^  -  X^'  +  2  -e  -cot  0 


iy  IntrMuelng  X  whl6h  Is  delinedi  iy 


gin  p 


■3  f  3  #  sla^  |)) 


II  Is  assiieiedliiai  =  #lsi^e  ylsld  ertlffldii  Idf  tbs  ^itedadtaiSnsIdiiai 
idasllc  dsldrinalloft  of  ^^ms^ris^.  all  of  Ifte  alloivaiblo  slaios  Of  sfrtsi 
mast  ie  io  ttie  region  defined  by 


'I'g  ^  t ........  . . .  i 


beoause  partlemlar  sets  of  the  allowable  slate  of  stress  a|  =  ^  are  eon- 

tained  In  this  region.  Solving  the  inequality  (Eq.  215),  It  IS  found  that  all  the 
allowable  stresses  are  Gontalned  either  in  the  region  defined  by 


^2  S  X  +  3  c  eot  . 


or  in  the  region  defined  by 


^  X  +  3  c  Got 


slnee  the  boundary  of  these  regions  Is  the  yield  criterion.  By  choosing  the 
one  region  that  contains  the  allowable  state  of  stress  cr^  »  02  ^  ^3  ° 
found  that  the  region  of  Eq.  216  is  allowable,  but  the  region  of  Eq,  217  is  not 
allowable.  Therefore,  it  is  seen,  as  proposed  by  Drucker  and  Pragerr^'  that 


-  X  J  +  k  . 

4  1 


in  which 


k  ^  3  c  cot  p,  ,  .  .  .  ,  . . (219) 

is  a  yield  criterion  for  three*dlinensional  deforniation,  and  moreover,  it  is 
seen  that  Eq,  8  represents  a  plasldc  potential. 

One  of  the  difflcidttes  in  formulating  the  three-diniensionai  theory  of  c0«- 
material  is  that  the  three-dimensional  extension  of  the  Mohr  criterion  of 
yielding  is  not  known  a  priori.  However,  Eq.  218  may  be  assumed  to  be  the 
three-iHmensional  yield  criterion  of  cd-material  because,  alHiougb  Saints 
Venant’s  postulation  has  been  assinned,  Eq.  218  has  been  proven  to  be  the 
three-dimensional  extension  of  the  Mohr  criterion  of  yielding.  Furthermore, 
Eq.  218  is  die  simplest  of  any  possible  expressions. 
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M  Showil;  iy  #ie  ^re6^di^»iensliina;t  peld  tfitef ton  ®f  Ihe  mdst 

gei^r^l  iidtr^to  |i|an!tto  to  attonc1dQni  #£  <l]r  ,  %*  %  to  vtoleh  % 

toi  Iht  tMri  In^tont  Qf  ilress  lensnr « if  It  to  lussuinM  Itial  Eq^  tt®  to 
the  toree^itonettstohal  3iieM  exlie^n,,  It  must  ibe  amnitted  that  X  ind  k  dan 
donlain  #3,.  It  to  mddent  that  die  toree^dtmenstonal  ytold 
lah^shed  eontato  toe  toterinedtaie  ^rtoeto^  stxdSB  eg  to  adcliiton  to  e| 
and  eijfijr 

H  wst  also  he  assumed^  to  aeeotdanee  iidto  Ihe  general  theory  ^  fias- 
ttoiy^  that  toe  eiteet  of  ivoi^haritotoag  pie  hysteresto  eitee#  to  contPned 
In  X  and  k  to  order  that  the  imf  Meatoon  Of  eohesion  tnay  he  e:^lalned«  It  must 
he  noted  that  when  toe  mode  of  motion  is  limited,  the  three-tomenstonai  yield 
criterion  to  tois  form  gives  various  s|ieehications  of  the  yield  eritetfom  It 
seems  h^eful  to  assume  this  form  as  toe  toree^dimenstonP  yield  eriterimi 
of  e0-materiah  ^Xn  attemp  must  he  made  to  estohitoh  toe  three^dimensionP 
yield  erite^on  to  such  a  form  as  an  idealization  of  aotuP  soil. 


AftENPIX  V.*»N©tAf ION 


a 

0 


dSg,  dS  J 


ds^j  ds^ 


*1’  %  % 
0  1  i  j 

A  A'"  A 


<s  amplitude  of  toe  vibrational  eaternp  forcei 
s  eohesioni 

«  iidtoitesimp  lengtos  Pong  the  operadve  mid  the  inoperative 
strato»rate  charactertsdc  directoons  (not  used  as  eovariant 
Gomponents); 

=  eontravariant  components  of  tniinitesimP  di^lacemeiitvec^ 
tor; 

=  eovariant  hasic  vectors; 
s  eontravariant  basic  vectors; 


X  jtt  _ 

V  V  •  ’  •  ” 


haste  vectors  to  rectangular  coortomites; 


s 

i 


=  acceleration  due  to  gravity; 

B  angle  of  tociinadon  of  compound  stress; 
s  first.  Second,  and  toird  invariants  of  stFess  tensor; 


k  »  (1)  Parcy  constant  and  (2)  positive  constant  to  the  toree* 

dlmensionp  yield  cxiterion; 

’fm,  <^m  s  sign  m  Of  tangenlial  stress; 

p  ~  water  pressure; 


21  MatoetoaUcal  Theory  of  Plasttoily.'’  by  R.  IRU,  Qidord  Univ.  Press,  New 
York,  N.  Y.,  1966,  p.  15. 
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V  V  % 


s  ©veiriurden  ifi  #n:e^i#mpnsional  tPnsPildatte; 

=  I 

=  magntad^  M  edmjppiiu^ 

=  GPmpPnents  of  veloeityi 

=  flux  of  water  as  veotOFi; 

=  piasiie  wo*^ 

=  X|  y  ooj^pneHts  of  externM  loree:; 

s  angle  l^tween  nia|Or  prfnc^al  aOEes  of  stress  tensor  ani 
str aerate  tensor; 

=  density  M  #-inaterial; 

s  density  of  water; 

=  shearing  stratn^rate  in  ine  x,  y  coordinate  systeni;; 

»  sheariagr  strainorate  in  the  coordhnates  of  the  strain-rate 
charactei^s^c  line; 

=  1/2  <  Bm  in  fig.  3;  . 

=  quantity  used  instead  of  5  to  signily  resonance  charaeterisiie 
#reetton; 

s  components  of  strain-rate  tensor,  posi^ve  when  eompres- 
sive; 

-  radius  of  the  strain- rate  Mohr  circle; 

s  i  coor#nate  of  the  center  Pf  iite  Strain- rate  Mohr  circle,  one- 
hsyf  the  rate  of  volume  decrease; 

s  angle  from  the  plane  of  major  principM  stress  to  the  verttciid 
plane; 

=  positive  constmit  in  the  three-dimensional  yield  criterion; 

s  nondhmensionai  velocity  signifying  resonance  characteristic 
direction; 

=  frictional  msgle; 

-  quantity  used  intead  of  p  to  sipiMy  resonance  characterisUc 
direction; 

s  components  of  stress  tensor,  positive  when  compressive; 

=  radius  of  the  Stress  Mohr  circle; 


=  0  coordinate  of  the  center  of  the  stress  Mohr  circle; 
=  in  Fig.  3; 


prM&ipM  Mressies  trrangid  in  tht  dr #  mi^nilndd; 
f f tneip^  stfessds  arf ^ed  in  an  drdtr ; 

Bhnar  stresisi 

#  1/2  <  %  €E^  In  fig,  i  nr  1/2  ^  %  €%  in  fig*  «  and 
^  iha  valonity  pnieniial  nt  ihe  grmpi  v^ar  f  lov^ 

piasfin  fniai^ai; 

(1)  antie  itoM  ihta  x  axis  tn  die  diFaeUon  nf  vsloeity  and  Ihe 
|2)  i^iiandly  signiiying  vibratinnal  inrct;  and 

Sign  ndtadon  used  where  ei^er  the  upj^r  nr  the  Inwer  nf  the 
dnuhle  Sign  shnuld  be  taken  in  accnrdanee  t^ih  the  activa^ 
tlnn  ni  nr  «in  stress  eharaGteristlc  direnlinn. 
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Bqi.  3a.  Cfeange  "® +i>’®  !©■  rea®  "  -  5 

iLiae  1.  Gfeaage  "state  of  stress"  to  rea®  "GompoaentS  of 
St  r  e  s  s  " . 

2a4  par,  lines  5^6.  Cfeiange  "ilirectioa  of  tfee  sarne  sign" 
to  read  "directions  of  the  same  sign". 

3rd  par,  line  1.  Ghange  "general  deformation"  to  "plastic 
deformation". 

Line  following  Eq.  20.  Change  "characteristiG  directions" 
to  read  "characteristic  direction". 

E<|.  68.  Change  to  read  "§". 

Et-  112.  Change  "V  =  ¥"  to  read  "v^  =  V". 

3rd  line  following  Eq.  126.  Change  "to  be  a  funetipn"  to  read 
"to  fee  a  given  function" , 

Eq.  153.  Change  "v  =  -  ^  "  to  read  "v^  =  -  _ ", 

^w 

Eq,  162.  Change  "  q  dy  =  "  to  read  "  +  q  dg  =  ". 

3rd  line  following  Eq.  165.  Change  "the  symbols  e®"  to  read 
"the  vectors  e®  ". 

Eq.  173.  Change  "  -sin(24@.  •  •)"  t©  read  " sin (240  .  .  ,)". 

xy 

Line  following  Eq,  207.  Change  "Eqs.  202  and  203"  to  read 
"Eq.  201". 

Eq.  210.  Change  "-l/3  (jJ  ^  J^)"  to  read  "  =  l/3  ’  ^2  ' 

Eq.  211.  Change  "  sln^p "  t©  read  sm^p  "  , 

Eq.  219.  Change  "k  =  3  c"  to  read  "k  =  3Xe". 


k  Mft  on  m  luisf  lo  rotiMaMioif 


pgaaitd!  lfev©l! 

tl :i»,  ftfffly  Ooli  iefloits  i^'seareb  aiti  Ibiliif-eflili  liafeaiafofy 
Uait®©vaf  ^  fiawpght*© 


SUMMARY,  fbe  s©lMfti;©is  of  tbe  pfsie  o®  a®  ©lasife  lo®®iiaitlo® 

is  preseatad^  fbis  profelew  OGOyf s  vi^g®  opBrattef  o®  Ibe  Pdf e  of  a  fioaii®^ 
io©  sfeePi  i  fbe  ef®ati©®s  are  evaipated  for  a®  ed#e  load*  a®!d  tfee  results 
five®  i®  frapbloil  foF«  for  tbe  followief : 

a*  ffee  maxirflarm  deflection  v^iob  ©oeufs  at  tbe  edfe  ®®der  tbe  load* 
fe.  ffte  nsor®e®t  wMck  caases  tbe  ielttal  oraekinf  of  tbe  plate, 

G.  The  distanGe  froffl  the  edfe  that  the  clrGutnfefeatial  Graok  will  occaf, 
d,  The  rnOiaf  ai  that  Gauses  the  cirGupfereHtlal  oraek. 

The  same  laethod  of  solutio®  can  be  applied  to  an  iftfinlte  strip  on 
an  elastic  foundation  with  any  comfeinatio®  Of  simple  <  rlfid*  or  free  Support 
at  the  edf  e$ . 

INTRODUCTION .  In  1923  Westerfaard  solved  the  semi^infinite  plate  on  a® 
elastic  foundation  with  concentrated  loads  efually  spiced  along  the  free  edge 
This  situation  is  shown  in  Figure  1 .  The  solution  to  this  problem  is  in  the 
form  of  a  series.  Westergaard  let  the  distance  (L)  between  the  loads 
approach  iMinity  to  obtain  the  solution  of  a  single  eoncentrated  load  acting 
on  the  freg  edge  of  the  plate.  The  solution  to  this  problem  is  in  the  form 
of  an  integral. 

Westergaard  also  solved  the  semi=lnfinite  plate  on  an  elastic 
foundation  loaded  with  concentrated  loads  eguaiiy  spaced  along  a  line 
parallel  to  the  free  edge.  This  situation  is  shown  in  Fifure  2.  This  Solution 
was  obtained  by  eonneoting  a  semi=iriinlte  plate  to  a  plate  of  finite  width , 
Westergaard  cQuld  have  let  the  distance  (L)  between  the  loads  approach 
infinity  in  order  to  solve  the  plate  with  the  single  conoentrated  load  arbi'= 
trarily  placed,  but  he  did  not. 


i  Isrfriiy  Malfeeffiaiiielafis 


la  1949  Peacli  as6x3  finite  ^ffereaces  to  solve  ttee  soaii^iafinite  plate 
On  an  elastic  foundation  with,  a  conGenttated  load  at  the  free  edge .  For 
Poisson's  ratio  of  1/3,  Peack  gave  the  def lection  under  the  load  as 

w  ^  0.3 Si  f/kA^  where  k  aad^are  coastants  that  will  he  defined  later* 
Westergaard  had  given  the  correct  value  of  w  =  0.4702  P/k.^®'2S  years 
earlier. 

In  19 S$  Assur  translated  from  Russian  a  1943  article  hy  Shapiro. 

In  this  article  Shapiro  states  the  solution  for  the  semi-infinite  plate  on  an 
elastic  foundation  with  an  arbitrarily  placed  concentrated  load;  however, 
Shapiro  did  not  show  the  development  of  the  solution. 

In  19  SS  Maghdi,  under  contract  tO  SIPRE,  attempted  to  solve  the  semi- 
infinite  plate  problem,  but  was  unable  to  do  so.  He  also  could  not  determine 
the  method  of  solution  used  by  Shapiro. 

Hence,  a  complete  derivation  and  evaluation  of  this  problem,  is  needed. 
A  practioal  need  oocurs  in  operating  on  ice  sheets  floating  on  water. 

The  authcr  wishes  to  thank  L.  W.  Gold  of  the  National  Research 
Council  of  Canada  for  a  copy  of  an  unpublished  manuscript  containing  a 
partial  solution  to  the  problem.  This  partial  solution  did  not  satisfy  all  the 
boundafy  oonditlons,  but  some  of  the  ideas  were  used  in  this  paper. 

A  SEMI- INFINITE  PLATE  ON  AM  ELASTIC  FOUNDATION.  Consider  a  semi-^ 
infinite  plate  on  an  elastic  foundation,  loaded  with  a  concentrated  load  as 
shown  in  Fig .  3 . 


Afiiiy  iR/Iattoe«at4Gisiis 
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ft  is  assuiaei  tbat  tfce  plata  is  efastiG*  li©®oieiiSotiS,  atiii  isGtropiq*  and 
the  the  edfe  y=0'  Is  ifee  freia  forees  aad  constfaintSs  The  #fiefential 
equation  of  the  plate  with  a  eoaqentrated  load  f  at  x=^f ,  y^a  is 

.i.  k  w.  P  t/  vr,  . 

S'  “  D 


k  s  loundatioQ  modulus 
D  Eh/12(l*»fl?)  flaxural  rifidy 
i  =  modulus  of  eiastieity 
h  -  thiokness  of  the  plate 
cf  =  f  oissoa' s  ratio 
S  =  piFac  delta  function 

LettingJ^"  x/4 ,  -  y/^,  ^  ^/A,  UJ  ^  wk^/P  where  ©A 

the  differential  equation  (1)  becomes 
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Where 


w  S5  deflection 


iteMy  claws 
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Tise  fecwwiafy  ccwi^tl'Cws  are 
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WM^  4  ^ 
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%  d>C5^ 
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^  0. 
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where  My  represents  the  inoment  ana  e^uaticn  (6.)  Includes  the  shearing 
force  and  twisting  rhOmeat  at  the  free  edge. 


,o& 


Taking  the  Fourier  transform  Y if  >1^ )  =  |  L/J  C 
equation  (2)  ,  we  obtain 


fi»© 


of 

-<ar; 

since  equation  (3)  must  be  satisfied.  The  Fourier  transform  of  the 


^X.  -  24^  •)>* Y  +-(14- 

V  4|  •  ■  V  .  -  a.  :  ” 


other  1 

boundary  conditions 

are 

(8)  ' 

Y  -  &  -  = 

>  «t  t 

1^0, 

(9) 
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f  ^  0  \ 

(10) 
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Taking  the  Laplace  transform 
equation  (7),  and  solvinf  for  Y,  we  obtain. 


of 


(11)  Y  '  / ^  Y C<^- q )  i  '(.4.  QJ -t ^  Y% Q)  t  Yu , Q > t  £ 

^  +  1  +  cj) 


Mailie^MIclaris 
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whew  Y'“’C4®') 


=  @.. 


Usiiti  iboEtiiitfy  eqtisilorts  |i)  afl®f  |li|  and;  letting  A  -  Y  )  * 

®  =  Y  egnatton  |11|  b&comes  tibe  foll&wing  hf  nteans  ©f  pafttal 

fradtiens 


}f-  &■ 


*  -A£:^E,*  L#.^0 1^1(3 ^<^*65 T gf ^il'xt A^p^irs 


where 


€% 


f  i  +  r  ,  ^  s  y  “-g-*-  $  r 

the  inverse  iaplaGe  transform  of  equation  (12)  is 


z  ■ 


where  $  -  sinh  j^  p,  ^  -  oosh||  p,  s  =  sin^p,  q  -  oos^p,  p  is 
specified  by  the  subscript,  and  ^  function. 

Applying  boundary  equation  (8)  to  equation  (13)  we  obtain 


(H)  A  ~  e’^*.  ico£&a*i^n~o-')!,m  na 


iS‘2  iteay  MMteeinaticiaas 


takilfig;  Ifi©  iilvefsa  Powiiaf  tfausl^fffl  ©f  efaMI©®  Ilf)?  tte  solutteii 
is 


slnee  Y  is  SymMStriG  witfe  respeGt  to  #  *  Ike  eguatiomfGf  tka  BiQmeftts 
ai?e 


and 
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Consider  a  uniforin  load  from  y  ^  a  ^  m/2  t©  y  =  a  +  m/2  and  frosi 
X  =  -  n/2  to  X  ^  n/2,  as  shown  in  Figure  4  ,  Let  ^  -  m/^  and  ”  ’^/^ 


Figure  4 » 


The  solution  Is  obtained,  by  integfating  the  Gofloentrated  load 
solution,  of 
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/  <t  f-  it  A 


Y  c?/cc  f 


where  now  P  is  the  total  load.  Integrating, 


Miiiy  MaAefflMiciaEiis 
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Md  for  determining  ttee  moments,  we 


ThP  maximum  load  oapacity  of  a  semi-infinite  ice  sheet  loaded  at  the 
(<y  -  wa  )  is  determined  by  the  maximum  deflactich  and  bending  moment 
The  be  lees  then  the  depth  d  Ice  fleeting  ebeve  the 

weter  (.  084  h  ^m7^'  °‘'  'h®  »*®*®  ®  ^ 

load  capacity . 

The  -e^ltnee.  bend^  «»e^  tllfiers'Xorrnfro'r^ie 

under  the  lend  end  prepegete  perpendlculer  to 
the  edge .  A  circumfeiential  crack  also  usually  occurs . 


I 
I 

I 


Figure  5 


If#  Mmy  MMHeffiMlciafts 


p©f  a®  eife  load!  #  -^2,  tfee  f©Mowtei  #iaMi©as 

were  eQlfipiasfceci  aitd  tie  'gtapfes  gJSeilted  f@F  variois  ilieaiiiiis  @f  aad  » 

In  eaeli  case  tie  iiiefial  was  4i’^4ed  Inst©  iw©  parts »  fie  integral  fF©» 

#  t©  l@  was  c©*pated  if  Siffipson'S  riile  in  incFe^eiis  ©f4#  ^  #  »  1*  3®! 
tie  integral  f r ©i®  If  to  a©  was  integf  ated  aitef  laaicini  tie  ^pf©xi®ati©ns:; 

I,,  sin^'^  -  sin^/<^->*^|0l/  ©os^  cos#-^  ^  I.  fie  fesnlts  are 

ae©«rate  t©  ifonr  significant  digits » 


a|  figure  f  siows  tie  deflection  at  x  =  y  =  0 . 


b)  Figure  7  shows  the  moment  Mj^  at  x  =  y  ^  0*  This  moment  initiates  the 
first  crack  which  is  perpendicular  to  the  free  edge  of  the  plate. 


c)  Figure  8  shows  the  place  of  the  maximum  moment  My  along  the  line  x  =  0 . 

This  moment  causes  the  circumferential  crack.  Assuming  the 

equation  was  solved  for  by  Mai  and  error. 
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.  . Stri,p  _  joiL.  ,aii.. .  jElastl# ,  f CiiadMlca..' 

ite  iMIailte  strip  pa  aa  'alastic  Icwalailca  ©f  \Aaiiifo  2d  Is  |©adiacl 


The  edge  conditions  which  occur  most  frequently  and  their  boundary  equations 
are  a  simple  or  hinged  supported  edge. 


a  fixed  or  rigid  supported  edge* 


cr 
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isi  a  fee©  seGt#©.. 


ffe©  ©ifysEiGas  ior  feetto  ©tifes  siEsply  sappGftei  andi  far  feotfe  edges 
ftgidly  sapp®fE©d  w©f©  d)©fivedi  liAef  pfofeieift  G©gM  represewt  a®  itG© 
sfoeet  o®  a  river .  lfe»©f leal  ©valaatio®  ©f  ttees©  equatioas  was  ®©l  d©®©, 
SinG©  a©  iroffledlat©  need  was  ©a\dsi6ned. 

fh©  lafinit©  strip  wit®  ©a©  edge  fee©  and  the  ©ther  simple,  fixed, 

©r  free  differ  ©aly  in  k  and  B  from  the  semi^infinit©  plat©  s©lati©n. 

The  semi^lafiait©  plate  pfeblem  with  ©ither  a  simple  ©r  rigid  sup- 
poFt  at  =  0,  G©uld  also  have  been  solved  by  th©  sam©  method. 
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Fllgfet  SlMlaifitoSt  MteralQfy 
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INTRODUCTION,  f probl^-Hi  ■©£  yinif  |©;|efaa©©:s  ©fi  IPs©  €Of®p©ffl©fift 

plfts  ©f  ©©aplex  syslt©»:&  ^as  receive-i  vary  little  qitaiflative  treatMerit  ip 
past  sy ste®  deveiopMept  propraia'S .  Mmost  no  taethodPtegy  Pas  teee® 
developed  for  Papdiipg  die  tPleraaoe  desigp  pfoPlea.  fPe  relative  aef leot 
of  this  pfOhleM  aay  he  due  either  to  lack  of  iftteresf  or  aa  usderestiaatiPh 
of  its  iaportapce  i®  the  systea  developaePt  prograa.  ip  past  programs 
GOmpopeat  tdierapces  have  oftep  beep  speeified  in  order  to  meet  sotie 
tolerapoe  speGifiGatiop  op  overall  spfesystea  oharacteri  sties »  However, 
these  subsystem  tolertpees  were  set  without  quaptitative  eopsideratiop 
of  the  totai  system  requireniepts*  This  proGedure  Gap  be  quite  expeisive  i 
resuitipg  ip  either  an  iporease  ip  the  Gost  of  bulidipg  a  satisfaGtory  syslefh 
or  the  develOP®ePt  of  an  upsatisfactofy  systera.  As  systems  beGome  more 
apd  more  Gomplex,  partieularly  weapops  apd  spaGe  systems  with  their 
Ipcreaslpg  aGcuraGy  requiremepts ,  the  tolerapGe  desigp  problem  beGomes 
iPGreasipgiy  important . 

in  the  tolerapGe  design  problem  we  are  given  a  matheHiatical  model 
of  the  system,  its  inputs  apd  environment,  and  the  performanee  requirements 
of  the  systeni  .  We  are  then  required  to  deterrnine  the  tolerapee  of  Gertain 
random  parameteFs  of  the  systern  and  mathematical  model.  The  toleranGe 
will  be  defined  as  Some  measure  of  dispersion  of  the  parameter  about  its 
nominal  value.  These  tolerances  must,  ©f  course,  be  compatible  with 
the  speGified  system  performance  requirements,  and  may  be  optimized  on 
the  basi§  ©f  some  desirable  Grlteria.  At  WSMR  we  have  developed  a 
methodology  for  the  solution  of  the  toleranee  design  problem  which  is 
quite  geperal  as  far  as  its  area  of  appliGatlon  is  Goncerned.  However, 
rather  than  presenting  this  method  abstractly,  it  will  be  presented  as 
applied  to  toieraPGe  design  for  a  guided  missile  system. 

The  approaoh  to  the  tolerance  design  problem  for  a  guided  missile 
system  has  been  divided  into  two  stages  as  in  Figure  1 .  The  first  stage 
is  eoncerned  with  the  determination  of  the  tolerances  for  the  various  sub¬ 
systems,  and  the  second  with  the  assignment  of  component  tolerances 
based  on  the  first  stage  component  tolerances  .  The  division  of  the 
problem  in  this  manner  is  for  apparent  practical  reasons. 


iMy  WMterffiitlGlaBS. 


iff 


f to©  f etformasoe  ftiaeltea  ©  ,.  *,  .  ...  ,  |  i©f'aMSsi|e 

1  m= 

syst©®!  alfht  to©,,  i®  tto©  s4ffl#l©sl  ©as©j,  tto©  a©a©  sfaSf©  fa^al  ®l&s  4ista»o©» 
ftoe  stobsy  §1©®  pafa®©tefs  iaaotei  toy  iP.  ,  k,  =  i  >  .  »  ^  *  ®,  aif tot  to© 

faiianve©  atodi  ©©iitfM  pafa®©t©f ,  i.»©,.  ^  faifts,  ti®e  ©©©©laflls^  ©te»  txaapi©© 
©f  G©®p©n©niE  paFa®©t©fs,#  are  F©sisftaae©s,/  ©apaGitaneas  an#  tfaisistor 

paraaetefSi  ©f  tto©  eieGtFtoniG  sisAsystamSi 

In  tto©  &©cand  stag©  taJietanc©  dasiga  tto©  satosyst©®  #©sign  egaations  > 
ii©  .  j  tto©  ©q;uati©ns  datarminlng  tto©  satosyst©®  pafamaters  in  t©f®s  .©f  tto© 
c©mp©n.ent  paraaetefs,  will  usnaily  toe  ©f  sucto  ©©apiaxity  t©  Feqmife  ©©mpitaf 
maGtoanization .  Ffgm  ttoes©  equations  we  ©totain  tto©  sutosyste®  tGiefanGes  and 
ttoeir  deFivativas  witto  raspact  t©  tto©  ©©rapGnant  tplefanGes*  k  gfadiant  ®atto©d 
is  usad  t©  inGraniaat  ttoa  ©©rapanant  toiafaneas  t©wafd  tto©  ©ptimuM  values . 

ftoe  use  ©f  the  two  stag©  mettood  greatly  simplifies  tto©  complax  Gomponeftt 
toiaraace  design  protolem  in  that  it  sapatates  tto©  problem  into  several  more 
traGtatole  toleranGe  design  pfotolems.  Motto er  advantaga  of  ttoa  two  stag© 
mettood  is  ttoat  design  of  tto©  subsystem  paramater  toiefanoes  is  possibla  in 
tto©  eafly  system  design  phases,,  before  a  conGret©  design  of  the  subsystems 
has  been  estatolished.  Before  eonsidering  ©xplieitly  the  mattoematical 
formulation  of  the  first  stag©  or  subsystem  toleFance  design  problem,  w© 
will  deseribe  the  mathematical  representation  of  the  missile  System  nee®ssary 
for  the  formulation  and  solution  of  the  problem. 


SYSTEM  REPRESENTATION.  The  disousslon  of  the  system  representation  will 
be  restrtoted  to  eontinuous  dynamic  systems ,  although  the  mettoods  to  be 
developed  will  apply  to  diserete  systems  as  well.  The  system  equations  or 
state  equations ,  i ,  e . ,  the  equations  governing  the  dynamio  behavior  of  the 
system  can  be  written  as 
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wh’ere  x. ,  .  ..,x  are  the  state  vartaMes  of  the  system*  F,. ,  ...*  P  are 

i  n  i  m 

the  subsystem  parametefs  whose  tolefanoes  are  to  be  determined*  Fj^  is  a 

known  nonlinear  function  of  its  arguments*  and  ^^(1)  may  be  considered  as 

an  input  to  the  system.  For  compa^ness,  the  system  equations  will  be 

written  as 


X.  ttjF)  -  ^^t)  +  (t),  i  =  1*2,  ..,,n* 

where  ^  denotes  (x  x  ...,  x  )  and  *?  denotes  {P.  ,  P_,  .,.*  P.  ) . 

4  Z  X\  i  Z  ■ 

Given  the  values  of  the  state  variables  at  some  time*  t  =  T,  the 
funetlonal  form  of  the  F^^  's,  and  the  system  inputs,  fj^  's*  the  trajectory 

of  the  system  is  entirely  dependent  on  the  values  of  the  subsystem  parameters 
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m. 


W..  „  if  tfe©  systaa  inpiasts  'are  faaiio®  'functions-*  an  ■apraateptes'  staiistiGal 

ji 

sliiaiaaM  ca®  fee  laaiGi  In  tfeis  ease,  fiven  ife?a  valn;as  oi  tfee  stai© 
variafeles  ai  s©»©  tifi©,  1  —  'ft  tfe©  f  uatGilenai  f  offfl®  ©f  tfee  E  ' 

tt©  deterffiiinistiG  GGaspGner^  of  t&©  sy sietii:  Inpat*  and  tfe©  sfaiisttGal 
Gtearacteristios  of  tfe©  FandO®  coinponents  of  tfe©  i|  '  tl©  siaitistioai 
GfearaGitefistios  Of  ife©  tfajeGlory  ate  ©ntireiy  dOfetiMned  fey  A©  valaes 
of  tn©  snfepsyst©®  piraiieiers  ^ 

.  k  sGooflid  set  of  vafiafeieSi  in  addition  to  A© 
set  of  state  vafiafeles  ■,  wiM  fee  naeAi  for  Ae  sofation  of  A©  sxifesy stem 
toieranc©  design  profelenii  Aes©  vafiafeies  are  Ae  sensitivities  of  Ae 
state  variafeles  wtA  respeot  to  Ae  safesystein  parameters » 


Define 


9Xi  (tj 


W 


The  A  are  ofetainafeie  from  Ae  following  sei  f  if  St  order,  linear 

differeFhiial  epatlons  . 


S>F^ 

fw; 


i  5;  1,2,  » , , ,  n 

j;  1 ,  ^ ,  •  9  ,  ni 


This  is  easily  verified  fey  differentiating  A©  dynamic  system  ©f nations 
with  respeot  to  Ae  parameteF  P.  and  interchanging  Ae  order  of  Afferentlation 
by  P  and  t,  ■ 

Sinoe  A©  state  variables  are  random  functions,  Ae  sensitivities  will 
also  fee  random  funGtions .  We  will  not  oonsider  the  posstbi©  approacfe^® 
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tfcg  soltefiGri  ©f  tfte  variatiorial  e^m3fi©®:$>  e^eft  to  ifteiittorti  ihat  Ifoey  ate 
«s3al!ly  very  ©©siplax  aii!^  wast  fee  selivefi  <&fi  a  ©omptifter  s^HaallarieGiisly 
witb  tfee  leinilnear  system  e^Matiens. 

gotwiJ£E'i©ii  0f  tm  iiQmilii&R 

fjQUaiyfOE,  we  ate  now  In  a  posiitioa  to  exfiiGltiy  formaiate  an^ 

propose  a  soitftlon  of  tie  first  stage  or  sufesysteia  loiiefanGe  idestg®  ptofelemr 
iet  tfee  m  safe  system  para  meters  fee  fandom  variafeles  denoted  fey  . 

F ,  j  =  1 , 2  < . .  s ,  m .  As  a  mea  Sate  of  tie  toleranGe  ©n!  F  we  Gioose  tie 

*  j  ’ 

iMt  deviation  of  P  from  its  nominal  Of  design  value .  As  a  system  performanee 
function  we  will  choose  the  mean  square  fadial  miss  distanee,  denoted  fey 


where  x  and  x. 
1  2 


are  State  variafeles  of  the  system  which  we  have  ehosen 


to  be  the  eartesian  eomponents  of  the  miss  distanGe  (in  two  dimensions). 


The  funetional  form  of  G  is  unknown,,  analytically,  however  all  that  will 
fee  necessary  is  that  and  its  derivatives  fee  pointwise  GalGulable. 


The  expectation  must  fee  taken  over  T,  which  denotes  the  random  inputs  to 
the  system,  since  the  state  variafeles  will  be  subject  to  random  yariations 
even  in  thg  absonce  of  random  vaFiations  in  the  system  parameters,  t 


denotes  the  time  of  closest  approaGh  of  missile  and  target  but  is  not 
fixed , 


Let  the  performance  requirement  on  the  system  fee 


a(»p) 


The  values  of  the  parameter  tolerances  must  be  chosen  to  satisfy  this 
performance  criterion.  In  general  there  are  many  sets  of  values  which 
will  satisfy  these  specifications.  Ofeviously,  we  would  like  to  choose 
each  subsystem  parameter  tolerance  as  large  as  possifele  .  In  order  to 
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pr0^.€e  a  .teasls  f0f  saleGti;®i  tlt3t  sat  Gf  papajiietif  loleraiiiG'es  v\^Gte  feast 
Sitisflas  tie  Gritarl©®!  ©C  feei«i  larf©,.  we  iMfodtece  aa  ©feiiaGtiwe 
■ass  felfewSi  tec  tfoe  *'‘Gost"*  ©f  a  teleraftce  fea  liiverself 

'  k 


pFopQitiGiiai  t® 
toteran-ees  is 


fbe’ni  tfe'e  letai  ©©si  ©I  '%he  sttfesystea  paFaiaetet 


= 


K. 

^1; 


wfeere  K  is  a  pF©p©rei®ttaitty  ©oastarit  wfeieh  provides  a  relative  weinfetiai 
i 

Of  itie  various  toleraace  gosIs  aad  also  Goaverts  eaGis  ggsi  t#  tfee  propser 
scaie  of  vaiae .  la  order  to  keep  ifta  diseHssioa  siapla,  we  will  weiffe 
all  toleranGe  Gosts  equally  aad  Ghosose  tfee  value  soaie  whlGh  expresses 
tfee  toleraitGe  as  a  perGeatafe  of  aoralaal  value .  ffeeu  ^ 


'1  “  1 1  2 1.  •  •  f  * 


"Cost"  of  a  toleraaoe  as  used  sfeere  Is  not  aeoessarily  to  fee  Interpreted 
in  the  iflonetary  sense,  but  rather  it  provides  a  sieasure  of  the  desirafelMty 
of  maintaining  a  given  level  of  tolerance*  This  measure  of  utility  possesses 
the  following  desirafole  features  whioh  are  intuitively  assooiated  with 
a  tolerance  model, 

;(lj  there  is  an  increasingly  severe  penalty  for  the  use  of  small 
tolerances , 

(2)  The  objective  function  is  a  monotonicaily  desereasing  function 
of  the  toleranee  * 

|3)  The  value  of  a  specified  inerease  in  tolerance  is  much  greater 
at  lower  toleranee  levels  than  at  higher  ones, 

©f  course,  if  a  more  guantitatively  detailed  model  is  desired,  the 
designer  is  free  to  IneorpQrate  as  much  detail  as  available. 

In  order  to  specify  the  subsystem  tolerances  which  satisfy  the 
objective  of  being  largest  but  yet  satisfy  the  performance  requirements  of 


l/laiteemliiclaiis 


im 


ttia  missil©  sysle*,/  we  wllJi  the  objiaeMve  fartetf©®  siifejecl 

te  lii  e  peifferaaec!©  eeastraiiM .  ffetts,  we  feave  fermfiilaiei  eeisysie®  itelerafice 
deslge  as  tfie  tiealtoear  pf®ifti«te§  pfoi&le* 


m 

i=l 

,  ^  2 

SiiibijeGt  to  ttie  GOnstfaiat  ^ 

SOLUTION  Qf  THE  JIQMlJHiAR  PROGRAMMING  PROBLEM .  We  will  nOw  discass 
a  pFOposei  Eaethod  of  solation  for  the  foregolnf  prof  ram  profelem,  however,  sinoe 
a  stmilar  noniinear  proframmlng  problem  will  be  formulated  for  the  seGond  staf  e 
or  Goffiponeat  toleraaGe  deslgft  problem,  the  numeriGai  method  for  solution  wiij 
be  dlsGussed  in  greater  detail  later.  ' 

The  proposed  method  for  the  solution  of  the  nonlinear  programming  problem 
is  a  variation  of  the  method  described  by  Oharles  W.  Carroll  in  JORSA,  Mar.  1961, 
which  he  Galls  the  "Created  Response  SurfaGe  teGhnigue" .  This  method  has 
proved  quite  food  when  applied  to  the  solution  of  the  nonlinear  programming 
problem  assOGiated  with  component  tolerance  design. 

Carroll  proposes  that,  instead  of  solving  the  original  problem,  a 
sequence  of  nonlinear  programming  problems  be  solved  whose  final  member  is 
the  original  problem.  Speelfieally,  with  respect  to  the  problems,  under 
consideration,  Carroirs  method  is  to  solve  the  following  sequence  of  problems. 


Minimize; 


m 

i-l 


for  a  finite  decreasing  sequence  of  values  ending  in  ^  0  and 

subjeet  to  the  eonstraint  G(^p  )  -  R^  .  The  addition  of  the  weighted  reci^ 

procal  of  the  constraint  function  to  the  function  being  minimized  imposes  an 
increasingly  severe  penalty  as  the  constraint  boundary  is  approached.  This 
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teas  ttef  effS€i  <d  tesepiwi  tte©  s©l«itoft  a^y  If©®  ft©  ©©istfailft.  teoinaiafy  M 

©¥efy  Step  M  tte©’  ‘©pti®li£atl@®|i  pf©eess  |ex©epl  tften;  p,.,.  •=  i|.*,  'ffoe  fes<\alt 

©t  Caif©il"’s  ®eft!!©:i  ft  i©  liitiy©  at  ®iai®a  iof  fte  a©a^“Zi^©'  yaftes  :ot  §-- 

*^11' 

wteftte  are  stiecesSiyely  ©toser  t©  fte  ralMintM  of  fte  ©rifiiaai  pf©tele«i, 
wtfteaft  ever  affivftg  at  a  ©©astfai:att  teoeedar y  ^  Wteea  -  i ,  fte  startftg 

solatfts  steoild!  toe  very  etese  to  fte  ^estre-cJ  ffliaisw®  * 


■\Aften  a  g radiiieet  »efto4  is  appiieti  t©  ©totaia  a  aa®ef£©al  solytioa  @1 
ttee  BS©(ilfie4  aOHltoear  pfograiMtiag  protolerSi  fte  tea  si©  ia©fe®eat  ia  ttee 
sMto^syste®  parameter  vaftes  at  eaGte  step  of  ttee  soliftioa  proGess  is 
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wteere  K  >  0  . 
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la  order  to  ©omplete  the  dlscusSioa  of  fte  roost  sigalfi©aat  aspects  of 
the  forroulatloa  aad  solution  of  the  subsystero  tolerance  design  problem,  we 
roust  consider  the  evaluation  of  the  derivatives  ^  /bcr-  which 

^  Pf 

are  necessary  for  the  application  of  the  gradient  method. 

let  us  recall  the  definition  of  the  system  performance  function, 

<3@p). 

&(9p)  = 

Taking  the  derivative  of  both  sides  of  this  expression  with  respect  to 


results  in 


Isi»y 


we  afe  m&w  afefe  t#  ©alcMfele  lit©  ©©ffiplete  se€  ©f  ’fyaiiittte's: 
ffl©G©ssaTy  for  tire  selyii©®;  ©I  tfe©  first  ,sta#©  ©r  'Syfesysteii  t©leraa©©  -iesif® 
i^rofeierfi..  Of  ©©ars©,.  ia  Mtliiztaf  ©f  Ito©  #erive^  ©x^res£st©»&  it!v©|\^ai 
exp©©iiati©®s  ©f  f#ad©!M  variafetes,  Itef©  ©j^ectaitieas  af©  repla©©i  toy  S;a«pl© 
a^^erages  fif©®  ®i®y  ©©Bipater  ra»s». 

Oae  very  stfatfioaM  featar©  ©f  lit©  proposed;  ttoseory  is  ifeat  ©  te 

lit©  d:©v;©l©pia©'M  Isas  it  fe©©©  ©©©©ssary  I©  mail;©  apiy  assampii©©  ©boat  Ite© 
j  ©4®t  pr©toatoiliiy  ^  stribaii©©  of  lb©  sab  sy  st©  «  para  meters  ^  Of  ©@ars©  ,, 
lb©  tbeofy  is  appM©4  1©  apy  specifi©  missil©  sysi©m*  tto©  syst©®  paraititter 
valaes  ased  ia  tfe©  siiaaiatioa  mast  b©  sampled  fr©®  lb©  appropriat©  joiiit 
distribution  fan©!!©©*  ©itb©r  assaffied  ©r  bnewrii 

til!©  ©atlifi©  of  tb©  formaiation  and  solation  ©f  tb©  ©ptimarn  strt) system 
tolerariee  design  procedar©  is  now  ©©mpiete .  We  will  now  deSGrib©  tb©  seGond 
stag©  or  e©®p©n©nt  tolerance  design  metbod, 

OPTIMUM  OOMPONEIlt  fOLE RANGES  ♦  Having  solved  tb©  subsystem  tolerafl©© 
design  problemi  we  are  still  faGed  with  tb©  problem  ©f  alloGating  tb©  subsystem 
parameter  tolefances  to  th©  ©omponents  or  pie©©  parts  of  the  subsystem,  sinoe 
these  are  the  toleranGes  that  must  b©  ©onsldered  by  the  ©ircuit  designer  and 
maHufacturer.  Before  proceeding  with  the  formulation  ©f  the  seeond  stage 
problem ,  it  should  be  noted  that  the  applioation  of  the  method  for  ©omponent 
toleranee  design  is  not  dependent  upon  the  results  obtained  from  subsystem 
toleranoe  design.  For  example,  in  some  electronic  ©ireuits  a  set  of 
tolerances  in  the  overall  ©ircuit  parameters  which  are  known  to  result  in 
circuit  success  may  b©  specified.  These  circuit  tolerances  are  then  substi¬ 
tuted  for  the  optimum  subsystem  toleranees  in  the  optimum  eomponent 
toleranc®  procedure ,  Thus ,  the  ©omponent  tolerance  design  procedure  is 
useful  for  standard  circuits  or  subsystems  which  have  been  developed  for 
use  in  several  systems . 


Let  the  m.  system  hardware  parameters  be  random  variables  denoted 


by  R, 
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m  ,  As  a  measure  of  the  telerance  on  the  component 


parameter  we  will  choose  the  RMS  deviation  of  from  its  nominal  or 
design  value,  denoted  by  ,  In  most  eases  the  nominal  value  of  R 
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will  be  identical  to  its  mean.  The  subsystem  parametefs  Pj^,  k  ^  1,  2,  ...  L, 


are  functions  of  the  random  variables  R, 
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©ittoCf  fey  tfee  optiMUM  actfecCiS  dicscrifee^  afe©ve  or  fey  sOMe  ©tfeer  MetfeoCs 
Let  the  forM  of  these  speGificatioiis  fee 
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As  before  we  woiald‘  like  to  Choose  the  coMponent  tolerthces  to  fee  as 
large  as  possifeie  but  yet  satisfy  all  of  the  afeove  festrictioriS  on  the 
sufesysteM  pafaMetef  tolefances *  Thus,  we  intfoduce  a  sirnilaf  objective 
Of  "cost"  function.  Let  be  the  "cost"  of  the  Goihponent  tolerance 
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Then  the  total  cost  is 

C(?g> 
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Notice  that  in  the  present  objectiye  function  we  have  introduced  a  con5traint 
on  the  ranfe  of  coMPonent  tolerances,  i.  e.,  0  <  (T  ^  .  The  reason 

c/ 

for  this  is  that  there  is  little  value,  if  any,  to  be  gained  by  increasing  the 
tolerance  above  some  specified  level.  Thus,  we  have  the  nonlinear 
programming  problem 
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fba  fesaarks  maie  alteut  tite  st^systa®  taiaraaGa  GGsl  mG^al  alsG  e#ply  irt 
tie  prasaiW  sitaatiGG . 


Ift  Gfdar  to  solva  tia  prasaftt  aGaitnaar  profraaiaiiag  prabsle®*  wa  will 
agaia  apply  €arfollVs  ''Craatad  Raspoasa  SuffaGa  faGiaigua"  to  ®©dtfy  tie 
progfaffitning  pfoila®*  for  ooMpoaaat  toleFaaGa  daslga  tha  ffiodifiad  prdl^la®  is 
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The  modifiGatloa  coasists  of^  as  Pafora,  the  additioa  of  a  weighted  sum  of 
the  reeeprocals  of  the  subsystem  Goastraiat  fuuctloas  to  tha  fuaetioa  beiag 
miaimlzed.  There  are  two  differeaces  la  the  procedure  used  here  whloh  #d 
aot  appeM  la  the  prior  disousslpa  of  Carroll's  method.  Oae  is  the  Goastants, 

W,  f  whioh  weight  the  Inthvidual  eoastralnts  amoeg  themselves.  These  relativa 
wSghtiag  coastaats  did  aot  appear  la  subsystem  toleraaGe  deslgat  since  we 
eoasldered  only  one  eoastralat  la  that  problem.  The  saeond  IS  that  the  restrlc=^ 
tlons  on  the  range  of  the  eompoaeat  tolerances  will  not  be  handled  by  Carroll' s 
modlfleatlon.  Since  these  restrictions  are  Uaear  and  separable  they  are  more 
ea  slly  handled  by  another  procedure . 


SQLUriQN  PRQCESS .  We  will  now  consider  the  gradient  process  which  has 
been  used  successfully  for  the  solution  of  the  modified  nonlinear  programming 
problem.  Clven  an  initial  set  of  values  for  the  component  tolerances »  which 
we  shall  assume  satisfy  the  constraints  and  some  initial  value  for  j^j  ,  say 
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a't4  inefeaeni  tee  valee  ef  cr_.  10  tee  <iiifeGti@®  ©i  tee  wefative  ^ 
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irateerSt  'C©®po»etiil:, 

Aa-  =  -K^  ^  =  -K  f,  -.3 . 

*  1E.1  » 


K«.  >  0. 


SteGe  will  Geefease  aoaeHitarily  te  tee  terectieii  detefaliteidi  l3y  tee 

iFiGre merits  ,  if  tee  initial  cfioiee  ©f  tee  iacreaeM  sti©aW  ©aase  If  to 

i&GFease,  tee  size  of  tee  inGFements  are  deGreaseG  aatil  tee  new  vaiye  ©f 

H  has  deGFeased,  Thus,  the  value  ©f  the  aodified  ©bjeetive  funGtion  vdll 
1 

deGrease  at  eaGh  step  ©f  the  solution  pFOGess*  If  tee  inGrements  should 
Gause  the  FestriGtions  ©n  the  ranfe  Of  the  eomponent  toleranGes,  i.e . , 

(3  <  O' ,  -  0^  ,  to  be  violated,  the  appropFiate  inGFe®ients  are  deefeased  by 

the  arnount  neGessary  to  plaGe  the  affeGted  ©©mponent  toleranees  on  the  con-' 
stFaint  boundary.  If  any  of  the  constraints  on  the  subsysteni  paranieter  toleranGes 
are  violated/  the  foilowin©  Gorrection  cyGle  is  eraployed  to  return  the  affeGted 
subsystem  tolerances  to  the  interior  of  the  Gonstraint  set.  Let  I  denote  the 
set  of  eonstraints  which  ha^e  been  violated. 


and  let  A  denote  the  set  of  component  toleranGes  whiGh  oontribute  linearly 
to  the  violation  of  these  constraints , 


form  the  total  linear  contribution  to  the  violation  of  each  of  the  constraints , 
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©f  ttee  t  ■  ceiistraiaE  .  DetMJte  tile  iargeat  ©f  tiiese  reiattve  ©©istribii^iis 
for  eaoii  ^  fey  » 
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In  order  to  restore  the  safesystem  tolerances  to  the  constraint  set, 


repiaee 


Scr  (i  -  M^) 


Several  cycles  of  this  procedure  may  be  necessary  to  return  to  the  interior 
of  the  constraint  set .  When  f  ^  0,  is  also  used  to  modify  the  basic 
step  size  in  the  direction  of  the  gradtent  cdmponents#  i.e. ,  when  -  0, 
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Kg^is  replaced  by  each  time  a  constraint  is  violated.  Since, 

when  I  jj  ^  0,  there  is  no  penalty  function  term  to  aid  in  non" violation 

of  the  constraints,  this  proceduFe  greatly  reduces  the  basic  incFement  size 
for  those  component  parameters  which  have  become  chronic  contributors 
to  cortstraini  violations , 
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ef  tie  i®eti©ii  ©f  st©<ejpeet  diescefft  |e  tie  selatiea  ©f  tie  iioitliiie'i*  profFafflaliif 
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The  Oily  undetertHined  factofs  in  this  expression  are  tie  derivatives 
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The  k^^  subsystem  parameter,  ,  is  a  random  variable  whipi  is  a 


funetion  of  R 


ofe 


‘’k  =  Pk 


In  a  great  many  eases  the  funetional  dependenee  of  on  R^will  be  unknown, 
however,  all  that  is  required  for  the  tolerance  optimization  procedure  is  that 
Pj,  and  are  calculable  pointwise.  The  RMS  deviation  of  about  its 

nominal  va^e  is  given  by 
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fakiag  the  derivttive  of  both  sides  £>f  this  equation  with  fespect  to  , 
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Interchanging  the  order  of  differentiation  and  expectation  on  the  right  hand 
side  of  the  above  equation  results  in. 
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vateep  of  raadoiffi  varlaWes  ita  the  ooiapiifeattoaai  proioss,  the  expeciatioas  are 
repiaoe^  hy  their  sarnple  estiESatee. 


la  oreter  to  oalealate  'it'&k  it  is  aeeessary  to  ©htai®  the  gaiatitles 

\  R 


While  these  partial  derivatives  are  aot  alvsrays  tvailafele 


anaiytieally,  they  can  at  least  he  approximated  aumerictliy .  In  the  Ifnportant 

case  of  Systems  deserlhahle  hy  linear,  constant  coefficient  differential 

equations  and  the  F,  are  given  functions  of  the  iinear  system  poies  and 

k 

zeros,  we  will  ohtain  an  explicit  expression  for  their  point^^wise  evaluation . 
If  the  system  contains  time  varying  and/or  nonlinear  eiemeats,  some  of  the 
subsystem  parameters  F.  will  guite  often  be  identicai  to  or  known  functions 
of  the  Component  parameters  of  the  nonlinear  and  time  varying  eleinents  .  In 


most  cases  the  values 


will  be  difectly  calculable .  In  a  few 


cases  they  may  have  to  be  estimated  by  difference  approximation. 


FOR  IIMIAR  COEFFigiENf  SYSTEMS.  If  a  Subsystem 

can  be  described  by  linear,  Constant  coefficient  differential  equations,  it 
is  possible  to  develop  a  rather  general  method  for  component  tolerance  design, 
SinGe  the  optimization  and  tolerance  deeign  method  presented  here  is 
simulation  oriented,  the  natural  choice  for  the  subsystem  parameters  for  any 
linear/  constant  coeffietent  portion  of  the  system  is  the  set  of  transfer  function 
coefficients  or  the  set  of  transfer  function  poles  and  zeros .  The  procedure  set 
forth  for  hardware  tolerance  design  of  e  linear  eonstant  coefficient  system  will 
consider  the  transfer  function  poles  and  zeros  as  the  subsystem  parameters . 
However,  the  extension  of  the  procedure  to  transfer  function  coefficiints  or 
any  specified  functton  of  the  poles  and  zeros ,  either  analytical  or  emplricaJ 
is  obvious. 
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pciyrioirtlai  ©©elf  id  ©its  wilii  fee  fra»©tl©®s  ©f  ifee  C©*p©tie  ai  pafaineter  S  r 
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fee  eltfeef  tfee  ©tsiiBerater  ©r  de©©fiii0at©r  ©f  tfee  transfer  fnn©ti©ri.  ffeis 
p©lya©mial  ©a®  also  fee  expressed;  In  terms  ©f  its  zeros,  tfee  safesystem 


A#;s|  ^  .  1^,  li“Pji  f")  h 

i=l 


The  fanetional  form  of  p^  's  is  usually  unknown »  M  the  nominal  values  ©f 
the  components,  » 

A<J®i  SJ  =  *1  ,  (S.p®). 
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For  small  perturfeations  of  the,  St  ,  from  the  nominal  values,  the  per'- 
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turbation  in  zeros  is 
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A  Gofflpater  ia^&@d!  di  vekped  iby  f ravls  Qayg  at  Itoa  f|l§M  Slraalaiion! 
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The  derivatives  are  easily  evaluated  from  a  signal  flow  graph  or 

bloGH  diagram  representation  of  the  system. 

We  must  now  evaluate  the  derivatives  9  Pj,/Qla^,  If  the  polynomial 

coeffiGients  are  perturbed  from  their  nominal  values,  and  only  first  order 
infinitesimals  retained  in  the  resulting  expression  for^,  these  derivatiyes 
are  easily  determined  to  toe 
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Then  the  desired  derivatives  are 
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IJNEi^R  EX^tLi  .  As  an  estawple  of  optirauiTv  coiftponent  tpioratt©#  dosifn  . 


Gonsidef  the  passive  network,  whioh  ffiifht  he  en  element  of  a  missile  controi 
system. 
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ifis  sM&syst&ia  pafaiftelers*  we  will  'oensicief  o@ly  tlte  falia*  tfee  smallest 
zer©’/  aad  ttee  tw©  Smallest  p@les .  ttias^  ttoe  ©omteal  mhxes  of  tfoe  sv^* 
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p®  =  =3 . 554  j  The  shhsystem  parameter  tolerahces  are  restriotei  to  he 
less  thatt  ©r  e<|u3l  t©  10%  dE  parameter  hominal  valute . 
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the  maximum  component  tolerance  level  will  be  set  at  2S%  of  the  component 
nominal  value, 
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The  numerical  results  of  this  example  are  summarizecl  in  Figure  2. 

The  initial  values  for  each  of  the  component  tolerances  was  10%  of  nominal' 
The  final  solution  is  on  the  boundaries 
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A  aiOOMP  FQiRMMl^OM  OF  q^TI!^  TOLERANCE  DESIGN  .  We  will  Pow 
©opsider  aaotlier  forwilatien  ©f  a  tplera®©©  dost  model »  ffcis  model  will  l>e 
very  similar  to  the  previOMS  owe,  hat  we  will  ase  a  di^ereat  toleraade 
measure . 


Let  r®  +  and  r^  “  14^  he  the  upper  and  lower  toleranee  limits , 
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tile  telefiffitGe  ©ptiliaizsttoti  ttslri/i  ttiese  irid>epG'B#©ril:  i^riatoles  d©es 

n©®  4ietiie''ife  tile  geiiefality  of  tft#  previous  f©r®miia®iif©{ii  sliioe  it  will  fi©t  fee 
tevariaM  to  the  pfQfeafeility  4istfifey:lioa  law  of  *  Ho’W^evef,  the  hs© 
of  ifte  opper  ah4  lower  toleraiio©  lirMte  pr©¥iii©s  a  »©tst  tieffteite  toleraiio© 
roeassr©  aadi  allows  the  as©  of  a  rionsyraetfiG  toterattc©  on 

let  the  "cost"  of  positive  and  nefativ©  tolefances,  ^  and  <  on 
i^fee  inversely  pfopofttoaal  to  then  the  total  toleranGe  cost  is 
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Motie©  that  either  ^  or  M^may  fee  zero  without  iftflloting  an  infinitely 
Sever©  penalty. 

the  nonlineaF  programraint  problem  generated  by  the  present  formulation 
is 

Minimizei  0(^, 

eC-l 

subject  to  the  constraints 

S  -  6P  (P^  if)  ^  0,  k  -  l,2,...,m„ 

k  -x^ 

»  ^  ?(•  0  *  N  -  l,Z . L, 


two  probability  distribution  funettons ,  the  uniform  and  truneated  normal , 
have  been  considered  for  use  with  this  problem.  However,  the  amount  of 
computation  associated  with  the  truneated  normal  Is  pfohibitive. 
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Mifteniatieiaas 


tfike  littSeri'Gal  .sGlatioii  of  #ie  adaiii/eiit  pfGfrapiaia^f  pfoMem  py 
.a  aetfeod  expras'slioiis  for  tfee  4efivattva,§.  .ae«i  /2i.li',. 

BF  '^k-  ^ 

will  &a  regairei..  If  tte  c©«0poae®it  pafaraiiar  valaes,,'  iav©  a  foiM 

aaifofffi  dlstriteattoa*  ttoasa  iGrivafitves  are 


The  aumeriGal  solutioa  proceeds  as  before . 


EEpi:AitGli  iSklfP  psVElJffiPMEMf '  IS  A  MA&I^V  CMAiM 


Sidney  Sefceiman! 

Mairla,gfeiSie»t  'S'GiejaceB  and  Paia  Sysfeans  Oivis'-lnn 
FicatteaLy  Af  S'enal 
PnvGa,  iPlew  Jersey 

Afi'STMAiG^T  >  ft  i'S'  peesiMe  and  nsefnl  t:©  sfee-w  t'&at  tire'  .stepS'  t'ake'n 
in  Itafid®  or  ©tfeer  investigative  effort  do  in  faot  form  a  Marfesy  Gteain. 

Ttoe  "states®  of  tke  systern  mnst  Pe  id>entifiei  on  a  teasis  of  relative  in^ 
dependenGe  witfi  respeGt  to  tlte  prodaibiiity  of  snGGess  or  faSlBre  to  Gom- 
piete  eaela.  An  aPsortoing  state  is  reGOgnized  wbiieli,  wden  reacked, 
signals  termination^  Tke  Markov  Gkain  developed  is  of  Ike  "ReGiirrent 
Events®  example  ivitk  tke  added  aksorking  state.  Generalization  of  tke 
model  to  n  States  is  desGriked  and  partitioning  to  inGlnde  time  SGkednling 
valnes  appears  possikle. 

STATES.  Tke  most  kasic  set  of  states  to  desGrike  an  investigative 
or  developmental  process  or  operation  is  considered  to  consist  of  tke 
pkases:  Analyze,  Design,  Eabricate,  Test,  and  Report.  We  Gan  speak 
of  keing  suceessful  or  failing  in  tke  completion  of  eack  of  tkese  pkaSes 
or  states  relatively  independently  of  tke  success  or  failure  in  anotker 
state.  Altkougk  tkere  is  a  probability  Of  being  SucGessfial  or  failure, 
tke  declaration,  realization,  or  decision  tkat  we  are  now  sucGesSf\it  or 
have  failed  is  to  be  "catastrophic",  that  is,  decisive  and  sharply  so. 

For  example,  successful  completion  of  the  analysis  state  means  we 
have  created  the  necessary  and  sufficient  data  to  design  the  item  or 
model  (whether  iconic,  analog,  or  symkolie).  Failure  to  complete  the 
Analysis  means  the  inability  to  proceed  any  further  onto  Design  and  we 
proceed  to  tke  Report  state  for  a  concluding  report  and/or  action.  A 
successful  completion  in  Design  means  a  step  into  Fabrication  of  the 
model,  in  Fabrication  a  step  into  Testing  the  model,  and  in  Testing  a 
step  into  the  absorbing  state  of  Reporting,  including  all  the  necessary 
action  of  standardizing,  documenting,  and  issuing  reports,  A  failure 
in  each  of  the  Design,  Fabricate,  or  Test  states  means  a  return  to  the 
action  of  Analyzing  what  went  wrong  in  light  of  the  original  analysis  and 
its  calculations  establishing  the  design  of  the  model,  its  tolerances  and 
dimensions,  and  its  design  of  experiment. 

SYMBOLiS’,  The  probability  of  completion,  or  success,  is  £  and 
of  failure  where  £+•£  =  !•  Following  convention,  the  first  state  of 
the  Markov  chain  will  be  State  zero,  thus  the  states  are: 


Ej  = 


4 


iSiy  Matfoeaa'ti'G'i'aiii'S; 

i^:aiyzG'  f'@r  Stu^y,,  rG-asifeiliSy  Sludy,,  fiivalaati©®,^  PfGtole®. 
itatetjaeiSit,,  etCi  | 

Pesiga  |te)a.&#d!  om  J^ftalyais  #f  a  Mo€ai„,  P'ratfaet,,,  O’Sfigaaivzat'i'©®^,, 
■-etG .  I 

Fafetieaie  las  iesttic,  asalog,,  #r  sysisaliG  si©4'elj  ®r  its 
I'ogiG'  p'-ro';gram|. 

Tsst  {th^  iSisdal  or  rias  a  sisattlati®s| 

Report  |ior  isaplomestatios  of  applyisg  tke  isodel  or  tiae  pro  ^ 
disct  it  siO’deisI 


THT^  MAMKOV  process.  Tfee  Markov  piroGess  is: 


% 

■  =1 

»2 

' 

o 

o 

0 

% 

*^1 

0 

Pi 

0 

O 

% 

0 

o 

h 

o 

^3 

% 

0 

o 

o 

P3 

=4 

Q 

o 

o 

Q 

1 

where  State  is  the  absorbing  state,  otherwise  failure  in  any  state 
returns  one  to  the  "Analysis"  state.  This  is  identical  to  the  "Recursion" 
example  of  Markov  chain  described  by  Feller,  except  for  the  absorbing 
state.  As  will  be  seen  later,  the  submatrix  Q  of  the  cainonicaJ:  form  will 
be  of  the  recursion  type  exactly. 


The  canonical  form  is; 


The  Q  riiatfix  is  r  egulay ,  heiice  ergo  hie,  as  shown  hy: 


First,  let  us  determine  the  "fundamental  matrix",  N,  from 


l!  ..1  “F  . 

I!  © 


■  '-'O: ,  ©' 

i  ^2 


#  ®  i 


I 


&  i 


then,  isf  (i-ar  equals 


{1/U) 

k2^2<lj) 


V3, 


*>6^1 


(1-Pg‘ii) 


%hh 


hh 


P2'*‘^oV 

(i-p„qj'PoPi«2> 


L. 

_  T'V>i  s  is  a  regular  kAarkov  chain, 
where  M  =  l-p„qi-P<,Piq2-Vl‘’2’3'  This  le  e  reg2i_ 

timpi  at  which  it  is  possible  to  be  hi  of  the 

Hence.  startinfstate.  But  the  prime  condition  is  the 

states  regardless  of  the  starting  state  r 

one  where  the  starting  state  is  Analysis,  or  State  E^. 

_ _ _  iw,  the  fundamental  matrix  of  the  absorbing  chain,  giy^s 

The  entries  m  ^  ^  nonabsorbing  state  for  each  possible 

*  '  Since  we  are  interested  only  to  the  case 

toe“tatC  site  is  Analysis,  the  mean  nnmher  ol  times  we  wdl 

be  in  each  of  the  nonabsorbing  states  are: 

1/M  for  ANALYSIS  (Ej 


P^W 


for  DESIGN  (E^) 
for  FABRICATE  (E^) 
for  TEST  (Ej) 


for  TEST 


iAriiiy  ■Matli'enaait.rGiaEt® 


Ad'diffig,  tfees-e.  valiaes.,,  mr  !«■  'efie-c®  #ibtai®i®;g  ttee  vale®  ©I  NfC  wfeer®'  C  is 
a  ■GisliMgaii  \re'Ct#r  witfc  all  <eB:tjri'e»  Ij,  we  ©^lai®  iihre’  nja^aiH!  time,  ©r  aBaabei* 
of  isteiD-'S  fe^ifag  afeSGi'gIred.  'ffels  valwe'  is;: 


MG  = 


#0'  ©,,#  p: 


Tk©  pr#katoilify  tkat  tka  Marikov  Gkai®  will  end  tip  in  t’ke  aksorteing  stake 
is  given  ky  MU,  wkeire  R  is  tke  afesorking  state  portion  ©I  t&e  ean©nical 
form'.  SinGe,,  again,  we  are  interested  only  wken  starting  in  state  E  , 
i^nalysis,  tke  prodiiGt  of  tke  first  row  of  M  times  the  Golumn  veotor 
iS.  yields: 


'fhe  klarkov  ekain  model  deseriked  herein  is  very  similar  to  the 
©iirrent  Events®  Ghain  desGfiked  ky  Eeller  in  his  text,  except  for  the 
last  state  which  is  an  aksorbing  state  and  the  first  state  which  "goes 
to  pot"  or  cancellation  of  the  project  with  a  prokakility  q  .  A  "success 
run"  can  exist  from  state  E  t©  the  aksprking  state  with  a  prokakility  of: 


P  PiiPoPo/^  fhe  prokakility  that  a  return  to  state  E  will  he  required 

O  X  M  '  O 

before  final  completion  (i.  e,  absorption  in  state  4): 


1  ^  Cp^PjP^p^ 


EXAMPLE 


The  prokakilities  of  successful  completion  of  each  state  at  each  try 
are  estimated  fP  ke,  for  a  particular  system: 


E  ,  p 

.  =  0, 98 

,  q  =0.  02 

o  • 

o 

0 

J  =  0.  80 

,  q^  =  0.20 

21® 


At'Etly  M“al3ae'»aati-:Gi>a®S' 


1 


#.  ©§ 


P'2  =  #.  6©'  ,  =  ®,4§ 


I 

'  1'  -A'  O'  T‘  ,11  ©'  !■  /iiJA  ! 

.1  . 9  ®§0  .,7840'  .744® 

14  4  ^  1#  1*  DO  1^  0#; 

;  .  5440  1  .  8#0®  .  7  l(0!0  j 

i  ^ ' 

1.17  2..  14  1.71  1.63 

1.4300  .42i|4  .8040  .763®! 

.92  .f®  1.71  1.'64; 

.  4000  .3920  .3136  .  764®  i 

! 

! 

.86  .  84  .  67  1.64; 

The  nftean  nTiiiiiber  of  tieaes  in  ea<:h  nsaabsorbing  states  is  1.14  fsr 
^alysisj  2ilQ  for  Design,  1.  6®  fnr  Fabricate,  an®  1.  60  fcr  Test.  The 
nninber  of  Steps  refnire®  before  being  absofbei  Ifnll  copapletion)  is 
equai  to  the  snm  of  these,  L  e.  t*  fl  or  at  least  7  steps,  whers  for  a 
cofttpletely  sucGessfnl  rnn  there  woul®  be  4  steps.  The  probability  of 
cornpletion  is  eqnal  to  NR  ^  .  466®8/.  4669‘0  -  ®.  99  996* 

The  probability  of  having  a  ’sacGess  rnn"  without  any  retmrns  to  the 
initial  state  ^  .  4468®/.  46690  ^  0.  957, 


qenFRADIZATIQN  to  n  STATE®.  A  sharpening  an®  improvenaent  of 
the  results  to  be  obtaine®  by  this  type  of  analysis  may  be  possible  by  ex¬ 
tending  the  phases  to  a  larger  number  thaii  that  the  five  states  describe® 
herein.  For  example,  the  Analyze  state  is  often  treated  as  either  or 
both  an  initial  or  preliminary  Feasibility  Study  an®  a  later  Engineering 
Analysis  phase.  In  a  similar  maimer.  Design  is  taken  in  steps  suoh  as: 
a.  A  laboratory,  or  hand^made  brea®boar®  design,  b.  A  pilot  lot,  pilot 
plant  trial  design,  a  first  flight  model  design,  and  e.  A  design  for 
first  production  run  ©r  for  system  flight  trials.  If  eanh  q£  these  three 
designs  is  followed  by  the  states  of  Fabricate  an®  Test,  then  a  total  nine 
states  are  recognized  where  we  had  three  before  in  our  first,  elementary 
Markov  model-  A  Markov  chain  has  just  been  described  going  from  , 
to  the  final  absorbing  state  of  "Report-  " 


T-'©'  arrive  -at  Ife.©'  ©  “.State  Htadel,,  tn€»et'ive,,  ©t'  i§t>ep’“wi.s>e,,,  4eV'el®p- 
jM>e®t  'G-aiii  fee  «.se4i  Tfe®.ej.  ffer  -tfeie  iM.a.rfe©v  efeiaijs  feavatig,  tferee  .states  ©f 

%> 


Q  = 


K, 


O  p 


l-Q  ^ 


and.!  M 


=  [i  -  a] 


“i 


For  four  states  E^,  .  . .  .  ,  E^: 


N  = 


1 

(qi  + 

q-. 


Po^2 


Po^l 


(i^Poqi) 


And  to  repeat  what  we  had  previously  developed  for  five  states, 


E  E  : 
0  4 


(%+  +i>iP2q3) 

(^2+  P2‘*3* 


‘O 

1 


^Oh 


PoPlPz 

PlP2 


P2(i-p„q,) 


(i-p„q;) 

(1-p^qj-  p^Pjqj) 


MathematiGlaas 


w'6  Gaft!  tteteft  arrive  at  the  iftftdaiSi'eatal  rftatrix,,  Ni,,  ter 
six-  'State'S..  liQ'weve'r.i,  we  -are  eftly  'G#ffie'erfte4  with  the  ee-ftiittevn:  @i  -Stattiftg' 
#ftt  with  'State  -aft'i  ©'f  alw'ays  retarftiftg  th-ere  wheft  a  failftre  eeeftrs'-,-,, 
theretere,,  we  are  ftot  iftte rested  ia  afty  rsws  ©i  the  »atrix  exeept  the 
first;  asteriahs  are  theretere  iftserteh  ia  the  tellowing  asatrix  ter  all  r©Ws 
hiiit  the  first: 


^tl/K| 


rf 


sit 

*1^ 


SJ: 


whe«  K  =  •  Pi3pjf‘2Ps94- 


In  ad!4itioft,  C  equals  a  single  column  matrix  of  onete  and  as  hetere: 


a  = 


% 

0 

0 

0 

Pa 


Generalizing,  the  denominator  of  the  N  matrix  is  designed,  as  -Z  and 
equals: 


The  related  estimates  and  probahilities  are  for  n  states,  where 
is  the  initial  starting  state  and  E  is  the  absorhing  state: 


Army  MMih-erliatiGianiB 
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Meaii  itfmmber  &i  timeS'  la  ■'eaG'li>  ao-aabsarfeiag  sfafre:. 


F'O-r  Slate  E  . 


Far  SiM'e  E* 

0<  jt  <  a 


-  i/* 
a-1 

=  t  r 

I 


Tke  sam  ©£  iteese  ia<iivi4m>M  stale  prefeafeilitieSj,  ®r  llae  laalrix  |»r®4ecl 
of  fijG,  e^aals  tlie  meaa  aiiisi'^er  of  steps  rexittiped  tee  fore  teeteg  atesortee^, 
liteai  iSj  reaGteiag  ttee  cOriapletiO>a  or  mop-^Hp  ptease.  Ifiteis  is  e^lral  lot 

/#. 

Ttee  probateility  of  Gompleiioaj  iteal  is  the  proteateility  of  reachiag  the 
absorteimg  state,  is  ME  and  is  e^ual  to? 

nf2 

(%+  V 

The  probateility  of  having  a  "snceess  rhn"  to  completion,  that  is, 
thero  are  no  failures  and  returns  to  the  Analyze  phase,  is  equal  to: 

n-»2 


. 
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M-timy  Mathematiciaiis 


PEygilMlMAf lOfi  OF  PROBABILITY  V^JUPES..,  JatHSiigii  mt  Ifee 
purpose  oi  tiie  paper,  tti'e  dieiterminaliori  of  tile  probaPSlity  of  cOrUpietiag 
a  pkase  or  “step"  iu  tbe  Markov  Gkain  of  Slan'd!®  is  very  iiSiiportaiit  to  tile 
use  of  tbe  4e Scribed'  teciMique.  ¥ery  briefly,  several  metliodis  exist 
for  getting  an  estimate  of  a  "step"  probability.  In  all  of  tbese  metbodsi, 
it  appears  important  to  consider  eacb  relatively  bfoai  "step"  Or  "pbase" 
as  an  independent  Set  Of  Smialler  pbases,  activities  (as  in  FEMT  network 
diagram)’,  or  component  developments,  eacb  of  wbicb  is  in  effect  a  Sub^ 
set  baving  a  relative  independence  of  its  own. 

It  can  now  be  conceived  tbat  tbe  probability  of  tbe  set  can  be  cal¬ 
culated  using  value  judgments  of  eacb  of  tbe  components  or  sub- set 
made  by  tbe  development  engineer.  Component  or  system  reliability  , 
similar  to  tbat  calculated  for  hardware  systems,  can  be  determined. 

Another  technique  considers  relating  the  probability  Of  completing 
an  operation  (such  as  our  "independent  set"  or  phase)  to  the  number  of 
phases  that  have  to  be  completed  in  tbat  operation.  Thus,  the  greater 
tbe  number  of  sub- sets,  or  internal  phases  in  an  operation,  the  smaller 
the  probability  of  its  completion.  This  is  described  in  the  text  by  Flagle, 
Huggins,  and  Roy  (Operations  Research  and  Systems  Engineering)  and 
in  this  writer's  report  (A  Modern  Dynamic  Approach  t©  Froduct  Develop¬ 
ment.  ) 

Although  subject  to  question  on  the  basis  of  rigorous  mathematical 
or  statistical  grounds,  the  probability  of  completing  a  major  phase  or 
step  can  be  calculated  using  FERT/TiME  three-time-^estimates  and  the 
variances  calculated  from  these  for  each  of  the  detail  steps  or  activities 
comprising  the  major  phase  or  step.  The  nature  of  a.  net— work  branch,  such 
as  whether  it  is  in  parallel  or  series  with  another  branch,  should  be 
considered  in  calculating  the  "system  reliability"  of  the  major  phase 
or  "step".  However,  if  one  can  identify  a  Markov  chain  for  this  sub-set 
of  FERT  activities,  particularly  if  a  ground^ rule  for  such  network  con¬ 
struction  is  that  activities  between  events  must  be  relatively  independent, 
then  we  can  use  the  Markov  chain  approach  deseribed  in  the  basic  part 
of  this  paper, 

EXTEMSIOH  TO  INCLUDE  TIME  AND  SCHEDULING.  The  preceeding 
discussion  considered  severai  states  with  moves  or  "steps",  of  any 
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jsajgpitiiyde ,.  ifto-m  '©'Hie  slate  t©  anotltet’.  We  .#p©’fee'  ©-f  tfce  •meara:'  'Biiaimfeer'  ol 
tiiiies:  iB  a  B©nafe;s©'fMBg  state,  tet  B©t  ©f  tow  l©B:f;  we  wobM  to'  ib  that 
state  tiiBewise.  SB|Kp©'.se  we  aow  pattiti©®  the  tfaBsilloB.  Biatfix  iBt©: 
SBificie'Bti'jf  'SBiali  aBisi.  e-'qaaili  s-afe— -Step'S  each  ©©t'r'e’SpoBddiBg' t©  &  BBit  ©4 
tiBie,  Saete  as'  a  'd!ay,,,  weeh,  ©r  BioBthi  WitMB©Be  State  we  t&eB  rB©'ve' 
purogxe  ssively  Iro'Bi  ©»e  iime  sBhstate  I©  the  Bes^  -  -  BBle'S’S  a  lailaf e 
©G©Bi‘s  at  that  sahstate  leveL  The  prehability  ©f  a  state'  is  thea  the  pfeiiBGt 
©f  the  time  sBh- state  pfefeafeiiities  ai©H:f  the  fBaj©f  iiagaBai  ©4  tie  imtoitodi 
tifiie  isiatrixi 

In  the  GoBtext  ©4  this  pattitioBiBg  ©peratioBj  We  have  sBhtly  chaBged 
©Br  meaniBg  of  ptohahility.  i€©  loager  €©  we  have  a  "ptohahiiity  @4 
GOrnpletioB" ,  hat  iastea#  we  can  a©w  speak  ©£  the  "prohateility  ©4  ©©lapie* 
tioB  ©n  time  *  " 


C  OF  MiG^R©FISEmS 


Mi  Ai  S'adio.-wS'ky  aii'i  M...  A.  M-tis.'&aiB 
W-M&rvliet  A-rs’en-al^.  WM'et'vM-et,,  M;&w 

C?# jF EG'f ■  Mics&tib'ers-  aiK.di  fasicrS'-flakfe'S  &X'e.  asrei!  il®  ‘G#ii®;p®''sit''e 

m‘at©tia.i®  #f  fgf'eafly  .iaer -eased  atreagitk'..  Im4iv|d'laally.j,  rai-G.f@iibers  may 
keleBg  t©  isevefal  Iprebably  S  ©r  4|i  dlis4iact  types;  whiek  sli©w  dlifferent 
elastic  beliavi©r  ia  teasio®  aa4  bemdiagi  Tl?e  o'vbjie'Ctive  ©f  tkis  repctt  i® 
to  woifk  ©at  tke  thieorettcal  ckaraGteristiGS  ©£  tke  diffefeffit  types  ef  micr©^^ 
litoets  i®  ©rdeff  t©  classify  tke  actaal  ej^erimektal  microiifeef  S  aad  to 
better  andersta®d  tbeir  mode  of  actio®  a®d  tbe  expectati®®  ©Be  may 
associate  witk  tbem. 

EQUILIBRATION  EQUATIONS  OF  ANALYTICAL  STATICS.  By  liaear 
liber  we  me  a®  a  fiber  wbose  tbicloaess  is  zero  exactly .  It  is  a  o®e- 
dimensioaal  arc  of  a  carve  suitable  to  ope®  tbe  discussion  as  a  matbe- 
matical  abstraction.  Statical  etjuiiibrium  equations  apply  to  any  Maear 
fiber  regardless  of  its  physical  background.  We  shall  use  the  length 
of  are  s  as  a  coordinate  along  the  fiber  and  we  introduce  the  following 
quantities  as  internal  forces  and  internal  moment  acting  within  the  fiber; 
the  tension  force  P  =  F(s),  the  shearing  force  Q  ^  0(s)  and  the 
bending  moment  M  =  M(s);.  The  positive  directions  of  ail  quantities  in  ¬ 
volved  are  shown  in  Fig.  1. 

Since  the  miCrofiber  is  imbedded  in  an  elastic  matrix  substance,  a 
normal  stress  0  =  &  (s)  and  a  tangential  stress  T"*  are  applied 

to  the  fiber  by  the  matrix  as  shown  in  Fig.  1.  As  such  stresses  may  be 
applied  on  either  side,  say  0^*  ,  on  one  side  and  the 

other  side,  we  note  that  0  and  T  mean  the  resultant  of  such  a  bilateral 
applieation  in  the  sense  of 


O'  =  e-*—  e*'*'  , 


The  assignment  of  a  small  thickiiess  to  the  microfibers  in  Fig.  1  is 
only  symbolic  as  the  linear  microfiber  has  zero  thiclmess.  Consequentlyi 
the  distribution  of  either  stress  on  the  sides  marked  and*  *  is  im= 
material,  since  it  is  only  the  resultant  effect  0  ,  'X  that  counts.  The 
equilibrium  equations  obtained  by  analytical  statics  read 
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op  TOE  I&EALl^ED^^  PmOFlimTlgS  OF  MICRQFIBERS.  Wbe® 

a  microfiller  is  treated  analytically  as  a  Qne-^dimeasi@nal  linej  eittoer 
as  a  line  in  Space  or  as  a  line  in  tihe  cross  section  figiafe  in  plane  strain, 
that  line  must  be  thonght  of  as  the  limiting  case  of  an  ordinary  elastic 
body  -  a  three-dimensional  body  in  space  or  a  two-dimensional  cross 
section  figure  in  plane  strain.  To  fix  ideas,  let  us  develop  the  subiect 
referring  to  plane  strain.  The  limiting  process  consists  in  the  narrow 
dimension  of  the  body  skrinking  towards  zero.  As  long  as  the  narrow 
dimension  goes  on  shrinking  (and  thus  has  not  yet  reached  its  limit 
value  of  zero)  We  have  a  very  slender  elongated  elastic  body  to  which 
the  usual  elasticity  concepts  and  methods  apply  fully,  in  the  limit, 
however,  when  all  that  is  present  is  a  line,  we  have  a  new  formation 
(a  linear  microfiber)  which  is  governed  by  characteristic  rules  of  its 
own.  "Rules"  means,  essentially,  stress- strain  relations. 


Rules  characteristic  of  linear  fibers  could  be  devised  {  and  some^ 
times  are  devised)  hy  arbitrary  statements  of  the  kind  that  say, 
typically,  "let  us  consider  a  fiber  in  which  the  following  (specified) 
is  a  cause  leading  to  the  following  (specified)  effect,  and  let  the  relation 
between  cause  and  effect  be  as  follows  (specified).  "  We  emphatic c 


reject  this  approach  as  being  too  formal  and  basically  void  df  a  physical 
The  actual  microfibers  used  are  not  linear,  but  siender 


elongated  full  dimensional  bodies  of  physical  elastic  nature*  For  the 
practical  use  of  tnicrofibers  it  is  this  pre ■’limit  slender  elongated  fiber 
in  which  we  are  interested.  The  limit  concept  is  a  mere  mathematical 
device  introduced  to  bring  out  the  characteristic  features  of  fiber  action 
in  a  conspicuous  way*  Also,  the  use  of  the  limit  concept  of  a  linear 
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tii?e  mBitfeeraBtljieal  traatipemt  ©f  'S^acia];  €as'e'.s. 
to#a.3ri®,g  in  nsini  tfee  pitysicai  f©nn4Mi©ns':  ©•■£  lii*©  antnail  fIfe’eT'S’,,.  w-'e  a©>v 
'i'g'Glaar'e  ttoe  £'©’ii©:wiffl;g,  pr'in'cigi'e'  as'  a  neGe'&'sary  -lani:'  il!'4i.s|)G®'s.al}ily  neSeB'S-ati 
f  ref  e(|ni'sife  t©'  lany  iinear  £il>.ef  ©iiaf  aGterizali©®:  we  may  wiste  I©'  ©perate 
wifto; 


Pfeysileai  PfinGipiie  Pfere<|niaite  t©  tile  AGGeptanee  ©I  a  Linear  Plber • 

All  spiecifiG  in<livi4naj  relatinns’  GiiaraGtef izing,  a  paffiGnlar  linear 
miGr©’£iibef  mnsl:  Pe  4efivafe>le  as  limit  fQrms  ©f  felatiQns  given  fey  tfee 
tfee'afy  ©f  elastiGity  l©r,a  tfein  slentSer  repiaeernient  fifeer  wfeen  tfee  tfein 
diimension  ©f  tfee  replacement  lifeer  sferinlts  t&war4s  zero  in  tfee  lifniti 

We  feave  disGnsse©  tfee  feefeavior  ©£  tfee  narrow  diimension  ^  @f  tfee 
f ifee  r  j  namely 


I'igiire  3  sfeows  a  few  steps  in  tfee  pragressing  pracess  ^  for  a 
fiber  in  nniaxial  tension  pradnced  fey  a  constant  total  tension  farGe  P. 
On  tap,  tfee  farce  feas  not  yet  been  applied,  and  tfee  unstrained  lengtfe 
of  tfee  fiber  is  shown.  Tfee  applicatian  of  F  causes  an  extensian  ^  ©f 
tfee  fiber,  determined  by 


As  ©  -  pQ  ,  /\  I  foQ.  and  thus  tfee  limit  is  a  linear  fiber  not  capaMe 
of  maintaining  a  finite  tension  F.  This  result  is  due  to  tfee  fact  that 
E  was  feeld  constant  in  tfee  process  0  .  This  is  not  a  logical 

or  pfeysical  necessity  as  we  may  assume  that  while  ^  is  going  tferougfe 
the  secjuence  0  the  fibers  are  being  exchanged  and 

E  goes  correspondingly,  through  some  sequence  E^^,  E^,  E 
giving  us  a  chance  to  introduce  the  befe^^vior  of  the  product  during 

the  limit  process  as  we  see  fit. 


Piagriia  for  a  Fiber 


Figure  3.  Fiber  p(«0  •  Failure  to  Produoo  a  LlAit 
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Ke  aea^eii  pTatoii'Gali6*t&  #eailiiiffig  Witte  ttee  'ex|3eitixlieatal  aspeets  #| 

■fftic t'O'f ite’e r  p^tiordi-mctiote  stetew  a  '©'©tefeeatfatitete  ©I  iteMrte'Sf  ©te  t-aastte  .'st.f«aigtte^r 
Ttee  tea0Wle<i;ge:  @1  ttee  teaaile  streagtte  aad!  of  ttee  aioslmsli  o|  elasticity  E 
aa4  -Q  wQal4  te-ave  saffiee'd;  i&a  a  ©a>atteieBfflati'c:.al  aaalyais  '@1  tai'craifiteer 
aetiaa  witteeat  iavelviag,  pessifeitities  tteat  may  a©t  tee  pteysiGally  availateie, 
wteile  ttee  #etermiaati-©a  ®f  leasile  streag^te  aleae  witteeat  teowledge  ©f 
E  aad:  G  dees  apt  enatele  as  t©  piapaiat  ttee  prefetred  tte'eefetieal  variaat. 

Laekiaig  expe3rim.eatal  data  @a  E  ia  mierefifeerS;,  we  make  aa  assamptiea 
Gapate'ie  o£  Goveriag  a  wide  raage  ©i  possiteilities.  We  assame  tteat  E 
grews  iavefsely  as  a  power  oc  of  tf  ,  aamely 


ia  wteiGte  c  is  some  Gomstaat*  We  Gan  now  typify  linear  micfOfiteerS  tey 
ttee  *  valae  ased  in  ttee  limiting  proGess  to  obtain  tteem.  Ttee  formaia 
for  ^  (6)  now  teeeomes 


The  fitee?  discassed  in  Fig.  S  teelongs  to  ttee  type  ;;  0  sinee  E 
was  held  Gonstant,  The  type  1  will  have  E  S  ^  c,  therefore 


Lp 

a 


valid  for  any  fiber  of  the  seqaenee  Oj,  ^  limit 

formation  and  also  for  the  limiting  linear  microfiteer  This 

Gase  is  illastrated  in  Fig,  4.  The  limit  is  a  fiber  which  is  elastieally 
extensible  acGOrding  to  Eq,  (9). 


Shoald  we  bend  each  fib  er  of  the  pre-limit  set 
into  a  Gircalar  arc  shape  by  applying  equal  opposite  moments  M  at 
the  ends  of  the  fibers,  the  relation 


iSLiP'Hay  M'aitbe'-]SiMi'Gi.aini'S 
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wonalidi  sfeS'w  tifee  va^iie  of  tlte  fe«®id!iHig,  riioBrieiiit 
give®!  ■Gsr'vater©  S®  tite  faife'e-ff..  Witli  -=k 


M  -aeig'd^e^  tO'  proteGO  a 

4^ 


S 


we  teave 


For  '0{\  =  i  iFig;.  4),,  O'  .  Tiae  =  1  limear 

fiber  is  tbPs  flexible  i®  the  limp  way  »  no  ben4iag  memePt  is  respire® 
to  teePit  it  i®t©  apy  Gprve4  shape.  With  respeGt  to  hehiipg,  it  reseissbles 
a  Ghain  (bat  hot  with  respect  to  eloagatiohj'i 

Tarnihg  how  to  =  t,  we  have 


from  Eqs,  (8)  and  (11).  The  linear  miGrofiber  is  now  ineXtensibit 
under  a  finite  foroe  p  and  flexible  in  the  limp  way.  This  fiber  re¬ 
sembles  a  chain  in  both  aspects.  The  limiting  set  for  ^l_is  shown 
in  Fig.  §.  For  P(  =  3  we  have 


This  is  an  inextensiblo  and  elastically  flexible  fiber:  t 
moment  M  is  proportional  to  the  enrvatnrc  produced. 


Beginning  with  M  ^  4  we  have,  in  the  limit, 


241 


A  rmy  Matihe  rnaticia®  s 

for  every  P  ail'd!  M  :  tile  linear  fifeer  is  a  rigid  tedy  ineaisaMs  &£  any 
deiorm-atfon  fm#  eio'ilgat.io'B.i  no  fe'endiBgl. 

We  bave-  tbm-:S  arrived  at  tfee  fodiowiiig  types  @£  linear  liber-S::' 

O  iio'  liber  at  ail  resHlfs  in  tfee'  liftiit  flirnp  extensiM|iy,, 

lirrip  0e'xiMMiy| 


0<'=  |.  eiastiGaiiy  extensifeie,  liirip  flexiMe 
OK  ~  ^  *  iliexteil  sible,  lirnp  Iliexiible 

^  iS-  --  inextercsible,  elastically  flexible 
OK  rigid. 


We  note  a  coaspicnQns  absence:  tbe  absenGe  ©£  an  eiastically 
extensible  elastically  flexiMe  linear  ®iaiere£iber. 

Using  eiiiiilibrinna  e<^atiQns  ^2f‘,  (3)’j  and  |4)  fnrtber  particnlars  can 
be  deterrnined  for  tbe  different  fibers  and  compiled  in  a  detailed  exposition 
sncb  as  in  Table  1  at  tbe  end  of  tbis  report.  Ho  ne'^  assumptions  are 
involved,  tbe  classification  and  tabnlation  take  care  of  themselves  along 
tbe  following  lines:  if  ^  =  0  ,  tbe  fiber  is  inextensiMe,;  and  P  be"^ 

comes  a  reaction  force  not  involved  in  an  elastic  stress  ■'•strain  law.  If 
^  does  not  vanish,  P  is  eitber  zero|liinp  extensibility)  Or  related  to 
^  (elastic  extensibility)  .  If  ,  =  0  ,  tbe  fiber  is  inflexible  and 

M  becomes  a  reaction  rnornent  nO?  involved  in  an  elastic  stress* strain 
law.  If  '=|i!j'does  not  vanish,  M  is  eitber  zero  (limp  flexibility)  or  related 
to  — ^  (elastic  flexibility).  If  F  -  Q  ,  the  fiber  is  limp  extensible.  If 
P  does  not  vani§b,  the  fiber  is  either  elastically  eartensible  or  inexten* 
sible.  If  M  =  0,  the  fiber  is  limp  flexible-  If  M  does  not  vanish,  the 
fiber  is  either  elastically  flexible  or  inflexible. 


Reading  the  table  by  columns  down  we  see,  bow  the  ebaracter  of  the  " 
fibers  changes  from  a  limp,  forceless  and  stresslgss  start  at  =  0  • 
t©  absolute  rigidity  at  CSKs  4.  The  change  takes  place  in  four  conseeu* 
tive  stiffening  steps  in  which  limpness  is  first  replaced  by  elasticity  and 
then  by  rigidity. 
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ifECEilit’Y  or  A  ejifgR^^^cggtagjgg  TEST  r#E  ^ ripgj^ 

Tlie  tijiiaxial  ien;®»aiit  teM®  iMiasitr'ated  iii  f^igs.  %-&•  :s'er’ve4  ilfee  f-tit- 

po'S^'  of  ge®atal  '©rifentatioaa  airf  le^i  i©-  i:b;e  foiar  GiasaillGati©®®  *  .J,,^ 

(S<  =  2'-,  '^1  =  3  ^  ‘ECtiGr'oitfeers.-  T'll©  BfreCial  'Gk-aEaeief  @1  ©miaxiai 

lG®,s:i#ri  it'estB''^©G©'jflae'S'  ©kis^'Gij'Si  is  tfei©  e>ftia:'ieEi'e''Ea4i©i4i  ©f'  %H‘aatiti'e'’S'  ©feat  variisk 
iffl  tke  tes©,,  ia  ©©kef  w©'.f4Sj,  ©if  ©,©raft©i©le  s^tfeat  4©^  W.©©  ajj-pea-f  a®  tke  ©es© 
in  wMeky  G©®'Sie'qj®eat:ly,  tke  G©-f fesp©®4i®g  Ga®sative  pfeysiGal  pfGpeftieS 
of  linear  fiber  B  are  ®©t  engagers 


Tke  flexnral  test  |ben4i®g  by  a  ritiO'rn.>e®t)  is  aGC©mpanie4  by  tl.e  f@ll©wing 
set  of  vanisMag  values  i 


The  only  values  tested  are  P  ari4  ^  i®  (15)  and;  M  and  in 

(li).  Q,  0"  ,  ^  kave  been  left  out  of  testing  altogetker.  Suck  limited 
testing  is  insufficient  iot  tke  final  aGCeptanee  ©f  tke  fibers  (  = 

1.  2,  5,  4). 

The  final  acceptanGe  of  <P^  ^  fibers  skouid  be  deeidedi  upon  by  sabjest 
ing  tke  eandidate  fibers  for  1,  2,  3,  4  to  a  general  test  in  wkieh  as 
many  of  the  quantities 


should  actually  develop  (be  '^'.fferent  from  zero)  as  the  fibef  type  may 
produee.  In  a  limp  fiber  M  =  0,  in  an  inextensible  fiber  ^  =  0  ,  and 
so  forth.  Such  zeros  w@  will  request  eon  side  ring  their  appearance  as  a 


general  Gonfirmation  of  the  properties  of  limphess,  inextensibility,  and 
so  forth.  Furthermore,  the  tested  microfibers  ought  to  be  Gurved,  t© 
get  away  from  the  specialized  rectilinear  shape  with  ^  ^ 
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F'iijftfee3fEri£3're,,  -eacti  iiti'ear  iMieraliii-er  sfeiS'-tiiM  fee  atfived;  at. 'as;  tfee  M.JSilt“ 
in,ig  cas-e  O'  #f  a  solved  leiasticlly  f'rfefe’tepi'  i®  wfetefe  a  'S'l'ead'fef' 

>  Q  feoty  is  fe-@.n€!e4  ta  ■&  -matrix  fllierv  Tfee  ''Mastleity  p'f'fefeiem  S'iia%i4 
fe:e’  vo'ii  '0’f  aoy  a^waiiteS  symmetri-'eS'  wMefe  w.a>Tail:4  r-ecittae  tfoe  ammfeer'  #1 
i®#e;pen4emt  fe  atare  s .. 

THE  i%GOjE.ipTjSLi!^It  TEST .  We  eo-nSl^eT  an  inlinite  eiaS'ti'e  matrix 
fca4y  filling  tile  exterior  of  tiie  OirGle  r  =  a  |Fig.  fe|,  Bondiei  t©  it 
along,  tlie  'Cir'cl-e  r  =  a  is-  tti-e  ^  -feody  wfeicife  i-s-  a  r'ing  of  -onter'  radiims 
a  and  inner  radins  fe.  ©Isvionsly,, 

|ii)  S  m  a  -  h  , 


The  elasticity  Gonstants  of  the  matrix  are  d-enoted  fey  E,  Q  and  v  ; 
those  of  the  S-  ring  fey  E'*,  G'  and  .  In  the  stiffening  process  of 
the  S  -  feody,  Eg|i.  |7)  j  we  assume  that  *  remains  constant  (it  would 


fee  limited  to  the  range  0  M>  J 

part  of  the  test  is  simplified  if  we  put 


ai 


ijwayl 


The  analytical 


The  stiffening  equation  (7)  is  set  up  feeSt  in  dimenSiohless  form 


in  which  E  has  the  dimension  of  a  length,  same  as 


In  testing,  the  matrix  sufestance  is  sufejeeted  to  the  state  ©f  pure 
shearing  stress  at  infinity: 


uo)  e-, 

while  the  inner  surface  of  the  £  ^ring  (at  r  =  fe)  remains  free  from 

fepundary  traetions  0^  and  have  a  problem  of  linear 

elasticity  for  the  eomposite  body  consisting  of  the  matrix  substance 
with  the  w -  ring  feonded  to  it  along  r  =  a.  The  problem  was  solved  and 
the  eharaeterizations  Eq.  (14)  have  been  checked  as  to  their  general 
validity.  The  results,  affirmative  in  all  cases,  are  shown  in  the 
following  table: 


Figwre  6.  Composition  of  §  -Ring  and  Filler  Body 
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Table  1.  Classification  and  Character izaCion  of  Elastostatically  Consistent  Linear  Fibers 
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Wateft&wa,  MassaeSiiiaselts  0'2ltE 

INT RQP'PG'T'IQ'N ■  It  freqiweMly  kappeiis  in  presstif  e  vessiel  and  rniSSile 
Gpnstrnetion  tkat  an  axial  load  is  Iransmitted  int#  tke  wall  ol  a  tkin  cy*^ 
lindfical  skell  toy  rneans  af  a  keavy  ring  attaeked  t©  tke  Gylinder.  YMs 
ring  distrilntes  tke  Mad  fairly  nniMrnsly  into  tke  eylinder.  For  reasons 
of  ecnnofay  ©r  weigtot^ saving,  it  is  sametirnes  desiraMe  to  repiaGe  tke 
solid  ring  fey  a  series  of  feraeketS  or  angle  irons  .  Yfee  reSlalting  fton- 
unifoTin  distrifention  ©f  axial  load  ean  result  in  a  signifiGant  inc tease  in 
tfe;e  loGal  stress  level  in  tfee  Gylinder.  Tfeis  situation  tins  provides  an  in- 
teresting  and  useful  profelem  in  the  asyiMnetrie  deforinati©®  of  thin  shells. 
Solutions  and  nuiiieriGai  results  for  siniilar  localized  radial  {normal)  and 
tangential  {in  the  cirGumferential  direction)  loadings  on  simply  supported 
Gylinders  have  been  presented  fey  Bijlaard  |l,  2|  .  However,  the  related 
prohlem  of  a  distributed  tangential  loading  in  the  axial  direction  was  not 
discussed.  It  is  our  intention,  then,  to  supplement  these  results  fey  ex¬ 
amining  the  solution  and  presenting  sonae  numerical  results  for  localized 
axial  loadings  on  thin  cylindrical  shells. 

In  the  specific  application  descrifeed  earlier,  the  axial  load  is  not 
applied  directly  to  the  shell's  middle  surface  but  usually  at  a  distance 
greater  than  half  the  thickness  away  from  the  middle  Surface.  Thus, 
there  is  also  developed  a  radial  load  with  an  axial  variation,  i..e.  ,  a 
longitudinal  moment,  to  use  Bijlaard' s  nomenclature.  The  desired  solu¬ 
tion  to  the  physical  profelem  is  then  a- properly  weighted  comfeination  of 
these  two  loading  conditions. 

In  the  ensuing  discussion,  the  governing  differential  equations  of 
equilibrium  selected  are  those  due  to  FlTIgge  rather  than  those  employed 
fey  Bijlaard.  This  approach  affords,  as  a  by-product,  an  opportunity  to 
compare  results  of  Flugge's  non-honogeneous  equations  ^th  those  of 
Bijlaard's  for  a  wide  range  of  shell  parameters.  Hoff  I  Sl  euid  Kempner 
i4|  have  made  similar  comparisons  with  Donnell's  equations  for  the 
corresponding  homogeneous  equations  and  for  line  loadings. 
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Arisiy 


Hec'giitiy,  f%sii 'aMidl  Sifidgl^dl  |^'y|  'diisgia^saed  litte  faiilai  liiiadilig,s  ©® 
Aitt  cyM®4ri'G|S!l  s'fc&llsi  taisiag,  F'l«gig:e*'s  #^®a'tl'@»S'  a®4  •s®gig®,S'te4  Ilie  ®'Sie  G'l 
Ifee  ifiaite  F#\»rie'r  traastorKti  i®  Gt>tai®i#g  aolutisas ..  f'Ms  teGliai^ae-  Jias 
feeen  eafflipteyedi  i®  ttetS  presieat  4!is<GHSsiG'p  #£  4istti&m€edl  axial  l©adiSi 


EQUATIONS  AND  FORMULATION  OF  PROBLEM.  W©  ©©asiigr  a 
t&ia  eif€®lat  cyliadirieal  sfegll  ©f  ra4i«s  a  an4  iteiekse  ss  Youag'  s  ip©4«« 
las  an4  F©iss©®'s  rati©  are  4te®©'te4  fey  E  an4  V  re  speef iveiy,  wfeile  x*. 

#  aa4  Z  ienete  ©©oriiaate  s  ia  itifee  axial  ^  ci;rGa»f  ereatial  an4  ra4ial 
(pesitive  wfeea  iawari)  4ireGti-©as.  C©rresp©a4ing  4ispiaGeaieajt  ©©Mipeaeats 
for  a  poiat  ©a  tfee  shell's  aii44le  sHrfaee  are  u'  ,  v  ,  aa4  w'  i  It  is  ©oa- 
veaieat  t©  4eal  with  the  4iiaiensi©aie  s  s  4isplaGeai'eat  eoEapeaeats  ©j  v  aai 
w,  4efine4  fey  a  =  a  /a,  v  -  v*/a  an4  w  =  w*/a,  as  well  as  with  4iraea^ 
sioiiJless  mid'dile^ surface  GoordiEiates  x  =  x  /a  au4  W, 


Fluege's  eGtaations  £©r  the  eqailiferiaai  of  thia  GirGular  Gylia4riGal 
shells  6]  raay  them  fee  writtea  ia  the  4imensi©aless  form 


M  +  ^  .  V  W  +  +  (i^  (If  ^  ^ 


^  +  (^)  V  "  +  ^  V"  ]  = 


V^w  +  2w  +  w  +  (■^  )  v"  +  2^  )  a*  +’^  jw^v-yu'J  = 


HI  ,1-V 


t 

a  p. 


where  dpts  indicate  differ eatiatipn  with  respect  to  9^  and  primes  indicate 
differentiation  with  respect  to  x;  p  ,  p^  and  p^  are  the  components  of 
applied  surface  loading  in  the  axiaf^  circumferential  and  radial  directions, 

=  h^/l2a^,  C  =  Eh/(1-  V^),  D  =  Eh^/l2(l-  y^),  and 
^^w  ^  -^1111  +  2  w  ”  +*\^*  . 

When  Equations  (1)  have  been  solved  for  u,  v,  and  w  for  a  prescribed 
loading  condition,  stress  resultants  and  moments  in  the  cylinder  may  be 
obtained  from  the  following  relations: 


M  =  -Pa 

X 

£w"  +  y  w 

t  U*  +  y  vj 

^  -la 

|w  +  ^  +  'I 

/  w“j 

M  ^  =  -la 

(i-y)|^»  + 

"3 

=  -Da 

(1-  V  )  [w*  + 

1  (vN5)3 

D  Wp/a^  . 


We  consider  the  following  specific  loading  and  boundary  conditions, 
axial  loa^  ©I  intensity  p  is  distributed  over  a  set  of  N  rectangular 
areas  (pads)  periodically  located  around  the  circumference  of  the  cylinder 
(see  Figure  1).  hict  the  length  in  the  axial  direction  of  each  pad  be  2a.$ 
and  the  X  coordinate  of  the  center  of  each  pad  be  x  ;  let  the  length  of 
each  pad  in  the  #  direction  be  2a©j^,  while  the  #  coordinate  of  the  center 
of  the  first  pad  is  The  distributed  applied  load  is  assumed  to  be 

balanced  by  a  uniforni  axial  compression  U  at  the  base  of  the  cylinder. 
This  desired  loading  system  may  be  considered  as  the  superposition  of 
the  following  two  systems: 


Maliitelraatic'iams 

ii  A  rotafiia.Mtailiity  syflMaetrtG  ■diistrlfeiaiti©®!  M  iMisile-fist  -axiai  loai 
aeli*g  Qvet  a  feami  ■©'£  leagife  2'a'S  ©■e#t© raid  afeaat^  aai  fealaaG-ed 

toy  a  ©lijiilarfia,  c'©ri£fiires.sio.i0i,  at  ttoi'  toas©'  ■&£  tlie  Gyimi'e'r’j 

Z.,  A  :§.eif=«"%a!3lite:3rat.i0:g  dlistritoaliora;  ©f  taagefstial  axial  le^ad  aGtiilg 
©vef  tfe©  sairsa  are  a,,  |see  Figure  2}. 

Ttoe  selutieai  I©  ttoie  lirst  ©f  ttoese  systefflta  i;s  trivial*  Henee^,  ttose 
give®  .pr&toler®  is  reKiueed!  to  the  soiutio®  of  equilitorium  equatioas  wtoea 

iP'ia^F  P’  to,aa  tfae  forro!  oif  a  ste-ip  fuaetioa  ia  x  lor  aad 

a  reetaagular  wave  laaction  ia  #  for  x_  *-  S'  5  x  <  x  #  >§  ,  |see 
Figure  3|.  o  © 

Algebraically,  tbea, 

P^  ZCin*lM©j4#^)  -  ©j  <  ©  < 

m 

=  -p^  2(m-lKaj+©2)  +  :S  ^  ;!  2m{©j+©2)  - 

where  m=l,  2,  .  .  .  N,  ©,+©_  =  w/N,  x  ^(S<x<x4‘^. 

l  c  o  ^  o 

For  X  outside  this  range,  p  vanishes  identicedly.  The  condition  that 

the  load  be  self^equilibrating  is  that  ^  consider 

boundary  conditions  of  sirnple  support  at  the  ends,  i.e.,w  =  v  =  N  = 

M  =  o  at  X50,  L/a. 

X 

METHOD  OF  SOLUTION.  We  assume  the  following  forms  for  the  dis¬ 
placements: 

w  -  £  (©)  sin  (Xx) 

n=l 

(4)  =  £  ^2n 

n=l 
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Tiiis  form  ensures  simply  suppOftei  ediges  at  x“@i  L/a.  We  furtiier 
e'3^an>d  tfeS'  applied  load  p__.  in  a  Fourier  cosine'  series  in  x, 

obtaining; 

eo 

p^  (x,#)  =  2  ^  W)  cos  t^x) 

n-i 


4^ 

ntr 


p  (©):  cos  (Ax^)  sin  (X(S  ) 


Insertion  of  these  expansions  into  the  equilibrium  equations  (1)  leads 
to  a  set  of  3n  ordinary  differential  equations  for  F.  (0)  whose  solution 
may  rather  compactly  be  obtained  by  means  of  the^fmite  Fourier  trans* 
form.  The  essential  facts  regarding  this  transform  may  be  listed  as 
follows.  The  finite  Fourier  transform  of  a  function  of  f(0)  is  defined 
as: 

f*  (s)  =  F  [  f  (©)]  =  ^  f  f(e)  de. 

p 

The  inverse  transform  is  given  by 

((«)  =  F-‘  [f*(S)}  =  ?  I»(S)  , 

S=-OlQ 


•Af -Effly  M-at'M'Ea-Mi'e  iaKi-s 

W&iie  tlte  £oil@wi®g  aselal  iioMs  |7|| 


lit 


Apfiicati©®  ©i  lie  tsaiisitej-iSi  tbee  tedtoces  lie  e<|eaii©es 

ts  a  set  el  3e  aifelraic  etutatleas  te  be  selvei  f©r  lie  IraasfefiSis  el 
F 

jsan 


Fj^*(S}  |fc^q*  ♦  zk\hi-^h  *  I  +  <®>  I 


+  J  +  ^  (■^  +  X  k  )  J  =0 

f  .q[ux\¥r  +  *'“)i 


(*-if)j  =  o 

■jn*(®)  +  X  W+xV)  j 


*  '®) 


l^-Xq  (i^)  j 


+  F 


*--f  x^  -q^  ^  F-^(®)| 


where  qepiS. 

The  transform  of  p(©),  the  ©-dependence  of  the  load  function  is  easily 
found  to  be 


sin  (S  ©^) 


^  ^-E(m-l)(©^+©2)  iS 

rl^l 


24® 


M 

si®  e 

E®=i 
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iil 


^  m  ®j®  |s 


§ 


s  =  m 

fe=l,2,  2. .  . 

s  /W., 


Witfe  this  mforraati©®,  siisip-ls  algebra  perr®its  a®  expliGit  splytion  i©r  the 
translorms  of  F  J[#|»  laserting  these  i®t&  the  inversi®®  fernaiila  an4 
tahiag  aGeemffit  ©fme  ©4®  or  eve®  character  of  the  resaiting  expressions 
leads  directly  to  the  following  reshtts  for  F  |0): 


m® 


no.® 


2a  a^  N(pi+p2) 


tr 


(8) 


2® 


CTtk 


2a  a^NiCpi+p2> 

Cirk^ 


£ 

$=N.  2N. 


t 

S=N,  2N.  .  . 


A  m  si®(S  #  J 
m®  t 


S  B 


cos  '1 


® 


na=l,  2 

A^J§)  si®  ($  #j) 


S  B 

® 


sin 


where 


Aj^(S)  -[s^Xk^  +  +  Xj  -  (l+3k^)(x\^  +  VX^)  }^ 

A^JS)  =  iS  {-sW  -S^  |x3{2k^(^  +  k^)  .Xk^(|J^] 

^  >' 


+  X^V-i^  (l+k^, 


Arrfiy  Maili.ejaiati  eiaiis 


f  I  ^2=  n?|  #  k^  m-  ^l;| 

=  |4=2  +l| 


mm 

01 


=  fs«|l»k^)  .  S*  |-2{l*k^)  +  Lk*t?fa.>  .  k< 


+  ^  |x^  (4  +  3k^U-  V  )  -  y^k^) 


-  X^  |1{4-  V  H  k^  {7-5  V)  +  k'^  5(1- y)  +  (i+k^)] 


-  3X^  (2  +  (2- V+  V^)  k^) 


7(1^  ^2^ 


2x  .4  F,  .  1- V 


+  (l+3k ')  X^  [l+ 


-2VX^+(l^k^) 


Equations  (8)  and  (4)  tkns  provide  representations  for  the  displacements 
u,  V,  w  and,  so,  a  solution  to  the  problem  in  the  form  of  a.  double  Fourier 
series  in  x  and  @.  It  is  readily  established  that  these  series  for  dis-^ 
placements  converge  and,  in  fact,  coverge  sufficiently  rapidly  that  they 
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may  fe-e  Jillef-errtiafce'i  la  ip'iFO'\4'd:e'  •G'-Oiitve-f.gaal  aeri-e®  far  Ifc-e  slr-eS'S  re'sall- 
afflts  a-n4  eO‘mf>il€':s,.  'Ta  ■caraplai'e'  t&©  :s-tr"ess'  aaalysis'  -©£  lk<e  cylmd'e'r  mader 
laiiffeBitial  axial  lo'adiftig^s  #ver  a  .sarie®'  i#f  M  pads^  il  i®>  ©eaeasary  la 
aapar'im|5asa  aipa®  lfa>e  Mressa-s  ^dae  feo  llig  ateave  sglf-^-e^mliferaliEig,  laad 
syataffi  ites’e  4»e  i#  a  r-oiati&aally  aymfmeirie  feaad  ai  laagealiai  axial 


load 

S'„  fse'e  Figure 

:■  2|v  We 

must,  tkereior 

e  add  to  M  tl 
X 

re  term®'; 

H  =  ( 

J 

0'  <  X  < 

X  -  g 

X 

m 

< 

ix*x  +  1 

y  Q 

2  S 

< 

—  ^  0  - 

X  <  X  ^ |al^ 
—  -O' 

1#) 

=  -N 

X  +#<  X 

<  h. 

o- 

J 

0  '  ^ 

wkere  N_  -  iSap^'  Fiftally,  we  aote  tiiat  tfoe  intensity  ©f  p^(x,  #)  ©ver 
tke  periadic  pad  areas  tken  kas  a  ntagnitude  ©f  p^^+p^. 


I.ONOIf  TOiMAL  MOMENT  SOLUTiOM  to  ac coant  for  tke  fact  that  tke 

axial  load  is  not  applied  at  tke  middle  surface  of  tke  skell,  we  assume 

tkat  tke  re  is  a  net  longitudinal  moment  exerted  over  tke  area  beneatk 

ea-ck  pad,  and  tkat  tki®  moment  may  be  described  in  terms  of  a  radial 

pressure  distribution  whose  intensity  is  proportional  to  its  algebraic 

distance  from  x  5  . 

o 


p  (x,  #)  -  p(^)  (x-x  )  x-(y<x<x+^ 


where  p  {#)  has  a  unit  value,  say  p^>  benestk  a  pad  and  vaniskes  elsewkere* 

Tke  solution  for  this  type  of  lQtdii|g  may  be  obtained  most  exped^ 
iently  by  utilizing  Nash  and  Bridgland's;  15!  basic  results  for  a  radial 
line  load  acting  over  a  portion  of  the  eircumference  at  x=^  .  Their 
solution  for  this  problem  may  be  written  in  the  form 


ttl 


W  =  ^  airai  fix'! 

^  . 


v.=  F2i,pi*|  aim 

#1 


m  =  y  F3jj|e|  G0S  fiMcl, 

Al 


wihere 

F 


ntiii 
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sm 


U  £  p’’{S)E*  (S)si»S»  |. 

S=1  ■ 


p*(S)  is  the  finite  Fourier  transforKi  of  p(@), 


(13) 


Kin 


mn 


B  (S) 

K1 


X  (S)  =  s‘^(l+k^)  +  [2+2  {1- 

In  L 

V|k^  +  k^j  +  X^  ;[i+3k^] 

(14A) 

r 

^2n^®^  =  as  1  [(1+k^)  +  k^X^ 

(2+  ^  k^)]+X^  [2+V+2k^X^]  1 

=  X  |l+3 

-).  k^  X^j:  -  (l+3k^)  [  V  +k\^]  '  X^j 

E72 
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Jirnay  M&tfe'&faaliGianS' 
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f  S 
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|4.. 
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2' 


ia 


.  ^  V  I  |4^(^  Af  ^  k1  -  |2t|2.  V  .  k^l] 


<i4B) 


+  |2f2-V)4  7|i^k^+SC4^^:  k^l 


+  (l+3k^)  |l+  -  2  VX^  +  (1-k^)  X"*  I 

t  J 


We  iiciay  tfeat  this  solutiSn  as  a  kernel  and  integrate  suitably  to  obtain  the 
desired  solution  for  the  radial  load  with  axial  variation.  For  example , 
if  the  displacement  w  of  Reference  5  is  denoted  momentarily  by  W5(x,  ©,^  ), 
then  the  displacement  w(x,  #)  due  to  4  band  of  radial  pressure  varying 
linearly  about  x^  and,  within  a  band  of  length  2a5  is  given  by 


Fje)  sin  U£)=Fj_^(@). 


where 


A,rrsiy  M-atfe'eiErj'alle  iaias 
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aGtiag  over  a  series  of  Mi  pads  may  fee  expre  ssed  fey  Eqaatipms  |1||'  tfera 
pirpvi'ded  F  ^re  modified  fey  fee  mg  rnTditipifed  fey  tifee  qiiaffitity 
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arid  provided  tfeat  in  F  (©),  p  (Si  is  given 

irm 


N 


p  (  SI  ^  r 
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igiMERiC.AL-  EXAMPl^iE  ANB  By  way  oi  ilinstratk)*!  oi 

tii'e  preGediioig  resiaits G#iftpmtMi©iis  liave  feeea  madle  f©r  a  cylin4rieal 
stell  witlii  tfee  paraiSieter  s 

L  =  IS  "’  ,  h  =  .  #4  "  , 

E  =  IC)%si  ¥=  .  3 

iiavinig  three  areas  over  which  the  axial  loa^  is  exerted:  vith  paranaeters 
S  =  .10  aed:#j^  =  i  025.  |These  cor  respond  to  three  brackets,  two  inches 
in  lefiigth  and  one-half  inch  in  width,  located  eight  inches  froin  the  top  oi 
the  cylinder).  Fignres  4a,  b,  c  and  d  present  stress  and  moment  result¬ 
ants  for  the  case  of  a  self-equilibrating  axial  load,  while  Figures  5a,  b,  e 
and  d  present  similar  results  for  the  case  of  a  longitudinal  moment  M 
acting  Over  the  same  areas.  If  such  a  configuration  were  used,  for 
example,  to  transm.it  into  the  cylindrical  shell  a  total  load  (force)  of 
1500  pounds,  and  if  the  distance  from  the  middle  surface  of  the  Shell  to 
the  application  of  the  load  were,  say,  one -quarter  inch,  then  p^  -  g0:0 
psi  and  M  -  125  in-lbs.  The  following  distribution  of  stresses  on  the 
inner  and  Outer  surfaces  of  the  cylinder  would  result  along  ©-0: 


a  =  1®«' 


TABEE  I 


ax 

O'  X. 
m 

or  Y 
^  out 

in 

CTfi. 

^out 

9 

-21,  662 

+20,980 

i-18,  523 

+35, 909  ; 

9-1/2 

+522 

-734 

-8,491 

+12,  853 

10 

^300 

^1,  500 

^5,796 

+4,  946 

104/2 

-1,  482 

4,080  ; 

-4,025 

+2,  875 

12 

-1,  637 

>  ■  j 

-1,233 

-1,174 

1,  314 

In  Referenee  2,  Bijlaard  presents  extensive  numerical  results  for 
localized  loading  of  cylindrical  shells  by  radial  loads  and  by  longitudinal 
moments.  This  provides  an  opportunity  to  compare  the  results  of  Fldgge's 


2&5 


Af  my  Matfe'erii^tieiaiis 


.eqiaatio'®®  for  4i,striifat©di.  I©■.aii:s  ^€k.  .ttes>6'  emp'layei  tey  Bijl-aard!  '£&■§■  a  wide 
taage  ©I'  aket-i  parameter®-.,  F'artih-erifio’re,  tke'  eomp'arisp'n  e-'an  ibe  made  en 
Ike  basis  el  aetaal  stresses  is  tbe  sbell  r^atbef  ibasi  @s  Ike  basis  ef  dis- 
pia'eemefits-..  TaiMe®  11  aadi  111  typily  tbe  res^ialls  #1  siacb:  eeprparisens.  |iii 
ikese  tables^  we  empt#y  ®i|laard*®  .Kotaties  in  wbieb 

’’  2'^''  ?br  radial  l©adisij, 

we  efeserve'  ibat  maximaim  44iferemee®  seear  wfeni  botk  0'  and  y  ’®®®'  smail,, 
and  tihai  as  y  inGreaseS'y  and  tend  t®  agree;;  bat  if  <  1  resnlt  ® 
for  M  and  ibL,  by  tbe  two  metbod®  may  still  disagree  wben  y  is  '^nite  large . 
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It  is  a  plsasuj^  to  asserli  me  inistta^neis  to  Mr.  0.  L,  Bowie  of 
the  staff  of  AMiA  for  severoi  iiluminal^ng  ^seussions  oh  l^ls  prohlem. 
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It  la  a  pleismra  to  assert  our  iiiiletteitaess  to  Nr*  0*  lli*  Bowie  of 
the  staff  of  AHN^  for  several  iHumlnating  discussioas  oh  this  prohleiii* 
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I.  ;li®RdiU€fl®Ni 

■&  ffloiei  freg|iie'fi%ly  »s;e4:  im  me-GteaMes  is  tie  feGtangBiaf  ten- 

siie  sleet  witl  e#ge  GfaGfesi  {Figpfe'  ij.  fie  plane  elastic  selatioft  las 
no't  leen  snivel  previcwsly  altftoagl'  an'  appiflscinia'ti©®  is  asei  t©  estifflate 
tie  elastic  stnesiSies  loeai  t©'  tie  cracl  tip-  flis  affir©xiiiiati©n  4epeni;© 

'©n  a  ■itiQiification  ©€  Westergaandi''s^‘  s'olati©®  f©r  a  seFieS  ©f  equally  sfaGei 
colinear'  cFacfes  in  an  infinite  sheets  fcoai-free  ©©niitions  ©n  tie  lateral 
edlges  ©f  a  stnip  defifl'edi  ly  tie  perfendiiGlIast*  bisectars  ©f  two  eoH'secmtive 
cracM  are  partially  satisfied  by  Mestergaard's  sOlmtion  and  it  is  argned 
plysieaily  that  tie  effect  ©f  tie  error  is  negligible'  in  tie  vicinity  ©f 
lie  crack  tip.  ®.,  d.  fait^  las  clnsidered  tie  infinite  strip  ©f  finite 
widtl  will  edge  cracks ;  l©wever>.  tie  mixed  bonndary  conditions  le  considers 
On  tie  lateral  edges  lead  back  to  tie  Westergaard  sOlntiOn. 

lie  to  controversy  as  to  tie  accnracy  of  tie  modified  Westergaard 
solution  fOr  this  and  related  problenis..  e.g.,  llulm>^  a  procedure  for  a.! 
aecurate  stress  analysis  of  tlis  problem  class  would  seem  appropriate. 

In  the  present  report,  an  analysis  is  considered  wlicl,  in  addition  tO' 
eliminating  the  error  in  edge  loading,  aGCOunts  for  the  effect  of  the 
length/width  ratio  for  finite  rectangular  sheet.  Iharthermore >  Other  im¬ 
portant  problems  in  this  area  can  be  handled  by  this  technique . 

Although  the  basic  plan  of  analysis  is  similar  t©  that  used  by  the 
author'*  for  a  plate  with  radial  cracks  originating  at  the  boundary  Of  an 
internal  circular  hole,  several  modifications  were  required.  In  Section 
IV an  arginnent  is  made  as  to  the  character  of  the  stresses  at  the  crack 
roots  in  terms  of  the  stress  funetion  and  the  exact  mapping  function,  fhe 
result  is  also  applicable  to  polynomial  approximations  of  the,  geometry. 

In  the  numerical  computation  of  results,  it  was  necessary  to  overcome  a 
convergence  diffieulty  encountered  in  the  truncation  of  the  exact  system. 

A  satisfaetory  alternate  plcm  of  tiomcation  was  found  whereby  the  stresses 
at  the  crack  tips  could  be  calculated  with  reliable  accuracy. 

II.  iNITIAL  FORMULATION 

The  rectangular  sheet  tmder  tension  weakened  by  edge  cracks  (Figure 
l)  will  be  considered  as  lying  in  the  complex  Z^plane  (Z  =  x  +  iy)  with 
the  center  of  the  sheet  described  by  Z  -  0.  The  complex  variable  methods 
of  Muskhelishvili°  depend  on  the  representation  of  the  well-known  Airy 
stress  function,  U(x,y)  in  terms  of  two  analytie  functions  of  the  complex 
variahle,  Z,  namely,  f(z)  cmd  tCz),  where 

Z 

U(x,y)  =  Re  CZ  t(z)  +  |  t(z)dz3.  (l) 
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facilitate  the  eoaaMeieatioa 
igf  fediMdiary  cociitiea&i  aae  aCixilliafy 
GQn^lex  i)latte>  the  C-flaaej^:  is  iffltf®- 
4»Gei  aai  a  faaetioHial  celatieMStiif  > 


%  =  wii 


is  fosffli  Bsuch  that  the  wait  etaelej 

it:  .'fSs  ■  -  ^ 


I  =■#  =  e 


ani  its  iaterioc  ia 


the  laile  map  iat©  the  leandiary  aai 
iateri©r>  aesfeetively;>  ©f  the  i•egioa 
ia  FiiJiCe  is  fhe  mappiag  ffaacti(in> 
u)(C^»  tiescriletl;  ia  Seetioa  lll|  is 
analytie  interiof  to  the  aait  eirele 
hat  Geatains  siaguilarities  aeeessacy 
to  the  iesei'iptioa  of  eoaaef  points  ©a 
the  unit  eirGle  itself i 


of 


The  stness  fuactioas  aadi 
eaa  he  eoasiteredi  as  fanetipa! 


as  m%  )  > 


4*  New  aotatioa  eaa  he  miaimizei  hy  aesigaatiag  ^  fltuiyj 
ete»>  whieh  leads  to  such  definitioas  as  <(>'{%}  - 9  ete.  tFcaanes 

are  used  to  ieaote  differeatiatipn. )  Thus,  the  stresses  and  dispiaienieats 
ia  rectangular  eoordinates  can  he  writ tea  as 


2a  (u+iv)  -  tjfic)  -  miO  FTiT/iTtp  't(  e);  »  •  s(5) 


where  a  and  ti  are  constants  depending  on  the  material  asd  hars  denote  com<^ 
plex  conjugates. 

The  loading  conditions  in  Figure  1  can  he  expressed  con^veniently  in 
terms  of  the  force  resultant  .  Along  an  arc  Of  the  material  with  element 
ds,  we  denote  the  horizontal  and  vertical  forces  hy  Xds  and  yds,  respee^ 
tively.  If  the  arc  is  tslten  as  the  houndary  of  Figure  1,  then  s  can  he 
eonsidered  as  a  function  of  a.  Then, 

_  S 

T(a)  +  cp'(o)/(B^(a)  +  f(a)  1  |  (X+iy)ds  -  g{a).  ,  .  ,|€) 

The  solution  requires  the  determination  of  the  fiaactions  TfC)  and  fCC) 
which  are  analytic  for  j  ^lxi  and  satisfy  the  loading  condition  The 
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prcsibiem  will  be  Goasiier'ed;  feetb  in  teriiiB  of  power  series  expansions  of  the 
exaGt  soimtion  aHi  ain  alternative  polynomial  approx imatiOB  Of  the  exaGt 
geometry. 


III.  IKE  MiPPrNj&  fUNCtlON 


iy  afpiiGation  of  the  SehMartz-Christoffel  transfOrniation,  it  was 
f0un4  that  the  repaired  mapping  fafietioa  eorresponds  to  aa*  appropriate 
I  r  ah  G  'h  O  f 


-i 


■4  VI  y 


eosifB' 


3’ 


In  (f ) ,  0  <  a  <  p  <  tt/^,  and  these  two  parameters  Gan  be  Varied  to  obtain 
desired  ratios  of  and  i/x^.  Phe  ehoise  Of  braiiOh  was  made  by  de¬ 

fining 


(D 


•  •  • 


Thus>  u)(ei3^)  =  +  iyo>  «)(ei^)  =?  -xg,, 


=  -Xq  +  L>  ete. 


By  considering  the  mapping  function  on  the  unit  eircle,  li;  can  be 
shown  by  well-known  substitutions  used  in  elliptic  integrals  that 


Xq  = 


2stnp  i*  (l-X’sin' 


d?P 


K(X), 


= 


J 


yx 


ds 

5 


i.x*»),  .  .  . 


where 


^  ^  "  asiop  /  (i-3^B^5f^:^  .  .  . 


X  =  (sinCtVsinp, 


These  integrals  are  standard  elliptic  integrals  of  the  first  kind  and  are 
well  tabnlated.  A  fixed  yo/xo  ratio  determines  X  from  (9)  and  (lO).  A 
fixed  L/xq  ratio  then  determines  P  and  hence  Qt.  This  computation  was  ear- 
rted  out  by  interpolation  from  existing  tables.  (An  asymptotie  relation 
between  a  and  p  for  large  y^/xo  ratios  was  derived  in  a  study  by 
E.  W.  Ross /  Jr.,  and  A.  Kaplan*) 


t9'i 

fhe-  mapping  funGtiGn  flas  eigiit  feransfe  p:oin4's  failing;,  on  tfee  nnit  GlrGle' 
iFIgiaafe  Sjfi  In  atiition  to  ttese  GOii^r-iiesoriMng  singularities,,  tHe  GraGte 
tips  are  €esGril)ed!  fey  the  noots  of  l  =  ©  wMGh  Oeoan  at  -  jfe  I* 


It  is  convenient  to  consider  the  mapping  ftinction  as  defined  on  an 
appropriate  Riemann  surface.  The  feraneh  cuts  can  fee  chosen  as  the  two 


intervals  of  the  unit  circle  shown  as  the  Wavy  arcs  in  Figure  2.  The  top 

sheet  of  the  surface  will  fee  defined  as  including  which  maps  into  the 

physical  region  occupied  fey  the  sheet.  Clearly  the  mapping  function  can  fee 
Gontinued  analytically  across  the  uncut  intervals  of  the  unit  circle  into 

in  the  top  sheet.  By  our  choice  of  feraneh  cuts,  the  uncut  intervals  On 


the  imit  circle  correspond  to  the  crack  intervals  situated  along  the  real 
axis  in  the  Z^^plane.  Thus,  toy  Schwartz's  reflection  principle,  the  aaaiytic 

continuation  of  into  is  defined  as 


»iiO  ai>(l/6) 


The  mapping  function  can  fee  expressed  in  series  form  as 


Z  =  U)i( 


=  -i  An  C^n-l^ 


.  .  .{Ik) 
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■wtere  tfe  maisping  icoef  ficieats  iiy;  are  re>ai.  Aittoom-gli  tfee  Be  re¬ 

lated:  tB  inteegrais  invBlviHg  %'he  elliptle  faseliloii*® ,  4t  is  simpler  c©mp®ta- 
tionaiijr  t©  Gaieaiate  fehem:  fr©m.  e'asily  derivei  re'^earsive  f'©*-malae 

i¥.  stRissis  m  fHi  ieiiHi§RHi&iii  tp  mi  csieic  tips 

file  eiiaraGier  ©f  tBe  sitress’es  ifi  feBe  neigiifeoAoBd  ©f  the  era'Gk  tips 
will  ®QW  he  examinei  la  terms  ©I*  the  preseat  ferfflalatioas  From  Other 
invest  iiatioas  Of  tMs  prohieffii  t^e>  it  eaa  he  exfeetei  that  ©niwY  hhe 
vieiaity  of  the  eraek  tip  wlli  vary  as  r"^^^  where  r  is  the  radial  iistahoe 
measured  from  the  eraek  tip.  fhe  determiaatioa  of  the  factor  of  propor¬ 
tionality  and  Its  varlatioa  with  the  geometriG  parameters  is  the  primary 
Goaeern  of  this  investigation. 

itn  argument  partieuiariy  useful  for  analyzing  the  situatioH  for  the 
exaet  mapping  fanGtlon  will  now  he  earrled  Out  utilizing  the  eiegant 
extonsiOn  Goneept  Of  Muskhelishvili .  In  hrief,  the  fuaetlOB'  U){|)  is  ex¬ 
tended  into  Sg  hy  defining 


where  the  har  notation  ahove  is  defined  hy 


•  • 


In  (15)^  u)(£)  for  will  he  considered  defined  hy  (l4).  The  form  of 

extension  ahove  for  the  case  of  polynomial  mapping  funetions  of  the  elrGular 
regions  is  due  to  Kartzivadze 

The  extended  definition  of  <p(c)  is  elearly  euaalytic  for  all  finite 
points  in  S^.  Its  structure  at  infinity  is  determined  hy  the  structures  Of 
the  defining  functions.  The  function  can  now  he  expressed  as 


Thus,  the  boundary  condition  (6)  can  he  replaced  hy 


(18) 


9^(0)  -  cp"(o)  +  [(i)'*'io)  -  (o)/uj''*^(a)  -  g(o). 


2?? 


where  %he  adtafci'OBs  f"*"  (#1'  ani  are  iefinedi  as  the  vateeis.  &i  as. 

..  - 

I  &  throm-fh  aBa  :S,|,  respeetively-. 

It  will  BOW  tee  ;ass.Bme'i  tftat  !  is  teOmBdei  Ob  iBterV'aI&  Of  the  Bnlt 

Oirele  eorresiOBdlfflg  feo-  BBloaieGt  fO-rtioa©  of  the  OrigiBal  geoineferyi  f^e 
vaiiilty  of  this  assiiunptiOB  oa®  tee  verified:  fey  a®  a  fosstiori  argwineBt . } 

It  tteeB  follows  that  OB  the  BB'eat  iatervals  of  the  B®it  oirole  la  the  fres-^ 
eat  pFOtele®^  §4«atiOB!  1®  rediiSfees  tO' 

cp'^la)  »f"Ca|  =  g;{o)  .  -  ^  4l^) 

la  the  pres  eat  protelem  glo)  eaa  fee  gobs  id;e  red  as  vanlstelBg  oa  ©Be  of  the 
iatervals  of  the  aait  elrele  e©rrespoad:iBg  to  a  oraGiE  dieserlptioa  fey  a 
sBitateie  GhoiGe  of  s  -  0.  On  this  interval,^  therefore  ^  fhas 

can  tee  GOnsidered  as  analytiGally  eoatinaed  aGross  this  iatervai  fey  (I5). 

In  partiGnlar,  f(C)  is  analytiG  on  this  interval  of  the  nfflit  GirGlei  The 
analytiGity  of  Sp(C)  ‘“CO  on  this  interval  in  turn  estatelish  the  analyt- 
iGity  of  lu^CC)^  HO’  at  the  sajne  points  from  (I7). 

The  argiament  ateove  is  purposely  restrictive  for  the  saihe  of  terevlty. 
The  GonGlusion  is  Valid  When  g(o)  is  constant  on  a  Gracil  intervals  This 
can  tee  verified  tey  altering  the  definition  of  (15)  and  utilizing  the 
indefendence  of  the  stress  state  to  constants  added  to  TCO  and  Hfi)* 
Generalization  of  the  argijinent  to  the  ease  of  applied  loads  acting  on  the 
cracks  is  straightforward.  For  most  practical  load  systeias,®  the  strueture 
of  cpC^)  on  the  crack  interval  will  differ  from  an  analytic  function  fey  a 
Cauchy  integral  with  a  density  fanetion  g(o). 

Having  estatelished  the  properties  Of  9(C)  and  ifCC)  on  the  intervals 
of  the  unit  circle  containing  the  crack  tip,  it  is  now  a  straightforward 
matter  to  determine  the  strueture  of  the  stresses  in  the  vicinity  of  the 
crack  tip.  Let  Oq  denote  a  point  on  the  vmit  circle  corresponding  to  a 
crack  tip  in  the  physical  plane.  Then  the  e^ansions 

Z  -  ‘“(Oo)  +  ®*(ao)(C-©o)*/2l  +  •  .(20) 

9(C)  9(Cg)  +  .  •  •  ^(21) 

are  .valid  in  a  coniplete  neighfeorhood  of  C  -  Co*  If 

Z  -  (b(oq)  =  re^^,  .  .  .(22) 


then  tey  reversion  of  series. 


frems  f3  |>  i^h 


C  " 


(gi),  e»i  '(23  )>  to  toe  vietoilsy  #f'  toe  e-raek  tii)> 


Gfy  ^  «3  %  Re  'W |«o)L 


Similstrly,;  from 


\2^},  amd! 


fftr  * 


%  +  2%  t^y 


a&' 


ira/Ca©,) 


cp^C^^p)  ^-slt 

0©^  2®o*  2  ^ 


Ift  the  cofivehtioaal  desGrlptioh,  the  stress  Goneehtratlp®  faetor  K  is 
de fined  hy 


dmax  -  0y 


KT 


(e©s 


sin 


sin 


•  •  •  « 


In  the  present  prohiem,  choosihg  the  Grack  tip  corresponding  to  a©  =  i 
leads  to 

K  =  ap'(i)/V(i),  .  .  .(27). 


The  final  resiult  is  obviously  valid  for  polynomial  approximations  of 
the  exact  mapping  funetion  as  well  since  no  contradictions  of  the  local- 
behavior  are  introduced. 

V.  MTERMtHATfOM  OF  cp'  (I)  BY  POWER  0|RIE$ 

In  this  section,  we  consider  a  power  series  development  of  the  solu¬ 
tion  for  toe  deteriBinatlon  of  ?p*(i).  The  following  representations  eire 
assumed : 

'pIO  =  TmU)/^  *  iT  i  CKn  C  e  sj,  .  .  .(28) 

n=?i  *  ^ 

#(C)  Ta);(C)/2  +  lATC/,(C*+l)  +  IT  £  C  e  .  .(29) 

n-1 


ffee  first  term  ®f  eacfe  ©f  these  represent  at  i©hS:  eofrespeniis  t©  the  eie- 
mentary  seimtion  «ere  there  a®  eraefcs  i®  the  geometry.  ®ie  eeefficients 
A,,  Ci£,n,  and!  Pu;  are  real  from  symmetry  eons  iterations »  Whe  simple  poies  at 
C  -  aki  in  tfCI  nre  eonsistent  wltfe  the  s.tr#et«re  iniieatedi  in  Clfl#  in 
faet, 


k 


it  V'ill  he  snff  iGient  for  the  present  pnrpose  to  4etermine  the  cia'S'  einGe 


a=l 

It  is  convenient  to  express  the  ibonndary  GOniition  |6  J  as 


4(0)  4®)  +  4G)f 'I®!  +  4(®)  40)  =  lo^fo)  g(®),  .  . 

We  write  the  Fourier  expanston 


g(n)  ^  I  C<w(®)  +  u»(®)i  ^  i  T  I  Gsa^i  .  .(33) 


where 


Cak-x  -  C2k-l)ff  (at-l)ede,  k  =  1,2, 


^-ak-i'"  ^^ak+i*  1,2,*^% 


Inserting  the  appropriate 
erly  coeffieients  of 
finds 


series  expansions  into 
powers  of  a,  from  the 


and  eqaating  prop-^ 
powers  of  a  one 


(ai-l)[oi„  A„+p.i  +  ^  On-.p.l]  -  *31 


P  ■  1,  2, 


%  ~  (2n-l)An,  ®2(p+n)-3#  P  =  1^  2, 


•  •  • 


•  «  • 
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The  s©Mtici®  ®f  the  iMfihite  liheaP  system  (351  (ietelTnlttes  the 
eoe  f f  ie  ients  Qijai » 


VI*  MONsCittfOi  (jf  THI  SYSflM! 

The  initial  ntunerieai  fS*oeefere  Carriei  eat  the  Goavehtieial 

stm4y.0f  the  hihmeiFieal  GohVengenee  Sf  f  (i|'  f©ir  se'iiheaees  of  traheatiOhs 
Of  the  system  (3$|.  Itir  the  parameter  range,  large  yg/xQ,  la  §oaJu®Gttoa 
with  small  talaes  of  Ii/Xq^,  this  proGeiiire  provedi  fairly  effeGtlve  s  ieyoni 
this  range >  however,  the  rate  of  coavergeaee  preseated  serloms  praGtlGai 
iifflsWiitles  in  the  determination  of  aeGurate  valTies  of  f  A  plata- 

slhle  explasHatloa  of  the  diff  ictilty  eani  he  fonni!  hy  a  stiiiy  of  the  eonver* 
ge®Ge  of  the  series  form  of  the  mapping  fiiitGtion.  Examination  of  a^/fl) 
and  u)^  (l}>  where  o^(Cl-  denotes  the  trtanoated  mapping  series,  indlGates 
that  a  snhstantlal  error  in  these  quantities  can  oeotf  hy  indls criminate 
truncation,  te  the  other  hand,  from  physical  cons Iderat Ions,  the  solution 
should  he  somewhat  sensitive  to  the  representation  of  the  geometry  in  the 
vicinity  of  the  crach  root. 

An  effective  alternative  trimeation  plan  was  foimd  hy  eonsidering 
selected  truncations  of  tte  series  for  the  ■mapping  function.  In  partleular> 


=  -1 


M+2 
g,  c.C 
n=l  n 


2n-l 


where  n  =  1,2,  •••,  M;  -  -R;  Cjj+g  =  -S; 

2(2M+i)l  =  %  -2(M+1)%  -  i-l)\ 
2(a«+3)S  -  %  -  2M%  -  (-1)**Q, 


%  ^  (2n-l)Ajj(-l)®,  Sm  =  (2n-l)(2n^2)Aj,(-l)«, 


and 


Q  =  tt)^(l)  =  -^1/2  COB  oc  cos-  #. 


With  this  definition  of  aqiCC);  satisfaction  of  tt^'(l)  =  0  and(ttj)''(l)  =  Q 
Is  assured'  The  choice  of  M  Is  made  from  an  examination  of  the  partial 
sums  of  the  exact  mapping  function  emd  selecting  those  values  of  M  for 
which  U)^(i)  «  0  and  u)"(i)ft<Q,  simultaneously.  Thus,  corrections  of  the 


geometry  in  %fcie  vicinity  &f  fetje  eiSCfc  tips  can  toe  made  wi'tto  little  diis- 
tartoafice  of  ttoe  Over-all  eonfigarationi. 


Modificatios  of  ttoe  pfevi'Oaa  setap  1$  minor «  file  maior  ctoange  I®- 
volves  the  asshmei  form  @f  ip|CI“  In-  f  artic-alar^:  we  asatiune 


^  f 


lip'  ^  ^in-I 


I  f  £  #  i  f  S,  C 

B=1  ^n'-i  ,n=i  “ 


the  coefficients  are  calcmlattdi  from  with  xl'o^  aow  compalei  from 

i  =  u)fe|4|.  fhe  system  for  the  determiaation  of  the  #4'  ®aa  toe  written  as 


M+l-p 


i§n-i|  =1^^  «a%-i  ^  c^-1 


i  =  i>2, 


Caleulation  of  9  (i|  r'etnires  the  evaluation  of 


<p'(l)  =  {-if  (&-l)Gfx,.i  C^lf  (gn-l)p4j 


Evaluation  of  Ei  can  toe  made  directly  from  the  relation 

=- I  i(e)  48/0050.  .  .  ,(1.3> 

Evaluation  of  Zs  req^uires  the  solution  of  the  system  of  equations  (hi). 


VII.  NUMERIGAL  RESULTS 

The  analysis  was  carried  out  ninnerically  for  the  two  cases  yo/x©  ^ 
1.00  and  Yo/xq  ^  3*00*  The  truncation  plan  of  Section  Vi  proved  to  he 
very  effective  for  Yq/Xq  =  1.00.  Both  the  conventional  truncation  plan 
for  the  exact  solution  and  the  alternative  plan  of  Sect ion '6  were  used  in 
the  study  of  yo/xq  =  3.00. 

The  numerical  results  for  Yq/xq  =  3.00  are  contained  in  Table  I. 

The  values  of  ot  and  p  have  been  rounded  to  four  decimal  places  for  con¬ 
venience  of  presentation.  The  terra  Ej  ■which  is  the  dominant  contribution 
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fiBiiE:  I 

K  F0i  ^/Xq,  =  1^  06 


:  'Q:  ; 

p  i 

%  j 

■HM 

El 

EE 

%'(!) 

1  K  i 

mm 

1  1.3983 

1  #.^9%13  i 

1  ..132% 

1 .348 1 

i  ©'.401  ! 

0.356 

:  1.13 

.1519 1 

0.9598 1 

!.i9l5'^ 

.348! 

O'.  498  1 

'0.442'! 

1.13  ! 

'  .  J  MB 

‘  i.aai 

O'.  9865  1 

:  ..2812' ! 

«35'3 

!  .418  1 

1 0.595 

'O'. '522; 

1 1.14 

.695'6: 1 

:  i.1345  i 

1. 0229 1 

1 .3234; 

1  .J59 1 

I  .428  i 

0  .6  90  i 

t  O'.602 1 

1 1.15  1 

;  i.0'4fg'  I 

i  1.0705 

.372 

1  .446  ! 

0.793 : 

I  ©'.'685 

m 

i  .6i|i : 

:  0V9599  | 

i  1.1317^ 

.  4424  ' 

.387 

1  .463  ! 

1  '0.895'  1 

1 0.7751 

I  i,i6' 

!.5^3^’ 

■  0.7854  1 

1...  31101 

!  .59^! 

.434; 

:  .:070 

^ 1.120  1 

!  0.995 

!  1.13  I 

1.4718  ' 

0.6981 

'  1.4422! 

.4f0  : 

.083  1 

:  .533  ! 

1.25©' ; 

1.14© 

.3614 

0.5236 

i.8541 

.7111’: 

.  575  : 

^^9 

;  .625  ! 

1.560 

:  1.02 

1.3035  : 

^  0.4363 

!  2.1938  ! 

'  1.6691  : 

!  .7809  ^ 

.683  1 

.041  : 

;  .724 

mB 

1.01  ! 

to  =P*(i)  oan  fee  consiierei  as  accurately  computei  to  ife  .00|*  Evaluation 
of  Sj  dependied  on  the  solution  of  the  system  (41).  In  general^  three  val-^ 
Ues  of  H  were  selected  for  each  set  of  the  paranieters  to  study  the  eofi“ 
vergence.  For  the  most  part  it  was  possihle  to  select  0  <  Mi  <  ^0,  50  < 
Ma  <  100,  100  <  Ha  <  150.  A  study  of  the  convergence  of  with  respect 
to  M  leads  to  the  assertiQn  that  is  numerically  correct  to  within 

one  percent. 

The  numerical  results  for  yo/xo  =  3*00  are  contained  in  Tahle  tl» 


TABIi:  II 

EVALMTION  OF  K  FOR  yjxg  =  3.00 


IH 

^91 

BUI 

— 

icp/(i) 

K 

T^a': 

mk 

.035^^ 

1.3983 

0,7978 

0.0887 

,1112 

.283 

o.33'«! 

0.299 

1.12 ! 

:.0347 

^ 1.3090 

0.8134 

0.1356 

.1667 

.287 

0.373 

1.11 

.0337 

1.2217 ! 

0.8361 

0.1858 

.2222 

'  .... 

;  .293 

0.485 

0.440 

1.10 

.0311 

i  0,9072 

:  0.3024 

^  .3333 

. 

: 

:  .311 

0.622  : 

0.577 

.0294 ! 

0.9599 

i  0.9591 

:  0.3730 

.3889 

.297 

!  .  027 

;  .324 

0.694 

:  0.654 

1.06 

.0254 

;  1.1111 

0.5556 

.5001 

:  .  342 

;  .019 

.381 

!  0  .858 

:  0.841 

1.02* 

.0152: 

0.4363 

:  1.8590 

;  1,3441 

^  .7230 

;.575 

;  .015* 

.590 

.  1.590 

1 1.590 

*0btained  by  extrapolation. 


Pot  fe.he  first  fomr  sets  Of  parameters^  ttoe  exact  system  oatiiaei  ia  S@i- 
tiOa  V  was  coasid.€re(i.  Systematic  truacatiOiii  of  i35)  was  s-a'CCessf ally 
earriei  out  for  the  shorter  cracK  leagths  to  yiili  reliaMy  accurate 
values  ©i  Jp  '(iK  ks  tfe  :Gra.Gk  ieagtfe  iucreasei  this  flaa  ifeecarae  UffieoOnOm" 
ieal  aai  was  afeanUonei  i®  f  avor  Of  tM  alteraative  trunGatioa'  scheme  i  It 
was  ae'Cessary  t©  f iai  hy  extrapolatlO)®  for  the  iargest  crach  leagth 

show®'  ia  'Eahile  II  iue  t©'  the  iimltatioas  of  the  iigltal  computer  useh  ia 
solviag,  the  systems*  j!lgaia>  iu  i?a&le  11  caa  he  coasiierei  aceurate 

to;  oae  perGeat* 

fhe  author  is  iaiehtei  to  Mr  *  loaaM  Keal  of  the  ilrmy  Materials 
lesearch  ilgeaey  for  programmin'g  the  analysis  for  a  iigital  Gomputer  . 

1  matter  Of  coas Iderahle  iaterest  is  the  GOmparisOa  ©f  the  Galcuiatei 
results  with  the  approximate  stress  eoneeatratioa  faGtor  teriveh  from 
the  Westergaard  solutioa.  fhis  faetor,  e-g*,  Irwia>®  caa  he  writtea  as 


The  appropriate  Ka, 's  are  listed  in  Tables  I  and  II  along  with  the  ratios 
K/%* 

For  deep  Graeks  the  approxiination  is  clearly  very  good.  For  short 
cracks  Kp^  differs  from  the  exact  solution  by  approximately  I3  perceat. 

This  Tesult  is  cOasisteat  with  work  by  Bueckaer,®  who  showed  that  for  an 
eh®e  crack  ia  a®  elastic  half  plane  K-*1.13  /€•  As  L  0  in 
/IT.  For  small  crack  depths  therefore  the  I3  percent  error  in  is  con¬ 
sistent  to  both  analyses.  The  effect  of  length  of  the  strip  can  be  seen 
for  InteFinediate  crack  depths  by  comparing  Tables  I  and  il.  It  Is  evident 
from  this  comparison  that  the  ratio  yp/xp  “  3*00  is  effectively  infinite 
as  far  as  effects  on  K  are  concerned. 


VIII.  SUMMARY 

It  has  been  shown  that  the  complex  variable  approach  using  conformal 
mapping  provides  an  effective  numerical  procedure  for  determining  the 
stress  concentration  in  edge  cracks  in  rectangulGu:  sheet.  Convergence 
difficulties  encountered  with  increasing  crack  depth  can  be  minimized  by 
truncation  of  the  series  form  of  the  mapping  function  in  a  manner  preserving 
key  properties  of  the  geometry  local  to  the  crack  tip. 

For  edge  cracks  in  a  rectangular  tensile  sheet  the  numerical  results 
of  this  report  indicate  that  the  approximate  stress  concentration  factor 
derived  from  Westergaard 's  solution  is  in  error  by  I3  percent  for  short 
cracks  but  increases  fairly  rapidly  in  accuracy  with  increasing  crack  depth. 
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Pop  tfee  f  iota-ir  sets  dS  parameters,  tfe  exact  systemi  ©atlinei  Sa  Se-e- 
tis»  ¥  was  ed»sii'ere4i  i  Systemati'e  traacatlon  #1  'C35|  seccesslfaily 
earriei  ©ut  td#  the  shorter  Grach  iehgtfts  to  yieli  reii-aily  accarate 
v-aiaea  04  ^  |i|.  M  the  'craefe  Jteagth  ihcreasei  this  plan  feecame  anecohOin^ 
loai  ahi  was  afeaffl4one4  4®  if  aror  of  the  alteirhative  trahealiOh  sCheiae.*  It 
was  he’cessary  tO'  f  ini  ^  fey  extrapolati©®  for  the  iargest  eraek  lieagth 
show®  4®  fafele  11  '4he  to  the  limitatiOfts  of  the  iigital  COmfmter'  hsei-  iffl 
sO'lviiig,  the  systems'.  Jlgaih#  in  'fafele  11  eah  fee  fOhsiieredi  aeararate 

to, ©he  pereeht. 

fhe  author  is  inhefeted;  to  iMr  .  Ponaldi  Neal  ©f  the  JUrray  iMaterials 
lesearch  Agehey  for  programiKlng  the  ahaiysis  for  a  ilgltal  eomphter  . 

ft  matter  of  coasiterafele  interest  is  the  eomparls©®  of  the  talehiatei 
results  with  the  approximate  stress  ooncehtratio®  factor  4erl've€  from 
the  Westergaard  solmtion.  fhis  factor,  e.g.>  Irwih,®  Can  fee  •written  as 


The  appropriate  Ka's  are  listed  in  fables  1  emd  11  along  with  the  ratios 
K/K^. 


For  deep  cracks  the  approximation  is  clearly  -very  good.  For  short 
cracks  differs  from  the  exact  solution  by  approxiWtely  13  percent. 

This  result  is  consistent  with  work  fey  Bueckner,®  who  showed  that  for  an 
edge  crack  in  an  elastic  half  plane  K-»1.13  /E.  As  L  -•  0  in  (44),  Kj^ 

/L.  For  small  crack  depths  therefore  the  13  percent  error,  in  is  con»» 
sistent  to  both  analyses.  The  effect  of  length  of  the  strip  can  be  seen 
for  in-te  mediate  crack  depths  by  comparing  Tables  I  and  II.  It  is  evident 
from  this  comparison  that  the  ratio  Yq/kq  =  3-00  is  effecti-vely  infinite 
as  far  as  effects  on  K  are  concerned. 
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VIII.  SUMMARY 


It  has  been  shown  that  the  complex  vetriable  approach  using  conformal 
mapping  provides  an  effective  numerical  procedure  for  determining  the 
stress  concentration  in  edge  cracks  in  rectangular  sheet.  Convergence 
difficulties  encountered  with  increasing  crack  depth  can  be  minimized  by 
truncation  of  the  series  form  of  the  mapping  function  in  a  manner  preserving 
key  properties  of  the  geometry  local  to  the  crack  tip. 


For  edge  cracks  in  a  rectangular  tensile  sheet  the  numerical  results 
of  this  report  indicate  that  the  approximate  stress  concentration  factor 
derived  from  Westergaard 's  solution  is  in  error  by  13  percent  for  short 
cracks  but  increases  falr.ly  rapidly  in  accuracy  with  increasing  crack  depth. 
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Pietricfa  M.  lOTadizgjli 

StfaG'lares.  aadi  Mg-Gteanie  s  PafeGratgryj, 

PirgGt'O-r'at'g  of  He aear'cli  aWi'di  PevelSipEneititj, 

P.  -S.  Ar@y  Missile  '©O'pi^iaaHi'd 
Hedi  sitoae  Af  seiial 

I  v/Q,ial4  like  tO'  give  yoo  a  b'rief  survey  of  tfae  aaalyliGal  riietkods  a®<i 
problOJais  involved:  in  tke  stndy  O-f  tke  propagafioii  0:l  skoek  waves  indnGedl 
by  mdigrgronnd  explosions.  1  also  wonld  like  to  direet  yoar  attentio®!  to 
tke  piaGes  wkere  tke  question  roarks  are  and  wbere  future  researGk  is 
badly  needed  i 

Structures  and  Meckanics  laboratory,  Army  Missile  Command  came 
in  touck  witk  this  problem  because  we  kave  to  worry  about  the  safety  of 
missiles  housed  in  underground  silos,  especialiy  in  respect  to  sympatketic 
detonations . 

Let  us  assume  tkat  a  certain  number  Of  silos  are  clustered  to  a  nest, 
that  the  nests  are  a  certain  distance  from  each  other,  and  that  a  number 
of  nests  are  integrated  into  a  system  {Fig.  1).  It  is  possible  that  a  missile 
blowup  can  occur.  In  such  a  case  we  have  to  provide  means  that  only  one 
nest  may  be  destroyed  While  all  other  nests  remain  operational.  Or,  in 
other  words,  the  radius  of  destruction,  r^,  must  be  related  to  the  inter¬ 
nest  distance,  ,  by  the  inequality 


This  requirement  may  be  achieved  by 

1.  suitable  design  of  silos  and  nests 

2.  choosing  proper  distance  ”  ji  "  between  two  nests 

3.  using  means  to  attenuate  the  propagating  shock  wave  between 
adjacent  nests. 

We  can  try  to  achieve  a  solution  in  two  different  ways,  either  by  experi¬ 
mental  investigations  or  by  theoretical  considerations. 


3/(3:®'  Ateay  IsiatkematiGxaiis 

L'el  i®'e  first  :d:i®€iiss  exp’erimeiital  iii-V'esti;gatt©m;S’. 

iiiittl.®  i^as  b'g'e®  #0«:e  t@  dat'e  i®  fail^scai:©  'exp^eriWieirtS  list  ffimrsaer'^iais 
SGaledl  €'Xpe risra:.e®t'S''  teave-  bee-rt  p'©rf@'ri»S''ii. 

la  i9'‘4''6i  La-rapsaa  paiMisIreii  fiis  very  ©xt'easive  aft^  'e6''rSljf'ra'fc®'tts'iv'e 
rapart  relatiag  i®i?eas«r>e4  ipfeea&rti©aa  from  itadorg/roiaia®;  expfesioas  to 
damaigO'  om  aa4or|,f;Qa»d  striaGtiaxes .  LaMf  son  derive'^  a  ciirreatly 
well  fenowa  ffiodel  law  to  extemd  tbe  re  salts  Of  properly  designed  experi^ 
meats  over  a  range  ©f  scale  factors. 

AGGordiag  to  tbis,  if  Bj  is  the  distance  frora  aa  explosioa  of  a 
faiaterial  of  refereace  weigat,,  W^,  With  which  a  certaia  ©verpressare 
or  dyaatnic  pressare  is  attained,  then  for  any  weight  of  es^iosive,  W , 
this  same  pressare  Will  ©ccar  at  a  distaace,  B,  givea  hy- 


This  law  has  heSn  Widely  aSed  in  car  rent  literature  despite  the 
fact  that  many  authors  have  found  disGrepancies  between  it  and  actual 
rneasurements.  This  is  not  too  surprising  because  the  law  is  well 
established  only  fOr  a  gaseous  medium  which  follows  the  law  of  state 
of  aa  ideal  gas.  We  shall  not  expect  that  solid  material  behaves  like 
an  ideal  gas.  As  long  as  we  dp  not  have  a  law  of  state  for  soil,  we 
will  have  difficulties  in  establishing  scaling  procedures  for  investiga-^ 
tion  of  explosions. 

For  this  reason  many  scientists  have  developed  empirical  formxilae 
for  the  attenuation  of  a  shock  wave  versus  distance.  As  an  example, 
Townsend,  Langseth,  and  Perkins  published  the  formula 


r  o 


where  A  is  the  acceleration  at  the  distance  r,  and  A  is  the  aceelera^ 
tion  for  Sie  distance  zero.  The  value  of  n  has  been  fmind  to  be  4.  3  in 
sand  and  4.  2  in  clay,  varying  with  distance. 
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MoWj  I  w©«l4'  iitee  te  »eafi©a  some  tfegoretieal  coasidaralioa.  Tfeis 
part  ;0'f  tfoe  ^isGtai'sai©®  fi:@aiSist-&  &f  a  'desGripti#®  ©f  t&e  r'g-'q®ir'eaa©®t.a  ifo® 
tice  tirEig'^locat'io®  rglati®®s|i3p,  '&£  tlse  prspagatiiig  wave  after'  an  Titnder'- 
grennd  e'Xpi©:si©n  and!  its  action  upon  t&e  next  nest,,  G>0'n,si4erte;g, 

1.  type  of  wave,, 

2'i.  frequency  dist.rifention,, 

3'i  kind  of  soil, 

4  s  type  of  expio  Sion  of  def onation,  and 
i.  design  Criteria  of  silos  and  nests. 

At  ti.>e  present  time  no  general  equation  of  sucli  nature  exists  due  to  tfee 
Complexity  of  tke  profelem  and  the  contributing  unknovm  factors  and 
functions.  However,  treatments  are  availahle  for  certain  aspects  of 
the  problem^ 

in  order  to  treat  the  propagation  of  waves  through  soil  it  is  necessary 
to  assume  idealized  hehavior  of  the  soil  With  regard  to  deformation. 

The  most  common  idealizations  are  represented  by  the  model  of  the 
elastic  medium  and  the  locking  rnedium.  It  is  not  necessary  here  to 
discuss  the  behavior  Of  an  elastic  medium  except  to  note  that  in  some 
cases  rock  may  he  considered  as  ideally  elastic. 

The  locking  medium  is  characterized  by  a  certain  behavior  of  the 
stress* strain  relation  pf  granular  masses  which  may  be  described  as 
follows : 

First  Sta.ge;  On  initial  compression  a  slightly  non-linear  elastic 
behavior  exists* 

Second  Stage;  Further  cpnEipression  may  produce  a  plastic  flow  and 
some  gradual  breaking  of  grains  resulting  in  a  softening  or  plastic 
response. 

Third  Stage;  Additional  pressure  produces  a  rather  sudden  re¬ 
arrangement  of  granules  into  a  less  compressible  state  accompanied  by 
large  volumetric  changes  and  by  permanent  strains,  manifested  by  the 
upturning  of  the  stress -strain  curve* 

Because  of  the  complexity  of  the  mathematical  model  describing 
such  behavior,  the  stress-strain  relation  has  been  idealized  by  various 
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curves  as  shown  in  Fig.  Ea.^,  ib,„  c,  and.!  d.,  the  simplest  heing  that  of 
Fig.  2a.  This  sir es®"" strain  diagram  implies  that  tipon  initial  loading 
the  medinm  exerts  no  resistance  lantil  a  critical  valne  of  the  strain  (or 
densityl  is  reached.  Beyond  this  critical  strain  the  material  hecomes 
incompressihle.  Modificatio.ns  of  the  material  hehavior  affect  either 
the  initial  hehavio'r  of  the  material,-,  making  it  elastic  |Fi:g.  ib|  O'r  elaStO'^ 
plastic  fFignrei  e|,  or  they  infinence  the  behavior  after  the  critical 
strain  is  reached  by  permitting  a  certain  amonntt  of  residnal  elasticity, 
leading  to  the  bi^linear  model  of  Fig.  d^  At  lower  leveis  of  coimpression, 
where  the  governing  phenomenon  is  not  that  of  incompre  ssibility  bnt  f  ather 
that  of  a  gradiaal  but  irreversible  volume  change  *  the  behavior  of  the 
medium  may  be  characterised  by  the  stress-strain  curve  of  Fig.  e* 

As  an  example,  sand  may  be  con  side  red  as  an  idealized  Ip  eking 
medium.  Other  types  of  soil  such  as  day  are  located  between  the 
elastic  and  the  locking  mediinn. 


Time  limits  a  Gomprehensive  disGussion  of  famous  mathematical 
treatments  given  by  Mutton,  Skalak,  Salvadori,  Weidlinger,  and 
Wiedermann,  to  mention  a  few*  I  would  like  to  present  only  one  example: 
a  very  recently  published  paper  by  Jordan  in  England.  Me  gives  a 
thorpugh  mathematical  treatment  and  arrives  at  .solutions  which  can  be 
numerically  evaluated.  A  detailed  description  of  the  theory  is  beyond 
the  seppe  of  my  presentation  today,  but  to  give  an  idea  I  will  putline  here 
some  basic  steps  gf  his  approach,  Jordan  assumes  an  infinite,  cylindri¬ 
cal  hole  in  the  solid  body,  partially  filled  with  explosives.  The  explosive 
is  lighted  on  one  end;;  the  explosion  travels  through  the  material  in  the 
hole  and  a  shock  wave  is  created  showing  a  certain  time  delay. 


Cylindrical  coordinates,  (  r,  ®,  «),  are  used,  with  the  origin  at  the 
center  pf  the  source;  #  extends  along  the  axis  of  the  hole.  The  radius 
of  the  infinitely  long  cylindrical  hole  is  ^  ,  the  displacement  components 
in  the  r  and  *■  directions  are /^^and respectively,  and  component 


is  absent  for  reasons  of  symmetry.  After  introducing 
noh=-dimensipnal  coordinates,  the  equation  of 


convenient 
of  the  wave  is 


obtaine  d  a§ 


8  T‘ 


grad  div  U 


.  eurl  curl  M 
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f'O^  S©lve  itotis’-  'equaiti©'®,,  lifs-t  ©Brl  M.  ail'd!  lAeja  Sli)^  jjlJL  i'S-  e-'fmal  t@  z-aT'©:,, 
wfeiiel'  “'ti'iick'’'  yields  tw©  SSiveaM©  e-q;iiatio.iis 


curi  CiA^i  ll.  =  0 


soliitioiis  of  w'Mch  have  to  he  coinMn'ed  iiliearlyi  into  sealar 

esinpoaeftts  the  e^aatiotts  heGo^me  the  foil© wing : 


Tf^ 


3*Ue  ,  ■a'*-LU.  ... 

0 

mi 

Onri 

^-■Ufc  j _ 1_ 

^  ^ -  Q 

The  solutiQns  have  to  satisfy  the  following  boundary  conditions:  radial 
cornponents  of  stress  equals  the  negative  value  of  the  Ijanae  const ent 
times  H(T)  at  r  =  a  and  T>  0  lateral  components  along  the  cylindrical 
surface  equals  zero,  again  for  r  =  a,  T>0,  and  all  displacements  equal 
zero  for  T  <0. 

The  equations  and  boundary  conditions  can  be  satisfied  if  a  double 
Fourier  transform  is  used,  which  transforms  the  four  equations  into 


togetlafer  with  siaitahle  tramsformation  of  the  hotiiiiSary  coiiditieiis. 

By  apjjiying  the  thethodi  of  •'•steepest  desGent'*  frOrti  eaiculuS  Of 
■variation  it  is  seen  that  this  system  can  he  sol'Ved  by  tfankel'-FiaiictiOiias 
(Bessel  FuiiGtioas  Of  third  kind): 


where  the  following  abbreviations  are  nsed; 


and  1%  and  are  the  parameters  used  in  the  Fourier  transform.  The 
boundary  conditions  need  careful  consideration  to  determine  their  effects 
on  the  path  of  integration  in  order  to  aviod  certain  difficulties  arising 
from  branch  points  (poles)  occuring  in  the  functions. 
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Jordian'  s  paper  i-nvestigatea  i@  4etail  tfeese  sirtfia-ilaritiesi  and;  thie 
expendaMlity  in  'different  region#  snr  ronndiag  ti.e  eyliffider  separately  for 
dilation  wave  'stresses  and  for  sfeear  wave  stressesi  Fig.  I  may  fee 
given  as  an  exaMplei.  Tire  tleoreiieal  siointion  mnst  fee  feronglt  in  a 
snitafeie  form  for'  name rioal  evMaation,  TliS'.  can  fee  don©  fO'r  larg©' 
speed  'Ol  de'tonation,,,  wfeile  no  sad  evalaation  la,#  feeen  ofetained  for 
smaMer  speeds.  Jd-so  in  tie  case  wler©'  tie  co'mpatation  is  feasifele  it 
is  very  lengtly  and  to  a  ceriain  extent  inacearate  fee’caase  tie  maximam 
of  tie  waves  can  only  fee  foand:  fey  interpolating  feetween  eqaally  spaced 
points  for  wliefe  tie  compatations  were  made,  ilnotler  soarce  of  ia*^ 
accaracy  is  tlat  damping  and  dispersion  of  tie  waves  lave  not  been  con- 
sideredi  From  tie  complexity  of  tie  matlematical  tleory  ©I  even  tils 
very  macl  simplified  pr©felem,j  Jordan  eonclade#  tlat  experimentai 
stadies  are  necessary  and  tlat  it  mast  fee  expected  tlat  tie  interpreta- 
tion  of  experimental  resalts  will  fe©  fey  no  means  straigltforwardi  Tl© 
experimental  work  done  ap  to  date  does  not  give  an  ade%a'ate  description 
of  tie  propagation  of  tie  wave; 

Based  primarily  on  tie  material  wlicl  1  lave  presented  ler©  and 
on  additional  investigations  not  discassed  today  We  eonclade  tlat: 

(1)  Publications  on  experiments  to  date  do  not  give  tie  desired 
answer  to  oar  specific  problem!,  principally  da©  to  tie  following  reasons: 

a.  Most  of  tie  experimental  works  were  not  intended  to  solve 
exactly  the  same  problem  with  v/liel  we  are  eoneerned.  Many  neglect 
phenomena  Or  eireumstanees  wlicl  are  vital  to  oar  task,  i.  e.  (a)  using 
spherically  shaped  instead  of  cylindrically  shaped  charges,  or  (b) 
directly  burying  tie  charges  into  tie  soil  neglecting  an  air  gap,  or  (c) 
using  different  type  of  explb ^i'V'e s , 

b.  Most  of  tie  experimental  works  give  too  little  consideration 
to  the  theory  of  similitade  and  so  prevent  satisfactory  extrapolation  to 
larger  or  smaller  dimensions,  i,  e.  application  of  a  scaling  law  to 
underground  explosions  which  is  well  established  ©nly  for  air  blasts. 

For  that  reason  we  are  initiating  at  Army  Missile  (Sommand  a 
critical  comparison  of  all  important  information  dealing  with  experi® 
mental  data  in  an  effort  to  establisl  an  integrated  picture  by  inter® 
linking  tl©  more  or  less  isolated  data  of  independent  reports.  Farther® 


Ml 
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litQf  e.,,  vve  wiil  eandmclt  oar  o^wn  exjS!eriiaori>t  s  to  fill  exisliag  gaps  ol  inlo'rsoa* 
tio-m:.  or  lO'  galri!  Specifi€  4>ata  foir  tlte'O'ratloal  iavO:'s,tiigat-l:0.n'S’, 

'|2|!  Tfee'  lih..'eo'-retical  worrits  4o-  mot  prosient  ta©  'diS'Saro^  amswer'  10;  oar 
SipooiiiO  proteiema:  'di«e  prittcipaHy  to  tfeo'  faot  tliat  o'fflo  or'  maoro'  'asSatnpliOiiS 
aadi/or  sioaplifioatioms  m-ieo'essary  for  matihOEaatiO'al  troat-fii'emt  40'  aot 
agreO'  Witte  ttee  eo-nditi»Ons  of  oMr  proMOKi'Si  For  tteat  reaSOffi  wO  will  oom- 
diact  a  Oritieal  im vO stigatioaa  of  tteo  most  important  tteieOretiiGal  approaetees 
t©!  determime  to^  wteat  Oxtemt  tte'ey  are  appliGatele'  tO)  ©ar  proteiem,  and  We 
plan  to  apply  ttee  most  promising  approaetees  tO'  oar  speoial  re'^alrements. 

(3:)'  We  will  Gompare  tteeor'etical  resalts  Witte'  ttee  experimental  datai 
We  want  to  give  attention  tO'  ttee  'development  of  eqaations  of  state  for 
solids  Witte  ttee  otejeGtive  of  estatelistelng  a  tteeoretiGally  well-fO'anded 
SGaling  prOGedare  for  experirnents  in  soils. 

Finally,  we  are  going  to  inGlade  stadies  of  ttee  interaetion  of  a 
steoGk  wave  Witte  baried  straGtares  in  the  ateove-mentione'd  investigations 
with  ttee  altimate  goal  of  estateilisteing  ttee  design  Griteria  for  silos  Sate- 
jeGted  to  teeavy  dynamic  loads  from  undergroand  explosions. 
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'fjaien‘t.Sj,  Fart  ill.,  pp.  1#®,  '©i-lB  M®.,  ,.29' • 
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rlOM  MY^a&OiLlc: 

■G©©SMIM‘Ei  TO  ME€;f  jySfOttLAE.IlTM 

Btiiieaa  Marke® 

iJi  Si  Ar'Miy  ,E'®;g|-ae!>er  ■OeO'd'esy,. 
l®fMli;ge®ce  a®d!i  Map-pdxlifg  Ees'eaf^k  a®'di  O'eveiopia'eat  Ag;e»Gy^'* 

'Tfese  tra®.sf’0'.ifmL>atid®  -'M  liypierfe^jliic  .e'©'<3#'i!i®‘at!e'S,.  give®  4ii';e‘-Gt3!y  by 
eleettomagaefic  wave  ^biaee  cSEESpariseft  teeiimiqrmeSj  to  WTM  '(©aiveraal 
f  faffls verse  Mereator|  reetaagMar  Goorifeatesv  for  tbe  aormal  laapping 
proGeiures  aadi  appiliGatioas,  iavOives  straigbtforward  geoaietrioal 
reiatioas  v^ici:  oa®  be  resolved  analytiGaliy  by  strai^itforwardi  algeter'aie 
te  Gbffiiqtie  s. 

Dae  e® treat  application  to  .SiHflEP’E  |Sbott  Range  EleetroniG  Fosition 
Equipmentl  involves  tbe  nse  of  tbree  sending  stations  -=  a  Master 
Station  and  two  Slave  Stations,  tbe  latter  under  tke  Gontrol  of  tbe 
Master  Station  for  sitnnltaneity  of  signal  emission.  A  reGeiver  loeated 
in  the  vicinity  of  these  three  stations  is  equipped  to  measure  the  differ¬ 
ences  in  tinies  of  arrivai  of  signals  from  the  Master  Station  and  each  of 
the  two  Slaves,  Considering  that  all  electro  •‘magnetic  waves  are  prO‘‘ 
pagated  with  the  same  velocity,  these  differences  in  time  are  pro¬ 
portional  to  differences  in  distance  (since  s  ^  vt). 

Referred  to  rectangular  coordinates  X>  Y,  let  the  master  station  be 
located  at  the  point  M(a,  b)  and  the  two  slave  stations  (with  simultaneous 
signals  syncronined  by  tmd  frOna  the  master  station)  be  at  the  points 
S(c,  h)  and  T(f,  g).  Petermination  of  the  location  of  any  wandering  point 
P(x,  y)  receiving  signals  from  the  sending  stations  is  based  on  the  dif^ 
ferences  of  the  times  of  arrival  of  the  signals  from  these  stations,  hi- 
asmuch  as  the  velocity  of  signal  propagation  is  constant,  the  time  of 
arrival  of  any  Signal  is  proportional  to  the  distance 

s  =  vt  or  t  =  s/v 


*  The  author  is  no  longer  with  this  agency, 
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wiaiere 

s  =  diatctti-Ge  betweeinL  S(en4iikg  a»i  areeeiviffig  is>tati6)i5i®  ffti  I 
t  =  p'S"@p>ag;ali'©®  tijneie  l  aec'-i  | 

V  -  veioeily  @f  sigHaili  p'r©piaf;ati©.ni  fit. /see »  ) 


f i|eti4a3!ly,  V  -  c  =  velecity  ©f  iigM  -  f©f  eieetifowaigiietie  waves| 
Tkis  situation  is  deterimEted  entirely  ky  the  geemetry 


dj  -  V(x-a)^  +  (y-b)^  -=  V(x-c)^  +  (y-h)^ 

-  ^x-.a)'  +  (y-b)^  *  V(x-f)^  +  (y-fP 


These  conditions  ©a®  better  be  fiat  in  the  form 
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t  (y-b)2 


V(x-c)^  + (y-h)2 
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;s#  Haiat  raiiiGalsi  c-ari  tea  eliiaiaatia^  te'y  sae'cesisivt  .&^ti>a'tlnig,j,  always  wilfe 
■Q®e  raii'cal  is>©iata-ii  ©li  ©ae  sMe  ©f  titee  aqpaliea.  Ttea'  res-iaitiag. 
tteas  ©.a®  te©'  jrap'jfasaated!  as  a  pair  ©i  'qaairati©  I®  x  a®d  yi 

A.x^  #  2B.xy  +  Ciy^  I).x  4-  iE,y  F  .  =  ©  |i  =  I,  2|i 

1  I  i  1  k  .ai 


where 

II: 

t  v2  J 

(c^a)  ^  dj 

1 

f 

(e-a)  fh-b 

*1  • 

a 

It 

•a 

(h-te)^  .  d‘ 

1 

II: 

(©*a)(a^+b‘ 

1  2  2  2 
-c  *h  -dj 

)+2cd^] 

Bj  *4 

l^(h-te){a^+b 

2  2  ^2  J. 

-C  ■i.h  -dj. 

)^^2hdJ  ] 

*  4dj(cW) 


=  4  f  (£-4*  .  d| 

4{f^a|  |g-b) 

-  4f(g.te)?  -  ^ 

^  4  |(f‘.aHa^+te^.|^,g^,d|)+2M^| 

,  2  2  2  2  2.2  2,  2  2. 
^2  ”1  '^2^  *•  ^2^^  ^ 


The  two  quadratiefin  x  and  y  ©an  be  thought  of  as  representing  tw© 
©pnics.  Their  eominon  soilution,  resulting  from  their  conditions  teeing 
simultaneous,  is  then  represented  tey  the  points  of  interseetion  of  the 
two  eonies.  The  coordinates  of  these  common  solutions  (or  inter* 
sections)  are  given  tey  the  elinainants,  hereinafter  developed, 

Tbia  above  pair  of  quadratics  in  both  x  and  y  can  be  expressed 
with  special  emphasis  as  quadratic  in  x 
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an#  as-  '(|inad:.p-ati-GS  i-n  y 

€;.y^'  t  tiB.x  t  m.'l-  y  f  I f  P.x 't  r.|  =  S  |i  =  1,  I| 

ils-  a  p#s-s4&|a'  siin|ii4ilieati^n  for  '©>bs!eP'Ving,  #i4aiily  psIatfensliip'Si,,  ttoe 
qinaditaties  in  x  npay  fee  written 

2 

ax  f  fex  f  G  ^  0’ 

2 

Jkx  •#■  S'X  #  C  =  0' 

wfeere 

a  =  fe  =  +  Dj 

A  .  B  ^  2S^y  #  P^ 

Elintination  ©f  X  can  now  fee  aGG©iSij>|iSfee#  fey  SYiLVE$TEB.'$  PialytiG 
metfe©#: 

ii  a  b  G  o  , 

'.:<?■  a  fe  G 

ii  A  B-  Q  @  ■ 

9  A  B  C' 


G  =C|y^  #  E|y  Fj, 

2  - 

C  =  C^y  +  E^y  1^2 


TMs  resnltant  eliininant  eani  fee  expanded  by  minors  |or  fey  EAPIjACIE's 
easeade  method)  ; 


a  fe  e : 

fe  G 

0 

a 

B  C  © 

+  A 

a  h 

1  G 

A  B  C 

A  1 

i  € 

resulting  in 


ArSiy  MatfeerSiali'ciaas 


Thesg  qyartics  in  x  and  y  can  be  solved  by  HOJLNER's  metbod  for 
the  nujnerieal  solution  ©f  algebraic  equations  of  higher  degree  with 
numerical  coefficients.  The  rescdting  values  of  x  and  y  are  the  reet  - 
angular  coordinates  of  the  point  W  |x,  y|,  .^y  ambiguity  resulting  from 
niultiple  real  values  of  x  and  y  will  have  to  be  resolved  by  mesUiS  of 
the  known  practical  situation  at  hand  =•»  which  will  permit  ©nly  values 
within  certain  ranges. 


MiMMIlE,  FlgQlriPGlig  FOR 


¥i»^iOi«  Of’  sEif  ■if  niii'Om  oi^s 


Edwaf4  W  4.  R©ts;s  ,  |r  * 

Matefials  lisgiilrieefiftf  EateipFaifeoiy^  tl*  iU  /Pt^mw  IMaiettels 
les’daireft  ,  Watert-dwrii*  Massaefeutaetts  @21  ft 


ABSTRACT .  Tfeis  ipapl-r  ©©fFtaiBS  tfte  fesyitts  M  ara  aiialysls  C)f  Ife©  fiaittral 
fregeeweieS  f©r  t&©  axially  syffifinetrlG  vibratloii  ©f  a  Itetla  'sbeil  la  liie  fofffl 
©f  a  a©gi0ieai  ©f  a  spbaFe  witb  a  fre©  ©i#©*  la  tli!©  pr&seiffil  analysis  ©aly 
tti©  ®©*bfaa©  tb;©©fy  is  ased*  i.e.  #  beadiag  ©ffeGls  ai©  a©ile©E©:i,  Tfe® 
elfeoCs  of  boA  tfe©  loagitadinal  Cl.©.  ^  ia’^sarfa©©J’  aad  tiaas'vers© 
'(p©FP©adi©ttIar-^t©“tli©-sarfac©§'  ia©ftias  ar©  f©tate©d,  aad  tb©  ©litire  Kaag© 
©f  ©p©niag  anglas  is  ©©asidi©r©4.  fb©  ®ain  body  ©f  tb©  f©s€its  is  ©Main©d 
by  aam©Fieai  s©lati©a  ©f  tb©  fF©ga©n!Gy  ©gaatl©a  altboagb  a  aurnbar  ©f 
lirfiittag  ©as©s  (blgb  fr©ga©aGie©i  sfeallow  sbells ,  aad  sfceMs  vidtb  ©fnall 
li©l©s)  ar  ©  tr©at©d  anatytiGally. 
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iii  GCiinparisdn  wilh'  %'h’G  'ewd>Fiii6usi  voi-ume  &$'  woFlc  t%'a4.  h#s  #p'peare4i  in' 

'tiha  'ii'4'e'T«tw:r’e  'G'O'nC'ernin'g;'  statiGa  -o-i'  tfti'n  4<h>'G  woF'k  'on  ahG'li 

'dlynamlG.#  ia  wiiGk  i'eaG-  e'Xlen«iv’G',,  aiid  iarfgGiy  li#i't'G;d  40  G«'r4ai4  iipGci'a'i 
GasG#'  .au'G'’h'.  «&  GiF'Csui-ar  eySi'a'dFiG-ai'  akoila'  a>n'dl  dbalio'W'  sihG'l’l'at  iNl#Hdii  wnd 
K-ai'niAa^  igiv'S  a  ailrO'F’t  fei'a:t'oF'iG/ali  a'Ujhm'afy'  ■€>■£  -wo-r'k  -o'*.  vi'fcr«i.i8TOa  O'f  ddop 
aihO'lia  aod  kavG  t<hOih#elv-e.a  lo-undi  'tko'  S'dw'Gat^  'liiaife'Ural  |'Fe:q'UGwGy  'of  vibfa'tion 
foF'  a  {F'Oe -'edged  :hem''ia'p'he're  b'y  tb<e  bending.  tiheoF'y;,,  a#  wel'l  a»  Gbe  nat-nr'ai 
I'reqfue'n'Giea  £6>t  n;on-'axiai'$y  eymmetFi'G  viibfa’ei'ans'  of  a  bemii'pbefe'  by  l.h<e 
meinbrane  theory.  Much  earl'ier,.  of  course ^  iLove^  and  Lamb^  had  given  the 
natufai  freqiuenGieS  ior  axiaitiy  Symmetric  vibrations  of  hewiSphereS  and 
GOmiplete  spherieal  aheils,.  resipeGtiveiy ,,  by  the  membrane  theory.  $hallow- 
shell  vibratidne  have  been  discue-sed  in  a  niumber  of  papers  by  'Reissner  and 
GO'-wo'rk.er'S.,.  .se'e  Refere<nG.e  4  and  the  referenGea  igive.n  therC'i.  and'a  pape'r'  by 
Naghdi  and  Kalnins. ^ 

The  present  report  presents  the  Galcuiation  by  the  membrane  theory  of 
the, natural  frequenGies  for  a  thin  shell  in  the  form'  of  S  spheriGSl  segment 
The  vibration  is  assumed  to  be  axially  symmetriG  and  torsion-freeii  The 
membrane  equations  adopted  are  those  for  small  delleGtiona  of  a  claatieslly 
eiastic  shell,,  with  bo-th  iongitudinal  and  transv.erse  i.nertia  terms  retained' 
The  edge  is  assumed  to  be  free. 

Sect ion  II  Gontaina  the  basic  equations  of  the  dynamic  membrane  theory 
whiGh  are  then  specialized  for  the  particular  probiein  considered  hera. 

These  are  finally  reduGed  to  Legendre'S  equation,  ahoae  soiutiona,  when 
inserted  in  the  homogeneoua  boundary  uonditions>  give  a  transcendental 
equation  that  must  be  solved  for  the  frequeney*  In  Section  tXI  there  is, 
first,'  a  short  summary  of  formulas  relating  to  Legendre  functions  that  are 
useful  in  treating  this  frequenGy  equation;  then  several  speGial  casea  are 
discussed  for  which  the  frequency,  equation  may  be  simplified;  and  finally 
the  numerical  calGulation  of  the  frequencies  is  carried  Out,  Section  ly 
contains  a  brief  discussion  of  the  resuita. 

II,  saiuf ION  OF  TKg  0¥N«MIO  MIMBRANE  lOUAf IONS  FOR  THE  SPHERE 

The  basic  geometry  of  the  spherical  shell  segmenti  or  deep  spherical 
cap,  is  shown  in  Figure  1, 

We  adopt  spherical  surface  coordinates  as  shown  in  Figure  1 
and  express  the  differential  equations  in  terms  of  the  usual  physical 
stress  9^  resultant  components,  and  >■  dispiacemont 

Gomiponents,  U;^,  and  W*  The  definttiona  and  sign  GonventiOnS  for  these 
quantitiea  are  shown  in  Figures  1  and  2,  The  equations  of  motion  in  the 
absence  of  applied  forces  are 

9:^  (Ni  sin  &)>  +  cos  &  ■  phR  sin  @  (1) 

d0  ®  dt^ 


Fifluf«  I,  ONE  QtlAORANf  OF  A  OlEP  SPHEftlOAL 
OAP  ilTH  $FH1-ANGEE  SHOHINO  tHE  SION 
CONVENTIONS  FOR  U^«  11^. 


i9^666-107'«/*HG-6| 

F  i  gii  rtt  2.  OEF  I  N  I  T  IONS  ANO  S  I  ON  CONVENT  I  ONS 
FOR  FHVSICAL  STRESS^^RESUEIANTS 

N^*  V 


^  sip  0  )  *  ♦  csoi  0  li  ^hR  sin  0 


^  IP 


and  tha  s|^re88«<di8piaGement  relations  are 


(1  -  vV)R 


*  "  (1  ^  v2)R 


^W(l  *  V}  *  ♦  vUjj  eot  0  *  V  cm^ 

|^W(1  *  V)  *  eot  0  *  CSG  0  ♦  V  J 


-  -  u  1  opt  0  ♦  CSC  0  1  . 

*  V  )B  i  W  ^  ^  J 


In  these  equations  p  is  the  nasa-density  of  the  shell  material ■  h  is  the 
sheii  thickness,  R  is  the  radiws  of  middle^surface  of  the  shell,  E  is 
Young's  modulus  and  v  is  Poisson's  ratio. 
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Fo#  torsi  on  i^siB  axisymmetTio  deformations  we  have 
and  this  'eqwat  inns  t-hat  are  nO't  £dettti>ea|ily  a/atisfied  heenine 


3 

M 


nan 


*'  N^.  -'G®*  ^ 


piiW  s  i  n  & 


i {  we  set 


N:. 


***^  "  a  “  v2  )i 


I; 

t 


3yu. 

♦  VjW  ♦  *  r'EJla  cot  & 


(1  ♦  viw  ♦  %  cot  B 


■1 

BUgl' 

•  ”1#] 


li)w  ■  ae 


#  -  we*"*,  M 


Cii 


we  obtain  apon  snbatituting 


u  3u 

♦  GOt  u  *  \i 

^B 


,  (10)  into 
-  V*)M  •  V  -  CO 


^  3w 

.n-j-o 


^  ♦  u  cot  #  ♦  w  [2  -  (1  *•  V)  Ml  m  0  . 


To  obtain  a  single  equation  in  a  single  unknown,  we  may  eliminate  either  tl 
or  W  between  these  equations.  It  see'na  to  lead  to  a  slightly  easier  final 
equation  if  we  retain  W  an4  eliminate  U  although  at  first  sight  this  appears 
more  Foundabont.  When  we  do  it,  the  results  are 


..f  »:*-1 

Li*  (I  ♦  v)mJ 


3w 

W 


where 


If  we  set 


B^w  Bw 

♦  cot  B  ^  ♦  cw  ■  0 


[1  ♦  (1  ♦  v)m3  [(1  -  *^)M  -  2j 
M  ■-  1 


c  •  h.  (\  ♦  1)  , 


''{IS')'  Isifi'  -6;h-e  f'ot'm:  '#£'  L'eg.'e-n>di.re'’'S,  'e'q^'dt'ti'O'n.'  ''S'i.n'C'e'  t'he  sfce'll  is.  'at 

§  B  ;§  tfce  s'sluti&h  {g#s  mwst  be  disGards^ed’  and  so  w  is  given  by 


»  Fxvteos 


ap'iar't  f'rem  'a®  immate'ri'ai  •a'.rb'it'fary  ■e''0!ni's4:an't ..  'Me't’e'  ip)^{G'''oe'  ®')  i-'S'  tbe  46^6'®##®' 
fuh'Gtion  ef  tihe  first  Icindi  of  degree 

The  boundary  condiitioh  at  the  free  edge  i  »  a  is 


d  *  a 


aad  with  the  aid  of  {9):,  fll)r  {13'),  and  {14)  this  gives  the  coindition 


[eat  d  Bwl I 

W  1r  —  . -  '-  -r-T..—  ~  ;  i  ,  'it' 

1  ♦  {1  ♦  t'lM 

Jl0  - 


Thus  suhstitutingflb)  into  (<19')),  we  may  express  the  boundary  condition  as 
either 


![l  ♦  (1  ♦  vlM'  ♦  h  cot^  ai;P!t  (C0iS  a)  *  X  cot  a  esc  a 


(cOs  a)  ■  0 


or,  setting  y  *  OOS  a  and  multipiying  through  by  siti^  a,. 

%Px  .  i(y>  ^  U  ♦  (1  ♦  +  y^^*  -  1  *  (I  +  *')M3}P>^(y)  a  0  .  (21) 

where  we  have  tised  the  familiar  formula  for  expressing  the  derivative  of  a 
Legendre  funetion  as  a  linear  combination  of  two  Legendre  functions  of 
different  degrees,  Equations  16,  17,  and  20  or  21  forin  the  basis  for  the 
calculations  of  the  natural  frequencies  that  are  described  in  the  next 
Siection, 


111,  OAimAfiON  ap  THf  NATURAL  PRiQUiNeiES 

it  is  convenient  first  to  record  some  formulas  for  the  behavior  of  the 
Legendre  functions  (cos  d)  in  various  cases*  These  may  all  be  found  in 
Erdelyi.i^ 

There  are  two  series  representations  for  the  Legendre  functions,  eaGh 
appropriate  to  a  partiGular  part  of  the  range  Q<§<Tt.  Near  #  >  0  a  very 
convenient  reipresentation  is  the  hypergeometriG  series 


cos  @)  »  S  C„(z)  , 


where 


z  p  sin< 
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a-  -  SST  -  ... 

this  eXp&ti'sioii  Goftyetfes  if  w/#  ^  '&  ^  •  If  (7  is  small  the  asym’ptotie 

f  «pt'6'S»aAt«t  ittn 


C'ds 


iJ^ta)  «  ®ii 


w<h®F-e'  ® 


*  “1*2:  sifi'  0/21, 


a)i  »  * 


^  0  (33) 


IS  va 


liJ. 


^ha  natural  ff eiq:U'en'Gies  of  the  system  under  disGuSsidn  are  foiU-nd  for 
any  value  of  y  ■  cos  a.  by  solving  (It)  ahdl  (21)  for  D  ■  M^.  In  general 

this  mnst  be  done  numerically  and  the  'proGediureS  for  carrying  it  Out  will 
be  deseribed  later.  However^  a  good  deal  of  information  Gan  be  gained  iby 
Gonsidering  Various  limiting  Cases  of  these  equations  analytically. 

In  the  first  place  (16)  and  (It)  together  specify  a  qaadratic  relation 
between  I)  ■  £1^  and  X  which  may  he  written  either 


X2  V  X  - 


or 


El  ♦  (1  »  v)M3  fl  »  vm  “  2] 
M  -  1 

♦  1)^ 


Sinee  only  real  frequencies  are  of  interest,  we  are  GonGerned  only  with  the 
ease  M  >0.  Also  X  enteFs(34)t  (35),  and  (2I)  only  in  the  combination^ 

A  ■  X  (X  ♦  1),  hence  among  the  real  values  of  X,  only  the  range  X  >  •  *|^ 
need  be  considered.  However,  there  are  sometimes  real,  positive  solutioni 
for  M  when  X(X  t  1)  <  <*  J,  in  which  ease  X  is  complex  but  of  the  special 
form 


X  ■  »  ♦  ib  or  X(X  ♦  1)  ■ 

2 


A  qualitative  graph  of  M  versus 


*  1)  is  shown  in 


(36) 

re  3*  It  is  evident 


Figure  3.  SKETCH  OF  THE  RELATiOHS  BETWEEN  M  -  0^  AND  X(X  f|). 
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t;h»t  i'ci'v  'h  l.j,  't'h'er'^  aipe  two-  #>*-v.aiSiu’a»,,,  tvQ  natjUi#*!  fre'qiuaafei'e*.,. 

a>'8'Sf6;ci'a't;e''d'  W'i't'hi  'eaeih'.  'i4-valiiu«..4  #e  'gr-iv-a  ■3‘e>pa'r#te'  narn'ea  %■&  tb'fe'afe*'  d'esiigftatiin'g 
■tA'e  ]i'Ow-'|f-e.q;ua«'3y  fc'rah’cfc  fiiritfe  IM'  <  S)'  by  **4  tte  bigiK^i.ffequain'S'y  b^ramcth' 
twilb  IM'  ^  t)'  by  'fte  avs'y.m:p-ito4i'C  beihavlof#  f-oir  1*1?®*’  at  'tbea'-e 

b''ran<e'baa  af'ei 


^  H  ~  Ji  * 


*1 


Ob 


»...v  ♦  I)!  *  V}'  % 

•  M-«  . .  r  A.  '  am  *  '®' 


‘H  "H  I  .  I  ^ 

♦  vHi  * 


♦  i) 


aa  ^ 


Gna  special'  value  of  q  is  easily  dealt  with.  Whea  q  ■  it/i  the 
frequenGy  equation  21  reduces  to 

%(«>  -  0  , 

of  which  the  only  feal  solutiona  afe 

X  -  2K  ♦  i  . 

From  Figure  3  we  see  that  in  (40) 

K  *  0. 1 f  2 . 3 1 .  • . 

for  M  >  li  but 

■K  *'  1.2»3»  ••• 


for  M  <  1. 

It  is  convenient  also  to  introduce  the  following  no^e^ipn*  The  ynlue 
of  X  obtained  from  ainultaneously  solving  (21  and  (3S)i  taking  M  ■  M||j  will  bo 
designated  as  X||;  similarly,  if  M  ^  Mj^  is  taken,  the  reaulting  X  will  be 
designated  X^^,  Then  (40)  can  be  written 

X^(w/2)  ^  (2K  ♦  1)  K  •  0,1. 2, 3,  ... 

\(w/2)  •  (2K  ♦  1)  K  -  1,2,3,  ... 

a 

We  now  consider  varioos  special  cases. 


(40a) 
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|w)!  ilktPg®  vtluss  #f  |x| 


!®f  tfc;e  V'ar4du?&  'c:a»«»r  ©'Owai^die#  .attd  it  nat  toear 

#  '6#  'TOi,  In  tM»  naae  we  may  rep'l-aee-  :P)^  fe.b;S'  a,)'  and  fcb®  'a'l  iBi  f2'l); 

&y'  biha  Ixifst.  %W6'  terin'S'  in  tibaiv  asyffiptbtx'e  e"Xip'a>n'S'i'dn:s-  :i’3#)lr  and  tihia  leada^i. 
finer  some  redu>Gtlen,|.  te 


sin 

0 

ii . 

',h  cos 

2  a  4 

G  sin%| 

Ji 

i  1 

1  1 

:8(X 

*1 

tain  a  \ 

;  L 

* 

sinij$' 

<1^  a 

i 

1 

t 

sin  a 

2 


«Bim0 


where 


0  -  *  “)a  ♦  ^  ,  (42  ) 

2  4 

G  -  1  ♦  (1  ♦  vm  *  (43) 


After  farther  reduction  we  can  write  the  limiting  form  of  the  frequency 
equation «  (21 )i  ea 


\  cos  a  sin  <t  cos 


o(X*l)]  +■  sin  /8(G  sin^tt 


cOs^a)  ■  o(X'^)  (44) 


whence 


or 


tan  0  Wi 


G  tan  a  JL  cot  a 
8 


X<«  -i  .  ^  a 


2  40 


♦  i  t., 


G  tan  a  ^  JL  cot  a 
8 


(45) 


(46) 


Fairly  necurnte  reaults  are  obtainable  for  surprisingly  smell  values  of  A 
by  the  following  process.  Obtain  G  as  a  function  of  A  from  (37))  (38)i  or 
(39)i  insert  this  in  (46) >  solve  iteratively  for  A  and  then  find  the  final 
value  of  n  (or  M)  from  (35)>  M  and  fl  can  of  eourae  also  be  found  from  the 
approximate  formulas  (37)  to  (39)t  but  for  moderate  values  of  X,  and 
a  0,  n,  (46)  is  somewhat  more  accurate  than  (37)  to  (39) i  and  this 
accuracy  would  be  wasted  if  (35)  were  not  used  in  the  final  calculation  of 
M>  The  accuracy  of  (46)  ia  aided  by  the  fact  that  it  happens  to  give 
exactly  the  correct  set  of  values  for  X  •  n/2. 


Ihe  fiipf p&xiirtltte  aiialysi#  above  is  Giarried  out  in  tibe 

ensuing  paragFapbs  for  tihe  thFee  eases  gene  Fated'  by  tbe  th#ee  approximate 
representations  (SfJ  to^  (#9#.  We  must  aiways  keep  in  mind  ttot  tbe 
asymptet ie  approx I'metione  that  iead'  tS’  t'4b)'  are  not  (gene'rail'y  yabid  near 
•a  ■  'O'  andi  a  «  n  a-nd  may  ■ai'se  lea'di  tO'  appr'eeiabl'e  error  if  A  «  #  ''('I'b-,-, 

In  tbO'  first  ■'GSise  we'  set  '»  •  ib  and  O:  ^  2  *  ^  and!  ebtain  from' 
'fib'))  after  s-orn'e  'maniipubatio'n  tb.at.,.  as  b‘^„ 


f2  *  ten'^  a  b  tan  a  <•  ® 


A  Gurve  of  versus  a  is  generated  by  solving  this  for  a  as  a  funGtioB  Of 
b  and  Gombining  the  result  with  the  aolvutiOn  of  (35)  for  (1  as  a  funGtiOn 
of  bi  provided  the  proper  aolutien  braneb  is  Ghosen  for  eaGb  equation^ 

The  results  of  this  are  sbown  in  Figure  4  and  Tabies  t  snd  |ii  (wbere  this 
branGh  is  designated  as  and  The  two  solutions  of  {417)  are 

given  approximately  by 

b 

tan  a  ■ 

2*u 

b 

tan  a  • 

8  b 


Fifluro  4.  DEPENPENCE  OF  NATUPftL  FPEOUENCT.  Q  «  vR/VfJp,  ON  SEMI -ANGIE,  cl,  FOR  THE 
FIVE  L0ME8T  BRANCHES  OF  THE  UPPER  FAHI LY,  fl^.  O  AND  *  DENOTE  POINTS  aiVEN  BY  THE 
APPROXIMATION  (ftO)  FOR  HIOH  X-yguiES  AND  (61)  FOR  SHALLOW  SHELLS,  RESPECT  I YELV. 
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'6f  'Wihii'G'fe  'tih'S'  S'eG'On'd  is  'iii!S'€l'G'S.S  S'in>Ge  .e>uir'  a:p!p,if'0'xim‘avt''e  'e%usa't i'oms  aCe' 
applicable  near  a  *  a  of  Sf.  ||  tb®  first  of  these  is  combinedi  with  (3f  )'r 
we  eh't  a  i  n 


**’““•[*  ‘(-Hi)***”! 


as  S'  Svi<®ple'  a'iPP'r'Oixi'matioa-  tO'  tbe  fr'feqOOa'ey  'COrvei  'This,,,  awd,  the  preG'e'di'ftg 
equation,,  prediet  that  as  b^V  tt  S/2  ffom  above  a&d  I  from  abovei 

la  the  seGOad  Gase  we  find  from:  that 

«  ^  *  1) 


and  (46  )  then  FeduGes  tO' 


1  * 


f.  .  1 

2  4a  a  i  (X.  *  i)  tan  a  J 


except  neaF.  a  *  0  or  if,  where  (46)  itself  is  unFeliabiet  This  has  many 
solutions  eOFFesponding  to  the  fflultiple  branGhes  of  the  tan*^  function,;  we 
may  FepFesent  these  branches  explicitly  by  writing  the  equation  as 


V  I  It  /  3  \  1  i  r  {1  -  v  ] 

Xnj-  —  ♦  —  {k  tan*^  I  -  -r — — ^ 

2  a\  4/a  L(X*i; 


wheFe  K  ■  0il)2i«««i  and  then  specifying  that 


s/2  <  tan' 


(I  v)  Got  a 


)  cot  a  "I 

♦  1  J 


<  s/2  . 


Equation  49  can  be  solved  iteratively  for  h  ■  X.  as  a  function  of  a*  If 
this  is  combined  with  the  solution  of  (35)  for  Qu  ■  as  a  function,  of  X., 
we  obtain  an  approximate  solution  for  Hu  as  a  function  of  q.  This 
approximation  is  tabulated  (Tables  I  and  III)  at  a  few  points  for  the 
two  branches  of  the  high-frequency  family  obtained  by  taking  K  ■  0,1 
in  (49),  and  the  points  are  gFaphed  in  Figure  4,  along  with  the  solution 
obtained  by  numerical  analysis  of  (21)  and  (35). 

A  simpler  approximation,  valid  only  for  very  large  X.  is  found  by 
neglecting 


1  -1 
— '  tan  * 


r  (1  -  V) 

L’  X  ♦  1 


in  (49).  This  gives 


aH'd  then*  |38,)’  lea4s  to 


“  aMI  C**  ’  Dl ' 

fh«  tihi'fd*  'G«s‘e',j  wfcO'f'e  *•'  I  from  b'etow-  ■&»  k  ^  is  a  iltt'lo  ffioTO 
involved  Ihan  the  pre GedSnjg,  pnies.  Setting  ®  *  2  ♦  ^  the  eppFOximete 
e:q  u(a  ti  On  (4#)  ibecome  s 


>2  .  4e 


1  -  .4  r_ 

#  ~  ta®  *  A 

1^2  . 


v|  tan  ix  -  4'  Got  -a  ;l!  * 
o 


:] 


and  again  there  are  many  aointionsr  We  may  mahe  the  solutidns  exiplicit 
writing 


4  as*  tan"* 

2  4/  a  |(2* 


tan  a  -  ^  cot  a 


where  K  ■  li2«3<<<(  and  making  the  foliowing  set  of  specifications: 
Let  a^  he  the  root  between  0  and  ft/2  of 

tan*  a  •  1/8  {(2  ♦  v)] 

•  .3,  %  22"*  .384)*  Then 


(i)  if  a  <  a^, 

~  ft  <  tan''*  I  — 

[(2  ♦ 


.k 


v)  tan  a  •  g.  cot  a 


1<. 


g  WWV  V.J 


iT/2  i 


(ii)  if  <  a  <  tr  -  a^ 

-  1^— 
(iii)  if  n  a_  <  a  <  n 


v)  tan  a  «  <$  cot  a 


7 


;] 


<  w/2 


v/2  <  t„-  j^— 

(iv)  if  a  ■  a^  tan"* 


•k  1 

— - - _________  I  < 

V)  tan  d  "  ®o4  <t  j 


-h 


♦  V)  tan  ^ 


]■ 


-  n/2 


a  ■  IT  -  a. 


Tr/2  . 


With  thresfe  specif i&ati®n-s  ««  have  fo#  h  * 


«%  a 


2  * 

-  W/t, 

\  • 

M  1 

at  d  ■  #  ^  d_,  X- 

o'  1. 


i  K  ^  4 


2  1  ^ 

^  a 


a  t  a  *  ii  ,. 


K  ~  K  *  -T  . 


The  values  at  d  ■  7f/2  are  exact.  The  exact  values  at  d  •>  it,  as  we  shall 
see,  are  >  K  1,  so  the  above  approxiriiate  values  are  not  too  atrocious 
even  in  this  limiting  case  for  which  the  approximations  made  in  deriving 
them  are  not  reliable. 

(K)  ...  ... 

Approximate  curves,  versus  a,  of  the  low>frequency  family  are 

obtained  by  Solving  (S2)  for  X  ■  X^,  substituting  into  (35)  and  then  Solving 

for  •  These  calculations  were  carried  out  for  some  of  the  a-^vaTues, 

and  the  results  for  K  ■  1|2  and  3  are  shown  in  Tables  II  and  IV  and  Figure  5. 


3  m 


:S'imp'l«'r  ibut  le&a  ftis«a»F>a4«  'a•^|>!^0''xilmatx'6h«  t-a  'tba^e  iB'iitVes  'tore  bb'ttoin'ed^ 
aebtinf, 


%;ato 


toO’  %ibtot 


'«f- - . ^ . 

I  !(:2  '*  V')'  t-tott  ‘^  ~  g  ®J 


-  mf2  fe 

#  '0^  <  a  <  w,/t 

^  »/2  to 

#  1T//2  '<  ‘Sl  <  m 

&<  Si  <  m  il 


<  u  <  It. 


Theae  are  then  Gombined  with 

Mi 


*■6) 


to  obtain 

*  (1  ♦  »')(2  ♦  V)  V  a 


(j  .  i) 


where 


j  •  K  for  0  <  <x  <  ■‘n/2 

■  K  ♦  1  for  Tf/2  <  a  <  ff  . 

These  very  simple  representations  of  the  curves  of  the  low-frequency  fasiily 
are  not  aGcurate  near  a  ■  7r/2  nor  are  they  very  reliable  near  0  w  0  or  it, 

(b)  Shallow  Shell# 

The  second  limiting  case  that  is  of  interest  is  the  behavior  of  the 
frequency  curves  as  a  ^  o,  y  1,  i.e.,  the  limiting  behavior  for  shalfou 
shells.  In  this  connection  we  observe  that  (21)  is  trivially  satisfied  by 
setting  a  m  q,  y  ■  1,  but  this  root  is  spurious  since  we  have  multiplied 
(20)  by  sin^  a  in  arriving  at  (21)*  If  ee  use  the  representations  (33) • 
and  make  the  definitions 

a 

€  ■  2  sin  — 

2 

then  (21)  implies  (see  Appendix  A,  equation  A-5) 

(~  *  ~)  *  4  **2  ® 


■1 


339 


We  n6#  G'ensider  Varieu®  im'plieatiemcs  of  (SS)^ 

Qr,  *  %  i'  »red 


F'itst.  w-h-en  k  '■  ® 


J  .  <{a  j  -  I 


d',I  7 

■i£i 


awd  e<0'  i^p'li'ea 


(k  +  *  #  i(€^  =  t  II  *  U  *  n  Hi  ♦  ®  ie)  . 


Sinice  (16)  and  (17)'  alreajdy  specify  a  felation  between  k(k  ♦  1)  and  M  that 
does  not  aifree  Sfith  (57)  for  M  >  0:  and  v  5>  0  ,  we  Conclude  that  the  system 
of  eqruationa  (35)  and  (21)!  has  no  solutions  when  e  “  0  and  k  «  0  (1),  iiCt, 
there  are  no  natural  freqiwencies  for  shallow  shells  except  those  for  which 
k  -i*  <Di  This  is  sttdfested  hy  the  asymptotic  relations  (50)  and  (53)  but 
these  are  not  necessariry  valid  near  a  >  o,  so  the  present  discussion  puts 
this  conclusion  on  firmer  grounds 


For  large  values  of  k  and  small  values  of  £  we  consider  the  high-  and 
low-frequency  cases  separately.  For  the  low-frequency  case,  as  k  -  op, 

G  -v  2  *  V  and  the  leading  term  gives  just 


(a)/a  ^  0  (6) 


whence 


k  *- 
t  2 


n  •  O. 

2  srn  ^ 


,  K  *  1,2,3»*** 


where  a^^  is  the  K-th  positive  zero  of  (a).  The  first  three  zeros  are, 
to  three  decimal  places, 

a j  ■  3 . 832 
Sj  -  7.016 
a,  -  10.173  . 


Since  the  values  of  k  are  large  near  a  ■  0,  it  is  accurate  enough  to  use 
(39)  and  obtain  the  behavior  near  a  ■  0  of  the  Ipw-frequency  curves  in  the 
form 


n"’  -  I 


4(1  ♦  v)(2  tv)  .  „ 


sin^  (a/2) 


K  «  1,2,3  . 
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In  the  high-frequenGy  Gase  S  ~  -  v,)i  and'  thfe  iimiting;  form 

G'f  '{''5.'6'')'  as  h  tb  ia 


a  i(a). 


-  Ji;  <*»)  ■  ®  » 


Pbsf  V  *  ,%  tha  first  tfer'ae  roota  &£  thi®  arfe 


whiGh  Gan  he  GGin'bined  «ith 


k  1 


#»S7l  » 


2  Slit 


and  with  (38)  to  get  the  following  asyniptotie  behaviora  for  the  first  three 
i-frequenGy  curves  near  (X  *>  o. 


Q 


(icy 


2 


6,l>2. 


sin 


If  the  results  (SO).  (Sl)>  (53),  and  (55)  are  applied  near  a  a  Qi  it 
is  seen  that  they  do  not  differ  too  moeh  from  the  results  (58)  to  (6l), 
despite  the  fact  that  the  approxinationS  for  large  K  are  not  necessarily, 
accurate  near  a  >  0  •  The  worst  discrepancy  is  in  the  high-frequency  case 
for  K  ■  0,  where  instead  of 

X 

“  2  Cl  a 


(SO)  gives 


,  1  3n^2.36 

“  2  ia  a 


The  predictions  of  (58)  to  (61)  near  a  >  0  are  given  in  Tables  1  to  IV 
and  shown  in  Figures  4  and  S.  where  they  nay  be  seen  to  join  fairly  snoothly 
with  the  results  fron  the  nunerical  calculations  using  (35)  and  (21). 

(c)  Shalls  with  Small  Nolea 

The  final  liniting  case  that  is  of  interest  is  the  behavior  near  a  ■  tt, 
i.e.,  the  natural  frequencies  for  a  spherical  shell  with  a  snail  hole  in  it. 
For  this  purpose  the  representation  (25)  is  conbined  with  (21)  to  obtain  the 
liniting  form  of  the  frequency  equstion  near  a  •  v 

h(\  ♦  1^1^  cot  he  t  2  log  ain^^)*  2  V(o)j  * 

♦  0  (<r<  In  <r)l  -  0 
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wihiet’e  ct  *  It  -  .a,j.  4*  d4i'riv«:ii  im  j^ppifendSix  'Tli>en  i*  •cle#*  tilvait',i  »» 

<&  h  mu»'t  'aippr:d:axe'h'  #n«'  &i  £fa<e  4nvt«>ge'Fai  'IKeeipiAg  'daily  t^h'd  iddd'ing  itdrm# 

i.'tt'  d'h'e  dbdvd  dqwtttl^da  w'e  gdd 

-—  - . |l.  ♦  i  It  iX  ♦  1 

:SettlA-g  'Xi.  •  u  *  €.1.  we  dMela  ie-r  tike  liffi'ltiag;  bekeviet  ee  #  ^  'd),i 


B  4  t  en  eir 

:&*  A,  aaii.  ■ - - 

m  |iiK(ft  »  1>  » 


ee  ■£  'O' 


wkete  n  way  'be  taken  ae  a  non-negative  integ’e'r  wi'tbont  I'Oaa  ol'  generalityt 
Thia  limiting  behaviof  is  correct  for  any  of  these  n;  however »  when  n  is 
very  large,  the  representation  (.63)  is  accurate  only  for  very  small  or  ^  values 
because  the  neglected  quantity 


I®  ”  2  ^ 


in  the  first  term  of  (62)  inereaaes  very  rapidly  as  &  inereases  when  A  is 
large.  By  means  of  (16)  and  (17)  it  is  easy  to  yerify  that 


♦  1)  -  20  V  (1  ♦  v)M  tl  *  (1  ♦  V 


and  so  we  have  in  an  obvious  notation 


-  m  , 


-  2Gl  >  0 

Ag(Ay  ♦  1)  -  2G„  <  0  . 

Hence,  if  (62)  is  to  be  satisfied  for  real  angles  er,  we  must  have 

€  <  0  for  M  <  I 

€  >  0  for  11  >  1  , 

i.e.|  \||  decreases  and  increases  as  o'  increases.  Then  near  a  •  it 


>  0  . 


Since  (see  Figure  4)  dM/dA  >  0  for  A  >  -  1/2,  we  hsve 


34.2 


(S-iid  the  hiigih-f reqsuenGy  eurVes  have 

*  K  K  »  .  «  .  ^  ^  i66  ) 

Equation'  SS  is  IS'et  eapecialiy  accurate,  and'  no  a:pi:p#dxiinate  n-ii'meti'cal 
Feaults  have  been  deFived  fFOin  it. 

td>  Seminary  of  iersults 

The  Fesults  in  the  foFegping  eases  enable  us  to  construct  S  reasonably 
cleaF  p'ict'U'F'e  oT  the  'Curves  -of  ill'  versus  u.  Th'ese  fall  into  tno  general' 
Tamiiies,  Hii  (a)  and  (o);  with 

n,  >  1 

fti.  <  I  . 

and  each  family  has  a  countahly  infinite  number  of  branches •  (a)  and 

Qlt)  respectively.  The  gross  features  of  these  two  families  are 

described  below. 

For  K  >  0  the  curve  (u)  becomes  positively  infinite  at  (i  ■  Q| 

(see  Equation  (61  )•  decreases  steadily  as  a  increases  from  zero  until  it 
reaches  a  minimum  and  thereafter  increases  until  U  >  tt  (see  Equation  64) • 
The  minimum  occurs  at  about  n  >  145*  for  the  branch  with  K  *  0  end  moves 
toward  a  v  as  one  proceeds  to  branches  with  larger  K^valueS.  For  large 
K-values  the  minimum  occurs  very  close  to  a  ■  tt. 

The  curve  fl^  (a)  is  somewhat  different  in  nature.  It  starts  St 
a  m  n  with  the  lowest  frequency  of  any  of  the  (a),  decreases  SS  a 

decreasea  and  approaches  1  from  above  (see  Equation  48)  ts  a  ^  For 

a  <  UfZ,  0^*11  is  absent  and  is  the  lowest  of  the  (a). 

The  curves  of  the  low-frequency  family,  (<x)  for  K  «  1,2, 3,  *11 

decrease  monotonieaHy  as  a  increases  from  0  to  v  (see  Equation  5S  and  64)* 

In  addition  to  the  foregoing  approximate  analyses  of  special,  limiting 
cases,  the  natural  frequencies 'were  also  found  by  numerical  solutipn  of  .the 
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Ireqwency  equation  at  ifteremeflta  in  a,  taking  ^  »  .3.  The  nUAiericai 
tteatirient  of  t;hese  Irequen'cy  eqjiations  ie  deaGribedi  in  Appendix  C.  The 
results  for  k^'  ia}  and  |a||.,  where  K  ■  -lrO> Ir2r3i  are  shown  in 

Tahie®  I  end  |1|  resipe'etiveTy  end are-  igf  aphed  in  P'i/gnr'e'  A. 
and  (a)  (where  K  ■  1,2,3')'  are  shown  in  Tahies  |1  and  JV*  and 

fa)'  are'  graphed  in  iF'ig.'U're  Si.  '‘Tafelesi  |  tO’  IV'  aian  show  the  fes'ult-s 
given  hy  the  approximations  (a)i  for  fafige  values  of  |Ai|  and  (h)'  for  shallow 
shells  i 

iv. 

It  should  be  mentioned  at  the  Outset  that  in  general  the  inextensional 
modes  of  vihration  of  shells  give  frequencies  that  are  proportional  to  hr 
whereas  the  memhrane  (extensional )'  modes  of  vihration  have  frequencies'  in* 
dependent  of  hi  Therefore  the  natural  frequencies  of  inextensional  modea 
of  vihration  for  suffiGiently  thin  shells  muat  be  lower  than  those  of 
membrane  modes.  However,  axisymmetriG  deformation  of  a  shell  of  revolution 
always  involves  some  extension  of  the  middle  surface,  hence  the  inextensional 
modes  Cannot  occur  and  in  this  restricted  situation  the  extensional  modes 
are  of  greater  importance  than  would  otherwise  be  the  case» 

The  primary  purpose  in  carrying  out  these  ealculationa  of  natural 
frequencies  is  to  obtain  an  estimate  of  the  natural  frequencies  of  axii^ 
aymmettio  vibration  for  a  shell  in  the  form  of  a  deep  spherieal  cap#  The 
queatioa  naturally  arises,  how  are  these  estimates  likely  to  compare  with 
those  of  the  more  accurate  thin  shell  theory  that  ineludes  both  bending  and 
stretching  effects.  It  is  difficult  to  say  anything  Goncluaive  about  this 
eompariaont  but  a  few  observations  are  pertinent. 

Firat,  atatiGal  analyses  of  thin  shells  have  shown  that  in  the  axi* 
symmetric  case  employing  membrane  theory  is  tantamount  to  retaining 
lengths  of  order  R  and  neglecting  those  of  order  v^l^,  whereas  the  general 
bending  plus  membrane  theory  requires  retention  of  terms  of  order  V'W  er 
larger  but  neglect  of  terms  of  order  h.  It  seems  reasonable  to  suppose, 
therefore I  that  the  membrane  theory  will  be  useful  for  predicting  the 
frequencies  associated  with  the  lower^order  eigenfunGtions,  which  do  not 
change  too  rapidly  oyer  a  length  of  order  R,  In  the  present  problem,  this 
means  that  the  results  are  meaningful  for  moderate  values  of  |X|  but  are 
questionable  when  |A|  is  too  large.  Now,  all  our  results  for  shallow  shells 
(i.e, ,  small  values  of  a)  involve  large  values  of  k  and  are  therefore 
suspect.  Also  the  case  \  >  +  ib,  when  h  is  large,  is  douhtful,  so  the 

behavior  of  the  lowest  branch  of  our  high ’^frequency  family  is  uncertain 
near  u  ■  7f/2,  Otherwise,  we  conclude  that  the  results  for  the  lowest  few 
branches  of  both  the  highland  low.>^ frequency  families  are  probably  useful 
estimates  of  the  more  exact  natiiral  Irequency  results  when  h/R  is  small 
enough. 

Second,  the  membrane  natural  freqnencies  are  independent  of  hi  but 
those  given  by  the  bending  theory  and  the  exact  elastic  theory  depend  on  h. 
One  cannot  therefore  use  the  membrane  theory  to  estimate  the  dependence  of 
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the  natural!  frequencies  on  h4  in  ;gen<erai„  however,  one  expeGta  that  in- 
Giusion  of  bending  effeets  wottltd  amnunt  to  making  the  sheii  stiffer,,  and 
hence  the  membrane  naturai  freqiuenGies  aihouid'  he  lower  bounda  for  the 
C'O-rreapondlng  natural  freqfuencies  'enlenlated!  from:  the'  heft'ding.  theo<ry« 

'Third.,',  -we'  may  'GomipaF'e  the  reaiulta  ehta'ined  here  with  tho's-e  'O'-l  three' 
previenaTy  G.'al'Cula't'ed'  a'peGial  €aa.e's«  Tb'  hegi'n  .W'i'th.,  'the'  feanTt.'B  for  a  '■  '# 
agree  with  Lamb's  ealGulatidna^'  for  the  mem'brane  frequenGies  of  a 
Gdmpiete  aphere,  and  so  we  eohciude  that  the  effect  of  a  amall  hole  at  one 
po-ie  0"l  a  sphere'  exeG'Ut ing;  axially  aymmet.'riG  'Vi'bFa'>tiO''n'S  i'S  'negli;g'ih'l'e,,  'at 
least  as  far  as  the  lO’W'er  .'natu-ral  frequenGl'ea  'are  GOnGef nedr  higher' 
frequencies  are  prohahly  alfeeted,  but  the  membrane  theory  does  not  give 
these  acGurately  in  any  case.  Next,  the  results  of  liaghdi  and  Kalnittsl 
for  a  free-edge  heffliSiphere  show  general  agreement  with  the  resuits  here. 

As  h/R  o  their  resulta  apparently  apprOSGih  the  membrane  vaiue  from  above 
although  the  GalGulationa  were  not  earried  out  for  h/R  '<  .Of  .  Finally,  in 
the  aha]  low  shell  bending  ease  calGulated  by  ReisSner  ,  ^  the  limiting  reaillt 
n  ^  1  as  h  0  for  all  branches  of  the  frequenGy  Gurve  is  obtainedi,  in 
agreement  with  the  hehavidr  of  the  low* frequency  family  in  the  present 
calGulations.  While  this  tends  to  indicate  that  the  membrane  analysia  is 
fairly  good  even  in  thia  unfavorable  limiting  case,  too  mueh  importanGe 
ahouid  not  be  attached  to  this  agreement.  Reissner's  theory  neglecta  the 
effect  of  longitudinal  inertia  (which  is  rOtained  in  the  membrane  theOFy 
used  here)  so  the  inclusioit  of  bending  in  Reissner's  theory  is  not  the  only 
differenGe  between  the  two  theories. 

We  conGlode  from  these  observations  that  the  membrane  theory  provides 
useful  information  about  the  natural  frequencies  whose  mode  shapes  do  not 
change  too  rapidly. 

Finally  it  is  interesting  to  observe  the  effeGt  on  the  frequencies  of 
changes  in  a.  Here  we  would  anticipate  the  operation  of  two  opposed 
effects.  First,  if  a  flat,  circular  plate  with  free  edges  exeGutes  axi>- 
symmetriG  transverse  vibrations,  its  natural  frequenGies  are  decreaaed  by 
an  increase  in  radius.  In  the  bending  of  a  spherical  shell,  an  increase 
in  a.  is  similar  to  an  increase  in  radius  for  the  plate  in  tha^  both  produce 
an  increase  in  area  of  the  middle  surface,  so  we  might  expect  increaaes  in 
4  to  cause  decreases  in  natural  frequency,  (hi  the  othet  hand,  the  curvature 
of  the  shell  ought  to  have  a  stiffening  tendenGy  that  would  cause  increase 
of  the  natural  frequencies  as  a  increaseSf  This  second  effect  is  likely  to 
be  important  only  for  the  lower  values  of  A.  For,  when  A  is  large  and  real, 
the  eigenfunctions  oscillate  many  times  within  o  £  ^  £  vr  so -that,  crudely 
Speaking,  the  shell  does  not  curve  appreciably  within  any  one  oscillation  and 
hence  the  effect  of  curvature  is  probably  nOt  felt  by  tba  oscillation* 

The  frequency  curveB  of  the  present  membrane  theory  give  some  evidance 
of  the  action  of  these  two  conflicting  influences*  Their  general  trend  is 
to  decrease  as  4  increases  except  that  the  Curves  with  the  smallest  values 
of  A  (i.e. ,  the  lowest  two  curves  of  the  upper  family)  experieQce  a  reversal 
for  w/2  <  a  <  n’  These  are  the  curves  that  are  most  likely  to  be  affected 
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'Th«'  ffiu'nreFi'Gaii  G<6:mp'U't«%ion  -af  k  and'  #.  ioif  vaFiGua  a  -  'Vtluef.  -i#  ib'a#ed 
Gn  '(Ml  and  «i%'beT  '(111  GF  la  G  gFG#%  :Si'a|'6ritY  G#  tliG  GalGG|#txGli# 

(dll  and)  (21 1  weFe  liGGd.,.  and  sG  we  sjmll  deae.Fiie  GlFe  pFoGena  gI  #&lnGiGn 
fGF  ttet  Gane'  firan.^ 

S’y  imeana  n'f  (Ml  'M)  Gan  be  GeiGnlated  if'  4  -ia.  ig'iven^.  ben'ce  me  >may 
regatd  ('21 1  aa  a  aingle  tFanaGendentai  eqnatiGn  Igf  hi  iil'Gwe-ve#j,  tiherG  a-F'e' 
naualliy  GwG'  valiuea  G'f  iMw  wbiGb  we-  bav-G'  -Galled  :Mg  and  Igf  GaGb  valuG.i, 
and)  GG  -tbe  t-FanaGGndGnt-:ai  equat-i-Gn  Igf  X  Gbangea  aligbtly  -wiGb  tbe-  -GihGiiG-G 
gI  iMli-  C-hGGalng..  M'g  le-ada  -te-  iFeq-'UGAG'iGa)  -gI  'tbe  b-ighe-F  lattlly.,  G'^GGa-ing  -Mj^, - 
leads  to  iFeqiuenGiies  of  the  iGweF  lamily,  and  within  eaGh  family  theFG  are 
G'l  )cGU)Fae  aeve-Fal  -sg  I  at  Iona  Igf  M  and'  -b  GG-FFeaponding  t-G  'the  dif'lGFGtt)t- 
hFanehe-a  (i-i-es-,,  'K  -  Valueal.  |-n  -dea-GFibing  the  pFeGeas  helG-w',  W)e  GGnai-dGF 
the  pFGhlema  of  finding  inst  one  roGt  (i.ei a  single  h  and  a  singlG  ll))i 
talking  the  same  GhoiGe  of  M  thFoughGut,  and  keeping  a  fixedr 

|f  GtiF  tranaGendental  equatiGn  is  denGted  by 

ilhl  -  0 

then  the  pFGceas  starts  with  an  initial  gue$a  foF  X  and  AX.  the  baaic 
pFQceas  conaiats  of  calculating  new  values  X  and  SX  fron  the  formula# 


X 


where 


E(X  ♦  AX)  -  E(X) 


This  process  is  continued -until  E(X)  becpmea  small  and  aueceaaive  valuG#  of 
X  differ  by  a  sufficiently  small  amount,  at  which  point  M  and  finally  Q  are 
Galculated.  this  ba#lc  process  was  cbaGged  somewhat  in  praGtiee  to  insure 
that  at  each  step  £(X  -i’  AX)  and  E(X)  had  Gpposite  signs.  *^6  resulting 
values  of  X  and  Q  in  Tables  X  IV  have  errors  that  do  not  exceed  1  x  10*^ 
in  absolute  value. 


The  above  process  was  used  for  all  the  branchea  pi  both  the  highi-  and 
low-frequency  families  except  the  portion  of  the  high^'frequeney  curve  for 
K  ■  ^1  that  has  X  ■  -)(  «  ib.  For  these  points  (19)  was  used  instead  of 
(21),  and  in  the  numerical  analyaia  b  played  the  role  of  X  in  the  shove 
deecription,  see  below. 


iE'X’C'ep't.  in.  lEfr  ‘&a'a«  wh-ere  'X  »  %  *  tba  fttn:e%i;pn«  iot 

0  <  'Oi  <  9:0*  tefe  aiil  Ciai-Guiatied;  trPn'  (22)'  and  for  9$*  ^  a  <  18®“  fiom  (2'S):. 
Wbett  X  »)5i  ♦'  ib  ‘tihA  'q:U'aA4xtit«'#  ffi)'i  a*d  d'P;^.jj^,j,^/(;'Oo‘a  .■a)'/da  wAira' 

GalOAlaaod  ftow  t%e  fallowliii'  forniui«a',.  derlvAblo  £wam  t'koia  §lv#n  lA 
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The  frequency  equation  (19)  reducea  to 
[1  *  (1  ♦  v)||]l|(x?)  t  Ar%*(x?)  |(i  *  v)MV(x?)  ,  q 
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M@4,ge  W.  ©OSS,  Jfi 
In.stitJa'tie'  ©f  .'iGie-HC©''  -aii4  T'S'G&nGtegy,,. 
fli©  Paiver'Slty  @i 

Air’  'tralii'C  'oomf rol,  -air  :d!©'f©0:;Sie‘  aa4'  ©ffoer'  S'H’r’veiMaace  syS't'eraiS-  ar'e 
4e|)ren4»eat  ©a  tfe’e  aiG'G'Ura|.e  toGatiom'  •©£  ■©■%jfe.c-t®  ia  tfer’e-e  4imGffl-s4©aai  spaG©  .■ 
la  coaaGGtioft  wit4  ttoe  evalaatioa  ©f  SwGfe  sysierffis,  it  is  para'Hatoyfat  t©  kiiow 
Ji-QW  i©Gati©a  aGGMraGy  4as  fe&e®  •d;esi;gn'e4  into  tbife  systG'mi  Acqaisitioa, 
tracking  aa4  4ata  traasmission  acGarac-y  are  coaeerM#4  witb;  ttore©  ira- 
pGrtant  system  fiiiaGtioas  wliicfc  neecl  £©  fee  GOMsi4ere4i  The  4esign  ©I 
the  s  e  fmnGtioMS  ar  e  4etermia>e4  fey  geometriGal  eom side  rati©®  as  welJi  as 
h:ardware  state-of-the-art  GonSiderationSi  It  is  the  piaitpose  of  this  paper 
to  delve  i®to  these  fhaotioas  aad  illustrate  a  proGedore  fey  which  o®e  ca® 
formialate  a  model  of  the  system  i®  qaestio®.  Such  models  enable  one  to 
GondoGt  Step  fey  step  error  analyses  of  target  loGation  aeGnraGy. 

Figure  1  is  a  felock  diagram  of  a  possifele  system,  lllnstrated  are 
system  fma.Gtions  which  provide  the  means  fey  wbiGh  Goordinate  data  is 
ofetained,  proeessed  and  transmitted  to  remote  center  for  decision 
making.  The  fiinctions  shovsfn  do  not  correspond  to  any  partiG\alar  system 
and  are  given  here  only  as  hypothetiGal  examples. 

An  evaluation  of  a  data-proce^sing  system  which  utilizes  coordinate 
date  (geographically  oriented  with  respect  to  different  locations  in  the 
system)  requires  extensive  knowledge  of  the  mathematical  relations  in^ 
volved  in  the  orientation  of  this  System.  Coordinate -data  accuracy  is 
dependent  on  the  type  of  system  function  employed,  and  is  closely  related 
to  the  mathernatical  model  used  in  the  design  of  system  functions.  Evalua¬ 
tion  techniques  are  dependent  on  the  coordinate  transformations  which  are 
aeeomplished  by  the  system. 


In  Figure  2,  we  have  indicated  how  target  coordinate  data  might  be 
handled  fey  the  functions  of  a  hypothetical  system.  The  target  is  intro¬ 
duced  as  having  a  longitude,  latitude,  and  height  above  sea  level.  A 
radar  at  a  point  on  the  ground  sees  this  position  as  a  slant  range,  azimuth. 


^The  work  reported  herein  was  eondueted  fey  the  Institute  of  Science 
and  Teehnology,  under  sponsorship  of  the  ©.  S.  Army  Air  ©efense 
Engineering  Agency. 
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aai  aaigle  ©f  elevatls®.  flte&e  4aifea  tfeen  appear,  after  geipf  tlh-reagili 
tke  Goerdiiaiate  eeaversieii,  as  aHaieg  x,  y,.  fe  €©©r44i4:ate&.  G'©,ord'i-nate‘s 
are  tfeea  traiisf©r«iei  fey  tfee  aaaifeo'g  I©  diigital  cofiverter  int©  a  diigital 
f@rr©  ©f  x,i,  y,,  fe:»  &  'qaaEttitize^  £©rrti,„  tfee  diata  is  tfee®  palse  ©©'de  .m#4ulafe'4 
far  tra®S;ffl!iB-si'0@  and  sent  to  a  .Eentral  re'ceiving,  seGlien  wMcii  is 
pliysiEaily  rernote  t©  tite  &ens©r.i  it  appears  tfeere  as  a,,  v,  fe,  vsdiieti  are 
transformed!  versfons  ©f  tfee  x,,  y.,  fe.  in  tfee  ttaeking  and  Gerrfeiafi©® 
fnnGtifeni  we  find  tliat  n,  v,  fe  for  ©ne  sdgfeting  are  pnt  tpgetfeEer  witfe  ^  ^ 
©ther  sigbtingS  in  a  Gorreiation  and  tracking  pfoase.  Eventmaliy  d,  e,,  fe 
are  prediiGed  as  tfee  best  ©r  mest  iikely  positisn  ©f  tfee  target.  Tliis 
track  pesition  is  then  poSsifely  sent  t©  seme  ©tker  i©eati©n,  in  wbiefe 
case  tfee  ©©©rdinates  wodld  appear  the  r  e  as  a  transfo  rmed  ve  rsi©®  ©f 
n,  V,  h  wMcfe:  we  feave  deneted  as  X,  Y,  H.  Tkese  final  target  location 
vafoes  are  tfeen  nsed  in  the  system  for  AC^iOM  relative  to  tbe  target. 

In  an  air  traffic  control  sitnation,  for  example,  tke  action  conld  fee  to 
give  a  new  altitude  or  new  •velocity  vector.  Although  the  velocity 
vector  has  not  feeen  shown  in  the  diagram  of  Figure  2,  one  es^ects 
that  snch  systems  predict  positions  periodiGally  and  include  a  velocity 
vector  for  each  of  the  targets  in  the  system. 

Relative  to  the  figures  Which  we  have  seen  and  the  illustrated 
system  functions.  We  wish  to  define  a  set  of  coordinate  mappings  which 
illustrate  mathematically  the  action  taken  by  the  system.  In  Figure  2, 
we  have  indicated  coordinate  mappings  by  lower  case  Greek  letters 
placed  on  the  arrows  which  connect  the  blocks  of  the  diagram.  We 
define  these  mappings  in  the  following  way.  There  exists  a  set  of 
functions  f  f  and  f  such  that 


r  =  f^{\,  L,h), 

and  9  -  f~(A.,  L.,  h), 

*  4 

€(:,  yX.L.  h). 

^1’  ^2.’  defined  in  terms  of  (^j^>  k_)  the  geographical 

coordinates  of  the  sensor.  Let  't^  denote  the  eor^ined  effect  of  f^^,. 
f^,  and  f^  on  (A,  L,  h)  as  inputs  to  Obtain  (r,  ©,  Ct).  Thus  Tj  i?  n 
inapping  Such  that 
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is  a  &yiSil>ol  fef  a  system  opieraitoffl;  an»di  als©!  a  symifeM  £&r  a  riiathre- 
matical  map'plag.  ol' .■GQiO'rdiinatie  4ata.  'Sim||afl-y  tiii  is  tfea 'Gaapplng,  w-MGfe 
tnap'S^  f  adaf  c'OiO'tiliaateS  iato- lx,,  y^.  fe|i  ya#e't  -isi'&re  as-ma-l  Gi,r'Gii.f!astaa'G'e'®y 
wQ>G!ld!  map  |ir,,#,cC|  iato' |xj.  y,  z).  IlGW'ever,^  as  aa  i-llastf ative  exaifipie 
we  will  Gise  a  st'ereGgrapliiG  pr©jfe6ti©a  to  diefiae  t]!  sugIi  tliat  qlr, 

|x,  y,  iHactei  Gi  tfee  smGGee'ding  Kiaps  iadiGated  in  Figare  2  ope  fate 

similatly  aad  are  defiaedi  tO'  agree  with  this  figare.  Gomfeiaed  With 

fii,  as  a  series  map,  is  indieated  fey  the  pfodlact  ■ni  lE|i  Where  the  ofdef 
agrees  with  regular  functional  notation. 

So  far  We  have  considered  only  a  relatively  simple  example  in  whiGh 
a  series  feloGk  diagram  is  Gonsidered.  Mowever,  in  asiany  systems,, 
Goordinate  dat.  is  prepstred  Jay  j),arallel  operations .  For  example^  a 
surveillance  radar  may  provide  slant  range  and  azimuth  while  a  height 
finder  radar  provides  the  height  information.  The  parallel  output  from 
these  two  de vices  is  then  Gomfeined  to  form  a  three-dimensional  pieture 
of  target  location,  in  order  to  Show  this,  we  can  combine  mappings  by 
Using  addition.  Thus  and  ^^2.  bd^y  be  the  respective  mappings  ©f 

k,  h  and  h  by  the  surveillanee  radar  and  the  height  radar.  We  then 
could  indiGate  the  overall  mapping  as  7|j^  +  ©perating  on  (X,  L,  h) 

to  produce  two  vector  qiuantities  which  are  {r,  @,  O)  and  (Oj  z), 

Hence  our  mapping  diagram  for  is  replaced  by 


»,0L) 


(T  may  be  nothing  more  than  a  computer  stsrage  ©f  (r,@,,  Qi)  and,  f©r 
most  pilot  model  GPnstructions,  would  not  be  considered  as  a  change  in 
coordinates.  If  9^  implied  a  round  off  procedure,  however,  then  it 
would  be  quite  important,  in  any  ease,  we  now  have 


Array  Matlteaa'atieiaa® 


361 


I 


Lettiilg 

‘f  ^  6  X^  P  %  V  ^ 

wg  liave 

CA,L,  Ii|  JL, 


as  a  ffi:©4el  of  Ibe  systera,  Tfee  ia4ivi4aal  raappiags  sytmteoii^i  fc^ere  are 
exaet  raatkematiGal  gj^ressio-ns  whiclit  rglatg  tbg  eaatgats  of  two  adijoiaiftg 
blocks  ia  tbg  block  diiagrafia,;  hgacg  is  tk*g  exact  laatkgaiatieal  ®ao4gl 
of  our  bypotkgtical  systera.  fa  gcagral  ^  is  a  corsibiaatioa  of  computablg 
fuactioas  aad  fiaay  bg  prograartagti  4irgctly  as  a'coaiputgr  pilot  iaodieii 
Wg  might  rgmark  at  this  poiat  tbat  our  modgl,  so  far,  is  opga  eadgi. 
Should  it  be  dgsirablg,  a  mappiag  K  could  be  dcfiaed  to  close  the.  loop. 
Feedback  ia  aa  automatic  pilot  coatrol  system  could  be  the  system 
fuactioa  represgated.  la  this  case,  our  model  would  be 


I  ’  =  K  6  p  Kr?  , 


For  hardware  desiga  of  such  systems,  each  of  these  mappiags  must 

be  performed  by  a  compoaeat  or  sub* system.  Ia  the  process  of  geaeratiag 

such  a  desiga,  approximatioas  to  the  exact  mappia|S  are  usgd  in  order 

to  simplify  the  hardware.  Thus,  ia  the  case  of  the  seasor  mappiag 

X  or  (  T  ^  X  )  there  are  approximatioas  which  we  shall  deaote 
1  _  11  12 

by  X  •  X  V  uad,  ia  general,  the  collective  form  are  the 
desigaer's ’approximation  to  the  exact  mathematical  eoaversions  and 
transformations. 


Let  Tjr  be  the  hardware^appr^imatioa  to  ijr  and  the  operational 
system  approximation  to  ^  must  be  measured  in  the  field  and 

Obfepined  by  analysis  of  emperical  data,  f'  can,  for  the  most  part,  be 
obtaiaed  ia  the  more  eoatrolled  atmosphere  of  a  laboratory.  The  system 
errors  in  which  we  are  interested  are  like 
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-  i^,^L,4h| 

h  *  ’ 

Once  the  errors  of  interest  have  been  chosen,  then  one  may  use  this 
pfocedure  to  conduct  a  step  by  step  erf  or  analysis. 

For  an  illustrative  example,  we  turn  to  a  specific  problem  area,  in 
sending  radar  coordinate  information  oriented  to  the  geographical  loca¬ 
tion  of  the  user,  two  problems  arise:  (l)  the  conversion  of  target 
location  parameters  to  an  easily  transformed  and  easily  transmitted 
code,  and  (2)  the  transformation  of  the  converted  parameters  to  an¬ 
other  coordinate  system.  Approximations  are  required  which  make 
conversions,  transformation,  and  transmission  of  data  as  simple  and 
rapid  as  possible  while  maintaining  required  accuracy.  It  has  been 
shown  by  Dr.  Goldenberg  and  E.  Wolf  that  approximations  to  a  stereo - 
graphic  projection  have  many  of  the  desired  properties.  ^ 

The  stereographic  projection  of  a  spherical  earth  presents  ar^  in¬ 
teresting  illustration  of  am  q  and  a  T  ,  conversion  and  transformation, 
respectively.  In  Figure  3a  amd  3b,  the  stereographic  projection  image 
T'  of  a  target  T  is  shown  relative  to  the  rS'dar  coordinates  of  T.  To 
obtain  T',  a  line  segment  is  drawn  between  T  and  G  ,  where  C  is  the 
center  of  the  earth.  T",  as  shown  is  then  projected  stereographically 


See  Reference  1. 
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frorri  S'  ©lito  ti.-©  itarget  at  S  t#  give  I"*'  a®  tiie  iBaage  pelriti  T&e  x 
aai  y  ■e'ea'r€-iaa%e®  ■©!  T*  are  eaiilie^  ttee  ster'eo'grapfeic'  c'oar'iiaatesi  ©■f 
T'i  Let  a  fee  tfee'  4%sta&Ge  TT*  ia  Flgare.  la.  fe  iS’  the'  sea^level  a-lti^' 
taiie  Q'f  T'  aadi  i's  iavatiant  iu:®4ef  ■ehaage®  ia  the  loeatiea  ©I  S'..  Aa 
|x ,  y>,  h., )'  repreBeffit®  a  ia®i:g«e  po'iat  i®  spaGe..  Let  aa4  y^^  be  the  x,,,  y 
■p0ro'r(i|.aates'  @i  F...  The®  x^^  y^,.  a®4  z-^  .ate  'G.a.rte®iaa  eee't'iiaates  ©I  T' 
with  Qrigi®  at  S'. 


Alter  «si®g  theTaw  ©f  G©s;i®e®  o®  ttiaagle  CST  a®4  waakiag  a  few  ttl^ 
genernetrle  raaaip'miiatioaSj,  ©ne  fiadis'-that 


h  =  i/  #  r^ 


a®4 


X  =  O  s  in  #  , 
y  =  &  G©s  #> 


Where 


or 


0  =  1  + 


h  r'‘*h 


2  .  2  U  ,  1 


/  .  2  .  2  Y  2 

(r  -h  ) 


i-1 


D  =  1  i  +  ^  I  (r^z  ^ 

‘  ^  E  4E^  I  ^  't  ' 


:t  .2.  i 

r  “h  )  ^ 


2  2.  i 

X  ) 


Let  h  represent  the  three  equations  whiGh  give  x,  y  and  h.  An  inter¬ 
esting  approximation  li  for  rj.  is  given  fey 


l.  j.  X 

h  -  - 


and 

O  ^  (r^h^i  » 


^  .  999 


1. 

2 
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Tfee  app-roiximatie&s- 


©  ■ar'S'  sist-aine-d  by  ■aiS'S'«mi*-g 


-  1  aad  0-^  - 


r):  aad  ara  -exampie  ■G#av'eS' sio'-ni  mapping:s-  afed!  wa  sfeal-l  ralef  t'o 
tfeem  lafcar-. 


iFraasiormatia®  ©£  'stereagrapfeiG  c©’@f'dMates  £r©m  oae  tafegieat  plan-e  I© 
■aaoitbief  c#as;ia-tB  ©£  aa  iaverse  star  e-©gra;pfei«  praj-eGtroa  f,r©m  tfe-e  S-'plaaa 
t©  tfese  spife.er'a  foli©!W'e*'di  by  a  sie're-'O'grapfetG  prpjreGtio®  iat®  tfe>e  M^pl-aaei 
Let  z  =  Xtiy  aa4  w  =  ia+iv..  I®  Figar'e  4.^,  IPgj  tfee  stereGgf  apfeie  image 
of  f  ia  tfee  S^^plane„  is  at  z.  aad  f  =  ,•  tfee-  cerreSipeadiftg  image  @f  T  i® 


tfee  11‘piaaej.  is  at  w!  Let  ^iz|'  -  w  be  tfee  desirei  mapip4agi  As  tfee 
predttGt  ©f  two  Goaformai  maps,  it  is  eomformai.  Tfeis  mappiag  is  als© 
1^1  and  feenGe  analytiGi  From  tfee  geometry  sfeown  in  Figpre  4,  we  see 
tfeat  z  is  tfee  ©nly  zero  of  ©niy  singular  point. 

SiaGe  t%is  analytiG  mapping  feas  ©aly  one  zero,  one  pole,  and  no  otfeer 
esseatial  singularities,  tfeen,  fey  weil“known  tfeeorems  afeout  analytie 
funGtionSj  is  a  linear  fraGtional  transformation  of  tfee  form 

'm 


w  = 


a^fez 

e4dz 


Using  triangle  Gongruency  and  similarity  implications,  a,  fe,  G,  and  d  ean 
be  evaluated  to  give 


w  5  %^-x., 


,  -x0 

w  +  ze 
o 


w 


1  - 


o  -iB 

ze 


4E 


wfeere  w  u  4iv  ,  w  is  tfee  eomplex  conjugate  of  w  and  0  is  an 
orientation  angle  satisfying 


w 


o 


Using  a  spheriGal  model  of  tfee  earth,  {X  ,  L  )  as  tfee  longitude  and  lati^ 
tude  of  S,  and  tfee  geographiGal  Goordinates  of  R,  one  can  use 

spfeerieal  trigonometry  to  sfeqw  that 
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Let  if  ^  he  th;e  approximatio®;  tp  g  I  veil  by  tbe  abeve  efqiatto&s 

f#r  m  aai  v.-^  '^be  etfeiat  ite  aSing  if  is 


asmg  X  ~ 

'M' 


{«T 


The  ef  for  ia  fji  ^  as  (iis-eassiei  earMef ,  amo’mats  t©'  the  aasmwiptioa  that 


b 


2  .2 

r  “b 


1 

'«  S'! 


aad 


b  SS  z.  ♦ 


t  2E 


2  2 

It  ean  be  shown  that  fx^ 


and 


E4h 


£ 


E+z. 


Hence 


E+h 


E+z 


Thus,  the  greatest  possible  error  given  by  (a)  is  bounded  by 


•a  ■  ‘ 


=  -  0.00145 


A  derivation  of  this  result  and  a  more  extensive  development 
for  T|  and  't  by  stereographic  projection  is  given  in  Reference  2. 
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If  'h:  =  1®  liaaitisal  mileS'  E  =  344@  teaBtiGal  milgs B' ,  ti-e  appr©ximate 
Stigr'gograpfeiG  raiaige,  w^uldl  fee  Mf  fey  fitfe  more  tban  -<103  yar4s  ia  eacfe 
1'®'#  iaaoiliGai  raileSi.  Tbe  error  m  |,fe))  is  easily  seeB;  to  fee 


h  = 


fe 


2 


m 


> 


wfeere  fe,;  is  ofetaine4  by  (fe).  With  h  an4  E:  as  feefore, 


=  20  yards. 


The  output  from  the  pilot  models  arid  analysis  models  which  We  have 
deSeribed  are  in  the  form  of 


=  V-V  . 


where  V  is  a  vector  and  V  is  an  approximation  to  it.  An  analysis  is 
needed  to  Summarize  and  determine  relationships  between  the  set 
and  system  performance.  A  straightforward  approach  can  be  used  to 
measure  and  predict  accuracy  of  target  location.  By  bringing  in  the 
purpose  of  such  a  system,  one  begins  the  evaluation  of  said  system  in 
terms  of  its  mission.  We  have  found  in  the  past  that  a  theory  of  system 
performance,  and  hence  system  control,  has  best  been  approached  through 
a  process  of  curve  fitting  to  a  polynomiad  in  a  number  of  variables. 
Heretofore  most  of  this  analysis  has  tadcen  the  form  of  a  linear  regression 
analysis.  However,  we  are  now  considering  extension  to  higher  degree 
polynomials.  A  recent  article^  by  John  E.  Walsh,  of  the  System  Develop¬ 
ment  Corporation,  on  linearized  nonlinear  regression,  provides  a  proce¬ 
dure  for  extension  in  Monte  Carlo  models. 

This  problem  of  curve  fitting  has  been  met  before  in  the  analysis  of 
empirical  data  collected  during  field  tests.  In  the  type  of  computer  pilot 
models  that  we  are  discussing,  we  have  control  of  replication  combined 
with  a  high  degree  of  similitude  relative  to  those  system  attributes  under 
■study.  These  pilot  model  representations  are  made  with  respect  to  hard- 


3 


See  Reference  3. 
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war#  aftiS;  the  pfoysieal  #f  har^war#  aparaCio-n'^i  'Tih#  'dalpats'^  f’r-dm 

pilot  m©d#li:  ar#  very  similar  t©  r#al  system  ©dtpets  an4i,,  fey  a'nalogy,,, 
similar  analysis  pr©€#4d!,r#S:  appear  reasonable  ^  'M©r#©V'er„,  SefiduS'.  play 

with'  pil©t  medel  and  analysis  pro-ee'd-nres!  saggests''  new  ■'de'veldpments  in 
eaGfer  We  bave  ©nly  jnst  begnn  tfeis  pilot  model  work  at  Michigan  and  ©mr 
resnlts  So  lar  are  lew  and  fragmentary..  However,,,  resnlts  t©'  'date  a,re  in-»' 
tere:sting  and  'onr  i'nt'nitions  app.ear  |■u!St^i£i#di 

In  large  Scale  systems  design,  error  implications  from  a  IjT  system 
design  nave  olten  taken  the  form,  in  series  type  operations,  of  assnming 
the  maximum  error  in  target  lO'catien  to  be  the  snm  of  the  maximHm  errors 
in  eack  step.  Coapled  with  total  recognition  of  electroniG  netting,  tkese 
Gompnter  pilot  models  and  corresponding  analysis  procedBres  skould  pro¬ 
vide  a  more  eomprekensive  design  evalnation.  in  partieular,  coordinate 
systems,  system  geometry,  and  tke  corresponding  netting  proceduros  can 
be  evaluated  through  pilot  model  calculations  and  analysis  procedures 
Similar  to  those  discussed  during  this  presentation.  iProbably  the  most 
important  factor  illustrated  by  this  discussibn  is  the  possibility  o€ 
synthesizing,  from  design  specifications,  a  pilot  model  for  eventual 
evaluation  of  system  design.  In  so  doing,  one  realizes  the  possibility 
that  hardware  design  should  include  special  consideFations  for  built-in 
analysis  proGedures  to  be  used  for  evaluation  of  th#  operational  system. 
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Pefi#Ft®iein€  @1  Matiiaattids., 
ia®;s.®e laser  tosMifeialer  Tv&f  ,  If..  Y- 


M  this  peper  we  will  fee  G©fteerpei  witii  revie^te®  tfee  ffefrrMaiallQsri  ®f  fte 
lineer  tey#o;ipiaiiri|e'“  stafeility  prefelea!  f©r  a  vt  $:©©«&  flali  feetweefe  tw©  tefipitely 
iorvg  ©©pcefitrie  fetaiin®  ©yitadiefs^  a  4i&©aas4©U!  ©f  aeverai  relatei  pf©fefe»s„ 
aai  a  iisGassi©®  ©f  repeal  w&tk  ©a  aoaliaear  effects  ^ 

ffee  gefterai  profelea  ©f  the  hydrcdyhamic  stafeiitty  ©f  a  viS;G©us  inC©rHpfes“ 
sifele  flew  caa  fee  state©  as  fellows:  Oeaslder  a  velecity  distrifeatioa  v  {yi,  y,z}, 
aa©  pressure  fiel©  plx, y,z)  which  are  aa  exact  tiffte^ladepeadeat  sedatioa  ©f 
the  l?lavier“Stokes  egyaticas.  oppose  that  at  aa  taitiai  tiiae  t  -  ©  this  sotetiea 
is  slightly  perturfee©  fey  arfeitrafy  small  ©istarfeaaGes,  {x,yi  Z,t)  la  the  veiccity, 
an©  p'(x,y,z,t)  in  the  pfessare*  If  the  ©isturfeaaces  ©ia  ©ut  as  t  -e*'  «3  ,  the 
flow  is  sat©  to  fee  stafele;  otherwise  it  is  unstable »  ItCcordiag  t©  this  defihiti©n 
an  unstafele  flow  ©oes  not  necessarily  lea©  t©  a  turbulent  motion;  it  may  lea© 
to  a  new  laminar  motion.  Indee©,  as  we  shall  see/  it  is  the  latter  situation 
which  ocGurs  in  the  stability  of  a  viscous  fluid  between  two  concentri©  rotatinf 
cylinders . 

In  general,  the  basic  time^^independent  flow  field  can  be  characterized 
by  a  Reynolds  number  R  -  VI  /V  where  V  and  1  are  a  representative  velocity 
and  length,  and  is  the  kinematic  viscosity.  For  suffieientiy  small  values 
of  R  we  can  anticipate  that,  because  of  the  action  of  viscosity,  all  disturbances 
will  be  damped  out,  but  as  R  is  increased  there  will  eventually  be  a  value,  say, 
R(,  such  that  for  R  R,^.  at  least  one  disturbance  will  not  die  out  as  t  — . 
It  is  the  determination  of  R,.  ,  its  dependence  on  the  other  parameters  of  the 
problem,  and  the  form  of  the  initially  unstable  disturbance  which  are  of  primary 
interest. 

T©  solve  the  foregoing  stability  problem,  it  is  necessary  to  trace  the 
behavior  in  time  of  the  solution  of  a  very  complicated  system  of  nonlinear 
partial  differential  equations  which  also  satisfies  a  set  of  homogeneous  boundary 
conditions  and  given  initial  conditions.  This  is  clearly  a  formidable  problem  and, 
for  this  reason,  most  Investigations  to  date  have  only  considered  the  linear^ 


*  The  contents  of  this  paper  have  been  based  on  a  previously  published  paper 
"Stability  of  Curved  Flows"  by  R.  C,  DiPrima.  This  paper  appeared  in  the 
December  1963  Issue  of  the  Journal  of  Applied  Meehanics,  Series  E.  Vol.  30 
pp  486  -  92.  Transactions  of  the  ASME. 
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sta&ilily  preM'gm  ■ofetame^  fey  i®egleeti»g  'q.\aa4fat-i'e  terms  ia  tfee  'd!ist«r'feaa'Ge 
qaaMities.  to  tfeis;  Ga-Sie  we  efetato  a  system  •&£  liaea#  partial  €iiEter:e®i-lal 
eqiiaiatioas  tor  0“*  aadi  p'  to  wlleii  time'  eaters  #aly  threaigife  tfee  te  rm 

fihere  are  two  staadardi  metliods  of  soivtog,  tke  Itoear-stafeliity 


profelem.  0®*e  is  to  take  a  iLaplaoe  traaslorm  i®  time  Itkes  totrodwctog  tke 
ipitial  c©a4iti©as  iat©  tke  •differential  equations  as  fionkomoge’Heons  terms,)\, 
selve  tke  reselttog  system  ©£  e-qqation'S  S®feject  to-  tke  preSCrifeed  &©>ian4ary 
©©•nditioas,  take  tke  toverse  transform  a'nd  study  as  t  >  ©o  , 


However,  it  is  more  ©ommo®  i®  practiGe  to  use  a  normal -mode  analysis, 

It  is  Glear  feeGause  of  tke  way  to  wkick  time  enters  tkat  if  we  separate  variafeies 
fey  assuming  v  fx,  js  z,  ^1'  =  T(t,|v®  (x,  y,  z|  and  a  similar  ej^ression  for  p^  ,  tken 
T(t|'  -  6®°^.  Tke  functions  v"  and  p"'  must  Satisfy  a  system  of  linear  komO» 
geneous  partial  differential  equations,  and  v“  a  set  of  komogeneous  feoundary 
Gonditions.  I®  general,  nontrivial  solutions  will  exist  only  for  Gertain  values 
©f  {f  ,  tke  eigenvalues  of  tke  profelem.  If  tke  Gorresponding  systems  of  eigen¬ 
functions  Or  normai  modes  are  complete  in  tke  sense  tkat  any  arkitrary 
initial  disturbance  can  fee  represented  as  a  superposition  of  tke  normal  modes, 
tke  two  appro  a  ekes  will  fee  equivalent.  ^ 


to  tkis  paper  we  will  use  tke  method  ©I  normal  modes.  Recalling  what 
we  said  earlier  about  a  critical  Reynolds  numfeer,  we  can  anticipate  that  for 
R  sufficiently  small  all  of  the  eigenvalues  will  have  real  part  of  o*  <  0,  (Re  tr  <  0)j 
and  hence  any  disturfeanee  will  die  out.  However,  for  R  >R^,  there  will  fee  at 
least  ope  eigenvalue  with  Re  (r>  0  wkick  will  lead  to  an  eji^onentially  growing 
mode,  and  the  flow  will  fee  unstable.  The  value  R^  is  determtoed  fey  the 
condition  that  at  R  ^  Rg  tkere  are  no  eigenvalues  with  Re  it  0,  but  that  there 
is  at  least  one  with  Re  cr  =  0  which  becomes  positive  if  R  is  increased  beyond  R^. 


For  an  example  of  a  stability  problem  for  which  the  methods  are  not  equivalent, 
see  the  paper  by  G,  F.  Carrier  and  G.  T,  Chang,  "On  an  Initial  ¥alue  Froblem 
Concerning  Taylor  tostafeility  of  incompressible  Fluids,  "  Quarterly  of  Applied  ■ 
Mathematics,  ¥ol.  16,  1959,  pp.  436-439.  Also  for  recent  related  work  see 
K.  M.  Case,  "Hydrodynamic  Stability  and  the  inviseid  Limit,  "  Journal  of  Fluid 
Mechanics,  vol.  TO,  1961,  pp.  420-429;  andC.  C.  Lin,  "Some  Mathematical 
Problems  in  the  Theory  of  the  Stability  of  Parallel  Flows.  "  Journal  of  Fluid 
Mechanics,  vol.  10,  1961,  pp.  430-438. 
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iyea  Witte  ttee  siffi®pitfiGMioji  tey  MftGariziag  tte®  'StetiaaPblaG© 

'g^eatiGag*  tte©  'geaeral  GifeavaMe  protefeKt  Is  ;stiM  pfGilfeiti^e  siaGS  we-  ®i«s® 

SGlvie  a  tysteffi  of  partial  -differential  e<ptail©as  wltte  ftef ee  iatfepeirtesa®  varlateles . 
Witte  a  lew  axGepti-oas»  la  pariiGWlar>  sGtae  -of  ttea  probiema  of  iteteres®  la 
«eteof©fo§y.i  eiteatloa  teaa  feeea  fpoased  oa  proteieias  la  wtelote  tfee  basiG  weloeity 
teas  oaly  oae  aoazero'  ooiapoaeat,  and  botte  ttee  veloolty  aad:  pfesstire  distfibatloa 
are  faactloas  of  bat  -oae  -spaoe  variable  *  la  ttels  oaso.  It  Is  possibie'  to  separate  '. 
ttee  dlependeaGe  of  ttee  distarbaaee  gaaatltles  oa  ttee  two-  itissitei  spasGe  variabtes 
arid  obtaia  a  Ooaslderably  siffipler  'ei#eavaiae  proble«  for  as  sooiated  wltte 

a  syStei®  of  ordinary  dlffereMlal  equations .  ^.Gte  problems  fall  itet©  two  feteOrll 
Glasses  ““  ttee  stability  of  parailei'^  or  nearly  parallel  flows  saote  as  Poiseaiile 
flow  arid  ttee  boiutedary* layer  flow;  and  ttee  stability  of  revolidtei  fltilds  staote  as 
Goaette  flow,  or  ttee  flow  over  a  GoiiGave  wail*  ftee  two  Glasses  Of  problems 
are  quite  different,  botte-  in  the  physiGal  meGteanisms  Gausing  insiabllity  and  in 
the  matte, ematlGal  teeteniques  used  to  solve  ttee  Gorfespondia^g  eigeffivalue  pr^biem. 
The  pfoblem  of  the  stability  of  parallel  flow  is  diSGussei  in  detail  by  Lin  111 
in  his  excellent  monograph,  while  the  problem  of  the  stability  of  GOuette  flow 
and  related  problems  has  been  desGribed  in  a  Gompfeteensive  tfeatise  by 
Gteandrasotehar  |2|  *  As  we  dlSGuss  the  stability  of  Oouette  flow  we  will  try  to 
point  out  how  it' differs  from  the  iparaliei-^fiow  stability  probiem>  and  the  signifi¬ 
cance  of  these  differenGes. 

The  stability  of  Gouette  flow  was  first  investigated  both  theoretlGally  and 
experimentally  by  G.  I,  Taylor  K  in  his  famous  paper  of  1923.  Taylor  steowed 
that  as  the  speed  of  the  inner  Gylinder  is  increased  there  is  a  point  at  wteiote 
a  new  steady  secondary  motion  appears.  This  seGondary  motion  is  of  the  form 
of  tgroidal  vortices  loeated  periodically  in  the  z-direetion  —  they  are  usually 
referred  to  as  Taylor  vortices,  leoent  experiments  [4,  ll  show  that,  as  the 
speed  of  the  inner  cylinder  is  increased  beyond  the  critical  speed,  there  is  a 
second  critical  speed  at  which  the  vortices  assume  a  wavy  form  in  the  azimuthal 
direction  and  move  circumferentially  around  the  cylinders;  as  the  speed  is 
increased  even  further  the  flow  will  eventually  become  turbulent. 

Taylor's  experimental  work  has  been  well  verified  by  numerous  experiments; 
however,  there  is  some  questipn  as  to  what  is  the  form  of  the  initially  unstable 
disturbance  when  ^  =  12 3/4l|  is  sufficiently  negative,  say,  ,<x. -1,  This 


2 

Some  authors  use  the  term  parallel  flow  to  denote  a  flow  for  which  the  streamUnes 
do  not  converge  or  diverge  in  the  flow  direction .  In  the  present  paper  we  mean  by 
parallel  flow  a  flow  for  which  the  streamlines  are  straight  lines . 

.  Numbers  in  brackets  designate  References  at  end  of  paper. 

^  The  angular  velocities  of  the  inner  and  outer  cylinders  are  il,  and  S?.y  respectively. 
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lAfiLM  fee  44ssGa:ss»e4  feriefiy  to  iite  secti©®  "'ieffie  lelaSed  i¥ofeie»s" ,«  tafter'*® 
fteeiretieai  a^lysis  im  reiaiieitailJiy  syametfie  #$iiait>airaGe®  Is  eempleie » 
ileweveri  ifee  ©weflGai  iGep^taiieriS  ■Me  liffliliei  fee  tfee  ease  le  wfoiefe  ifee  gap’ 
feetwee®  ifee  Gyliticteifs  Is  SEsali  Getfipare’d  t©  ifee  laeai;  fadlias  laeitiaMy  lineaf  lerifts 
is  Ifels  »atio  m&te  FelalaedI  la©.,  exeept  for  a  eeii^le  ef  cases,  t©  ^iMes  cf 

■>  —  i/i ,  ffti)e  reiscas  icr  tbe  se  Hsitatlcas  will  fe:e  aide  clear  la  itfee 
t  ext  secticn'  , 

iecett  tfeecreticai  work  ca  the  stafelllty  cf  Ccirette  llcw  has  feeea  cca- 
Gerae©  priaanly  with  the  ©evelcpiaent  of  feetter  raatheiaaticai  leGhatttres  to  solve 
liire  eigeavaltte  profeletv,:  the  exteftslMi  to  fialte  gap,  the  exteasioa  t©  aeiatlve, 
aa©  the  coasideratict  of  aGMotatioaaliy  sypmetnc  ©istiurfeattces  , 

FLOW,  Mow  let  as  consider  Ae  stafeility  of  a  viscous 
fluid  feetweea  two  itfltltely  long  coaceatric  rotating  cylinders,  let  f,  z 
detote  the  usual  cylindfical  coordittates  ,  and  ,  R«  and  -^i  '  ^  f 
radii  and  ang ular  velocities  of  the  inner  and  outer  cylthders,  respeetiveiy. 

Further,  we  denote  the  velocity  components  in  the  inGfeasing  r,  and 
z^directiO'tts  fey  u_,  u«  and  u^.  An  exact  solution  of  the  Navi ef“ Stokes^ 
equations  satisfying  the  feoundary  conditions  Uj^  -  at  R-^  and  R.]:-'^^ 
at  R2  is  the  Oouette  velocity  distribution; 

(1)  «,  *  0-  “r  '  ®'  “8  *  W  ^  +  -I-'  4f  *  f-r- 

where 

12):  A  =  B  ' 

I  -  7^^  •'  »  /  - 

In  this  section  we  will  be  interested  in  considering  the  stability  of  the 
Gouette  velocity  distribution  to  rotationally  symmetric  disturbanees .  fhe  case 
of  nonrotationally  symmetric  disturbances  will  be  discuss, ed  in  the  next  section  . 

If  the  fluid  is  invlscid,  we  know  (Rayleigh's  criterion)  that  a  necessary 
and  sufficient  condition  for  the  flow  to  be  stable  to^  rotationally  symmetric 
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itstarteaaGas  is  ttet  tlte  s=^afa  ©f  site  ettGolati®!!  iacfsases  ifaiially  ©at^afi^  . 
i%f  tte  \ieio©ity  4i  stfifeailea  |i|  ttois  Ijivas  Ihiat  tfeje  flow  Is  staMa  pF@¥liei  tte 
M  -  %/Mj.  y  -  #|/^||'  »  %af  e  |®|  _  tet  axtaaie'i  iWs  desalt  'ate  kas 

stewa  ftat  ior  a  ^SGaas  ElaM  ^  is  a  safi^Gleat  coaiitloa  lor  stability/ 

®»at  aot  a  asGessafy  ©oteiiio® »  ftoas  we  ©aifi!.  expert  ttet  viSGoi^ty  will  alway  s 
itave  a  staMliziai  efleGt  * 

IE  we  saPstitate  |©f  a^tft  Z,t}i 
|3|  =  Yitf  *  vlf^z^t) 

aad  Slffiilar  expressions  for  and  p  in  tte  iNa^er^ Stokes  ecjaaiiOnSi 

nefieGtqaiadratiG  terms,  ate  eliminate  p  and  tte  axial  disturpanGe  veloGity 
w  ,  we  ofetain  two  partial  differential  equations  for  and  tke  radial  tksturkanGe 
velocity  u  .  It  is  easy  to  stew  tkat  it  is  possible  to  separate  variables  and 
oitaln  solutions  of  tke  iorfn 


(4)  V  (r,z,t)  =  u  {r,z,t)  = 

Antioipating  that  the  seGondary  motion  is  periodiG  in  the  axial  direotton,  we 
take.  1\  to  be  real  and  positive;  in  general  o.  is  Gomplex .  The  ©reinmfy  difterential 
equations  satisfied  by  u(r)  and  v(r)  are 

(i)  {vCD©'*  -  7t) 

{€)  fvlDP*  -  T} 

and  the  bouteary  oonditions  are 


-  A^lu  ^  2^'^C)(r|v, 

=  fl?|v  ^  (P*V)in 


(7)  u  -  ©u  ^  V  -  0  at  F  =  and  ’ 


lee,  for  example  E 


See .  te 
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Here 


D.  = 


dir 


D  = 


4 


4r 


4 


iEgtiatiGiig 


^and 


vstoert  wriiiterr  ift  iiSinefi.siii©iy:#ss  form  deiterffliiie  ari 


eigertvatee  profelerp  fi©f  '&  as  a  laaGtiGa  Gf  tfee  paraaeiters  7^#^  =  ^4  aad 


1  =  Jljijd/v  where  4  -  -  1^  .  For  fixed  values  of  ^  aui  /l,  whiGh 

derermiue  the  f  eoraetry  ahd  the  ahtular  veioGity  up  to  sGaie  faeiors,  the  oouditioh 
Re  o-  =  :Q  deterrsihe  s  R  as  a  IttaGtion  of  4  aad  the  isiai iaary  part  of  > 

(Iia  '&■  K  Mhce  the  Instahility  is  kaowa  to  he  a  steady  seGOiidary  caotion;,,  we 
Gaa  expeot  that  the  ihargihal  state  will  he  GharaGterized  not  only  fey  Re  -  '0  hut 
also  Im  Gf  =  0;  and  henoe  the  Gonditioas  for  deterffilning  R  as  a  funGtion  of 
a  is  cr  =  0,  ^fhis  is  known  as  the  prineiple  of  exGhanfe  of  stafeilities*  It 
has  only  feeen  proved  ffiathematieally  |7  in  the  one  liraiting,  ease  d/R,  ^  0 
and  /it  1 .  In  this  Gase  the  stafetlity  pfofelem  is  tdentieal  with  that  for  the 
GonveGtive  instafeility  of  a  layer  of  fluid  heated  from  feelow »  the  minimum  real 
positive  vaiue  of  R  over  ail  real  a  determines  the  Gritical  value  of  R,  say, 

R^v .  fhe  eorfesponding  value  of  «,  determines  the  axial  wa^e  numfeer. 


Before  discussing  how  we  solve  the  eigenvalue  profelem  ($),  (6),  and  {7),, 
let  us  first  eontrast  the  present  problem  with  the  typical  stability  problem  in 
parallel  flow,  First,  in  parallel  flow  the  critiGal  dlsturbanGe  is  a  two-dimensional 
disturbanGe®  that  is  periodic  in  the  flow  (MreGtion  and  is  osGillatory  in  time; 
whereas,  for  curved  flow,  the  cntlGal  disturbanGe  is  three"'dimensional, 
independent  of  the  coordinate  in  the  flow  direGtion  and  is  steady  in  time.  Also, 
the  curved  flow  stability  problem  leads  to  a  sixth-'Order  ordinary  differential 
equation  with  real  regular  coefficients  which  in  the  limit  *0  0  redices  to 

a  second’- order  differential  equation  with  regular  coeffiGients,  In  Gontrast,  the 
parallel-flow  stability  problem  leads  to  a  fourth-erder  ordinary  differential 
equation  with  regular  complex  valued  coeffiGients  fthe  Qrr-Sommerfeid  equation) 
which  in  the  limit  d  ^  0  reduces  to  a  second- order  differential  equation  with 
a  regular  singular  point.  These  differences  are  summari^ad  in  fable  i , 


c 

-That  we  need  only  consider  two-' dimensional  disturbaTOaes  follows  from  Squire  Vs 
theoremi  see  lin  [2  ,  p, 27, 
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It  is  Glaar  liMI  ttiefe  am  ^ssfeetiaili  diiffesFeweas  hetw&&m  tfe©  tw©  pfofeiews* 
aai  Ifee  laa&asiatiGai  leGteMt^es  sisiiiafele  f§f  ©ne  protelem  may  noi  toe  Siiltatole 
for  tfte  etfeeri  F®r  exaFffipla,  e^eti  tfeo^ffe  tlie  setetipa  ei  ft©  '0Fr‘^SP«ft:et#eM 
-eiqaaiieas  is  ref  alar  ifPf  ■'i  7^  we  ©aa  expeet  ftaai  f©r  stffiall  it  will  to;© 
Fapi#y  yafyiwf  ia  ft©  aeiftotoeftpad  of  ft©  siaf alaf  pofat.  of  ft©  feftioed  ©f aa^ 
tlOB,  aai  feeaG©  ftffioaa  to  apppoximat©*  ladeedl*  ft©  iaatft©«aptioal  prooexiares 
asei  ft  solvftf  ft©  ©ft-SofiE«©rE©M  ©faa;ti©ij;,i  wMoto  ftyoliy©  am  awalysis  ©f  ft© 
asyffiptoti©  s©lati©«s  ©I  a  ©liffereistial  eqaattOa  f©r  wtoiok  ft©  r©4ae©i  ©faatiOil 
is  stegalar,,  are  ©©ftsiderately  »©f©  sOi^istioated  tteaa  tites©  ®©©d©d  l©r  aa 
iavestifatioa  ©f  ft©  statoiMty  of  Ooeetle  fil©w» 


f arailei  flow 

fw©“©iffli©asioaal  distartoaac© 


Tatole  1 


'©©a©tt©  flow 

f tore©-  dtiaen  sioaai  di  sturbaa©© 


PeriodiG  ia  ©©©rdinat©  direettoa  ©f 
basiG  flow 

OseillatGry  ftsturbanG© 

foarth-order  ofdftaryd.©.,  refulaf 
but  Gowplex  valued  GoefflGients 
•f  -^  0  fives  seGond- order  dft.  with 
a  ref  ular  sinf  ular  polftt 


ladepeadent  ©f  ft©  ©©©fdteat© 
direGtioin;  of  ft©  toasiG  flow* 
periodiG  in  ft©  axial  dlreGtioa 
Steady  seGomdafy  motioto/ 
pritoGipl©  of  exGtoanf©  of 
statoiiities 

Sixth-  order  of  diftary  d .  e .  *  ref  ular 
and  real  valued  Goefficierits 
0  fiyes  s©G0nd- order  d»ei 
with  refuiar  coeffiGients 


Turninf  now  to  the  eifenvalue  problem  defined  toy  equations  (§)  ,  (6)  ,  and  (7)  , 
w©  will  consider  the  limitinf  Gase  in  whiGh  the  fap  d  =??  R2  -  is  small 
Gompafed  to  ft©  mean  radius  R^  =  (R^^  R^)/2 ,  the  small  gap  approximation 

allows  two  simplifications,  th©  first  is  that,  Gorraet  to  terms  Old/R^),  the 
variable  eoeffiGlent  4iff©r©ntial  operator  DO*  Gan  toe  replaGed  by  the  constant 
Goefficient  differential  operator  D®;  the  second  is  the  reduction  of  the  number 
of  parameters  in  the  eigenvalu©  problem;  i,e, ,,  ^  1 .  to  the  same  order 

of  acGuracy  vye  can  approximate  Jt  by  a  linear  profile .  Setting  CT  0  (th© 
principle  of  exebange  of  stabilities)  ,  letting 

(9|  r  s=  ^  a  -  X  d,  t  -  -4A  H^d  /^J " 

and  denoting  d/ ^  by  D ,  we  obtain 
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-■  a 


=  |tl  -  tl  ->t|x|v, 

-  a^lv  =  -Am 


In  d!©Fi¥ing  eqaatlons  |i0|  and;  fill  wa  foav©  ffiadie  ese  @1  Ht©  fiact  tteeat  ©*'¥ 
-  tk,,  and  feav©  irasGaited  n  fey  a  fafCtor  ^lAd^a%  ». 


ffee  bonndafy  GGnditi'©ns  |7|  are  t©  fea  apfliad  a®  x  -  #  l/l »  ffea  diiaanslGil- 
lass  paraiaater  T  is^  knGwn  as  the  taylar  niimfear;  it  feas  tfee  form 


.  i  rt- 

Fer  /z.  =  0  -  f  FedtHGes  to  2k  (d/Rj^l  ,  whioh  is  tfee  form  GOmaonly 

found  in  the  anf inaering  Mtaratiife . 


For  a  fixed  vaivie  Of  ^ we  wish  t©  find  tfea  mlniraua  positive  vajue 

of  f  (this  is  edaivaient  to  rainiraizing  R)  ovar  all  real  positive  d.  the  eiganvalue 
profeiem  for  t  -  t(a,/^)  defined  fey  equations  (lO)  and  (11)  and  the  boundary 
conditions  is  a  nonself-adjdiht  boundary^ value  profeiem;  and  the  existence  of 
a  positive  real  eigenvalue  t  has  only  been  shown  rigorously  for  the  case  that 
the  dimensionless  angular  velocity  |(1  + /<■  :)/2  ^  (1  ^  /<-  )x|  is  freatef 
than  zero;  i.e.  /  the  cylinders  rotate  in  the  same  direction  |||  .  ifowever,  from 
a  practicai  point  of  view,  approximate  Galculations  do  indiGate  the  existence  of 
positive  eigenvalues  T  for,4<<  Q;  and,,  of  course,  we  can  anticipate  their 
existence  from  the  experimental  results,  fhe  faGt  that  the  eigenvaiue  problem  is 
nonself-^adJclnt  also  complicates  uny  diseussion  of  the  convergence  of  approximate 
iterative  or  expansion  procedures.  Again,  from  a  practical  point  of  view,  a  more 
serious  dlffieulty  occurs  when  m  <  0.  In  this  case  the  coofficient  on  the  rights 
hand  side  of  eguation  (10)  vanishes  at  some  point  Xj^  =  (1  ^  M^)  /2{l  -  M  ) 

in  the  interval  ©f  interest.  Then -0.  (x)  is  positive  for  -l/2  <  x  <  and 

negative  for  x^  x  <  1/2,  It  follows  from  Rayieifh's  crtterion  that  the 

flow  is  "inviscidly"  unstable  in  the  inner  region  and  inviscidly  stable  in  the 
outer  region  .  Thus  we  can  expect  that  the  ccrresponding  eigenfunction  will  be 
relatively  constant  over  the  outer  regton,  with  its  variation  primarily  taking 
place  in  the  inner  region;  and  hence  will  be  fairly  difficult  to  approximate.  This 


mi 


it  paMctiiafiy  tinie  at  ^l/l*  i»e....,  at  'sa#.'*; 

liiyt  tile  pFafelei®  ©f  tal^af  ®tee  ©iittivaltt  f F®fele»  iwtd!  fey  ©(^atitens 

llll,;  tii|*  aad  C7|  ’Gsm.  fee  ferG^^ee  laio-  tfeFee  partt;.  ''^  »  awiaa 

iieteF®ie4iiate  faafe  toetwaea  iaffe  aef aiti\^e  aai  M*  =  JiGlaaMy  it  feat 

feeea  tfeewa  |i|  tfeat  tfee  a^tyspietic  reteltti  f©r'  eani  fee  expectejd  ■ 

t©  fee  tatitlaetefy  te  H  vaffety  @i  imetfeedt  feat  feeea  tfeffetiei 

for  tolvlaf  tfee  eifeavalae  profel-eai*  Wat  '0  tfee  eifealoftotloi  does  aot  vaniste 
to  tfeie  iatervali  feeace  it  fairiy  easy  to  approxltaate,  aad;  at  a  Fetalt  all  tsetfeodt 
are  very  tatitfaotoify  ^  decreates  feeyoad  zero,  feowever ,  tfee  approxiaate 

aetfeodt  re^ilre  aore  aedi  laore  iteratioat^  or  terist  ia  a  series  represeatatioat  for 
tfee  ei#eafmaotioa j,  aad  heaGe  feeooffle  more  aad  aaore  aawleidy , 

Oae  metfeod  wfeiofe;  iavolves  a  reasonafele  amoant  of  work,  and  also  yieMs 

aGGwate  resalts  for  tfee  feefeavior  of  t>  at  ^  it  ajmodified  Oaleikia 

7  ^  ®  *  - 

rnetfeod  ,  ffeit  metfeod  wfeiofe  was  suggested  fey  Gfeaadratekfear  it  feriefly  as 

follows:  First  expaad  v|x)  in  a  complete  set  of  feaotioas  {preferafely  ortfeogoaail 
satisfy  tag  tfee  feomadary  ooaditioas  v  ^  0  at  x  «  l/lj  say, 


CorTespoadiag  to  this  expaasion  it  is  possifeie  to  write 

<3»9 


a^l 

where  tfee  (x)  are  solutioas  of 


mi  ^  f(l  +/^  )/2  -  (1  -  A^)x]v^fec) 


^  An  alternative  method  is  to  convert  the  feoundary" value  problem  {11),  (IQ)  and  (7) 
to  a  pair  of  simultaneous  integral  eguations,  wfeiefe  can  then  fee  solved  by  an 
Iterative  teofenique;  see,  for  example,  IQrcfegassaer  [8r|  and  tfee  references  given thef® 
8 

See  reference  2  for  a  detailed  discussion. 
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saMsIyirr®  -  ®  ®t  x  -  Jt  l/t*,  ttefea©'  s-erias  l©f 

a  aai  V  ifi  e®yaii<3ii  |I  ll^  a®^  Ifce®  ratiiiriaf  itiat  tfee  ©rr©F  ii  lEteg  ©^atl©®  fee 
■©ftfe©i[i©®ail  i©  tfte  t©  a®  inilsile'  eysC#®  ©f  iiftear  temegseweeaS; 

egaatloas  iof  Ae  .  A  aeeeseafy  ©©adlti©®  far  ifee  'eMste®©©  of  a  fiOiiiri^lal 
solatto®  fs  tfeal.  Ifee  'ietefaiaast  of  tfeo  coeffiofenis'  vaalsfei  tfeiS'  #eftOfmi®e®  tfee 
eii©®\fatee  e®aa®io®  i  Approjaimafte  \^i»es  for  ^  }  are  otetaiaei  fey 
a  fiaite  aamfeer  of  terms  i®  the  aeries  for  v|x|*  flow  safisfaciory  tfee  ifflettfe©^ 
will  fee  ^epeadis  ii^oa  tfee  aamfeer  of  terms  regyired  to  ofetai®  aoeifate  res«its» 

For  >  f  tfee  eifeafyaotlo®  is  aearly  symmetricv  aai  jas®  tfee  oae 
term  appfoxl  mat  to®  coswx  gives  a  sattsfaetory  resaJi  for  » 

Of  covirse,,  for  >  0v<  tfee  staadard  Gaierkl®  proeediire  witte  tfee  approximatiagi 
fisi®etio®s  V|  -  x^-  1/4  a®d  =  fee**-  1/4|^ will  also  give  good  resyits. 

for  AC  *>  t,  is  given  approximately  fey  %=  34iS/ii  and  also 

a^  -  3 . 12  i  tfee  advantage  of  tfee  mo^^fied  Oalerkin  metfeod  lies  in  tfee  fa^^ 
that  for  /<  4,  0  part  of  the  difftemities  associated  with  the  sign  Ghange  of 
SL  are  overeome  {in  some  sense)  fey  solving  equation  (13)  for  the  expansion 
funetlons  u  (x)*  Also*  since  one  equation  is  satisfied^  the  size  of  the  deter^ 
minantai  eigenvalue  equation  is  smaller  fey  a  factor  of  two  than  the  one  for  the. 
Gorrespon(Mng  approximation  if  feoth  u  and  v  are  expanded  in  complete  sets 
of  functions*  Even  so,  at  /^=  ^3  it  is  necessary  to  take  five  terms  in  the 
series  for  v(x)  in  order  to  ofetain  con?ect  to  1  percent*  The  values  of 
and  Q(.  as  a  function  of  M  for  ’-4  <  /*  <  1  are  given  fey  Chaneferasekhar  £2^. 


For  *  /4  in  Which  case  the  flow  is  inviscidly  unstable  in  a 

vanishingly  thin  region  near  the  inner  cylinder,  it  is  clear  that  the  pfoper 
length  scale  is  dj^  =  d/(l  *  ft ),  the  distance  from  the  inner  Cylinder  to 
the  zero  point  of fyx)  ,  rather  than  the  full  gap  d  Rg  ^  R.  ,  With  this 
idea  in  mind/  Meksyn  §0J  using  asymptotic  methods  and  pifilma  9  using 
the  Galerkin  method  have  computed  the  limiting  form  of  *4  as  ^  . 

More  recently/  Duty  and  Reid  fi  J  have  made  an  extensive  investigation  of 
this  case  using  asymptotic  methods.  Their  results,  which  are  undoubtedly 
the  most  exact,  show  that  as  (1  /tc )  T*  1186.4  (1 

and  2  ,  OOlf  (l  -  An  extrapolation  of  the  results  of 

Chandrasekhar  using  the  modified  Calerkin  method  to  the  case 


9 

P,  L.  Harris  in  an  unpublished  paper  has  obtained  the  constants  1178,6 
and  2 . 034  by  direct  numerical  integration 


I 
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f  ]!¥©§;  Gl©§e  witte  ifese&a  ra§»ttS  i 

Fifnaliy ,j  It  s?h©tiM  fee  pointier  out  tfeat  it  tfee  dltief eaital  etMatieas  tfeat 
are  iavo4¥e4  feave  vafiatoie  eoefflGieats  it  inay  fee  vety  ilffiGiult  or  eve®  i^pesaifele 
t©  GOiapidite  tie  a»i^  feeaiGei  iaposaifele  to'  ase  lii?©  sodifietl  Qaleffei® 
itetfejOdi  i  Mso'  it  tfee  priaGlple  ot  exofeanife  ©f  stafeiliilee  is  itot  valid*  ttee 
ter®  {i  lia  &  |  will  appear  I®  ft©  dltiefeallai  ©tiaaileasl  a®d  ft©  aolt^o®  ©f 
ft©  ©qaati©®  f©r  will  fee  a  fairly  eoinpItiGated  ©©st^lex^vatoed  farietf©®. 

M  a  GonaeqaeaG©  ft©  ©owpatatioas  will  fee  Goasiderafeliy  loageri  feat,  ©f  Goarse* 
sacfe  a  pf©fele»  ©a®  fe©  expe©ted  t#  fee  »ore  dlfflGalt  fta®  ©fe©  f©r  wfeiefe  ft© 
prieGlpI©  ©f  ©xefeatrq©  ©f  stafeiMties  feolda  Is©©  followiraq  s©Gti©®i  * 

S0M£  PiOiLEM  ft  ftis  ©©Gti©®  we  will  disGass  several  pfOfelems 

related  t©  ft©  classiG  siftall-^gap  Taylor  profeleffii 

'si 

■i 

file  Finite^Qap  Profeiem.  “ftis  pr©feleffi  is  |l8a^ar  toftE©  sraalfti^  profelein,  ^ 

ft©  priraary  differenG©  feeing  that  £)©*  d/dr^+  r'^d/df  -  r  Gan  n© 
longer  fee  approxiinated  fey  d /dr  .  Als©,  ©f  eemrse,  ft©  Taylor  numfeer  T 
is  a  furtGtion  Of  tho  additional  pararneter  :  T  =  )  .  Siaee  the 

cMfferentiai  equations  have  vanafel©  Goeffieients  ft©  use  of  the  modified  ^alerkin 
method  Is  fairly  tedious.  However,  Ohandrasekhar  and  Reid  QiS  have  GonstruGted 
an  appropriate  set  of  Gomplete  functions  (a  linear  comfelnatioa  of  iessei  functions), 
and  Chandrasekhar  has  solved  the  eigenvalue  profeiem  for  a  wide  range  of 
values  of  /*■  for  s  1/2.  Some  Of  the  difficulties,  incluftng  the  necessity  of 
having  to  resort  to  numerical  integration  to  evaluate  several  of  the  integrals , 
can  be  avoided  by  considering  fte  adjoint  feoundary’- value  problem.  This  also 
has  been  done  by  Chandrasekhar  and  llfeert  [l4]  ,  again  for  ^  ^  l/2.  Com" 
putations  for  other  values  of  ^  have  not  been  carried  out  by  this  method. 

Witting  Cl  Cl  and  ISrchgassner  [^83  have  also  considered  the  finite*gap 
problem.  In  the  more  complete  work  of  larehgassner  the  differential  equations 
are  converted  to  simultaneous  integral  equations  vh  ich  are  then  solved  fey  an 
iterative  scheme.  The  variation  of  wift/^  for  ^  ^  1/2  and  with'5^ory<^-‘0 
and^  in  the  range  1/2  -"K 1  is  given. 

Recently  Walowit,  Tsao  and  ©IPTima  [ifl  have  observed  that  as  long 
as  interest  was  restricted  to  the  case  0  ^*(th6  caseM  ^  0  is  of 

primary  engineering  interest);  otM  not  too  negative,  the  variation  of  Ik 
with  ^  can  be  obtained  fey  a  straightforward  application  of  the  Calerkin  method , 

The  expansion  functions  chosen  for  u  and  v  were  polynomials  satisfying  the 
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preacriited  teiiydlfy  GGadiliGaas.*  WMM  a  sJapi©  chraiift  pf  vartalfMs  all  waceasary 
irfEeffals  G©aM  P©  ©vateated  easily,  ffee  vafialiea  ©f  |®r>^=  t 

ttsirif  foar-terfffi  appiroxiffiatioas  f©f  ti  aiid  ter  v  ftiie  pefeeiiifeafe  dLffefea©© 
toeitweeffl  Mae  two-teria  aiai  teat-'ter*!  approxlaatieas  is  less  tifa?a  Ei  S  perceiat  ter 
ii  2  1|  is  steows  M  Fig.  i  i.  .Ms©  sfeew©  is  aa  appfexifflate  lerffiMla  f©r  ^ 

aear  l  iliat  iwas  sagge^^  toy  fayl©rj|^  ^  aai  various  ttoeeretical  aad:  expefi'^ 
raeatal  resiEiis  oi  taylofilE  <  lewis  ©©aaelly  aad  Oal^eil  aad 
Deaaelly  M|  *  For  a  disGasstea  ©f  tee  experiaiesial  tesialts  ©f  Lewis,,  ^Icto 
iadiGate  a  aysieresis  eff  e©t,  ttee  reader  Is  reterred  t©  ttoe  paper  toy  Galdwell 
and  Oeaaelly  .  It  is  interestiag  to  aete  that  as  ^^0,,  i.  e. ,  as  the  gap  toeGoraes 
iniiJiitely  large  (R|  /  t|,  0,H^  appears  t©  toehave  as  ©fl  ^ 

where  ©  is  a  constants  It  follows  that  C/i. 

Monrotatioriaily  Sy mmetrio  Di sturtoanoes,.  It  has  toeen  otoserved  whefl  the  gap 
toetweeii  the  Gylinders  is  siaall  and  the  outer  eylinder  is  at  rest,  that  at  a 
Reynolds  numtoer  of  the  order  1,1  to  1 .2  Rg  the  steady  celluiar  motion  assumes 
a  wavy  form  in  the  aximuthal  direetion  and  moves  with  a  definite  wave  velocity 
in  this  direGtion.  An  analysis  of  this  "highef^order  instatoility"  of  the  distorted 
original  velocity  distritoution  plus  the  faylor  vortioes  has  not  been  Gonsidered 
to  date .  However,  the  protolem  of  the  statoility  of  Couette  flow  to  nOHrotationally 
symmetric  distuftoances;  that  is*  disturtoaaces  of  the  form 

/,  .V  '/  n  4.\  I  \  iC'^t  +  k0  +  ’kz) 

(14)  V  (r,  @,z,t)  =  v(r)e  ' 

f  1  ^  ® 

where  k  is  an  integer,  has  recently  been  treated  by  PiPrima  [201  . 

In  the  ease  of  small  gap  and  for  0,  PiPrima  found,  using  the  Galerkin 
method,  that  is  a  slowly  increasing  function  of  k.  For  k  “  4  the  value  of 
and  the  wave  velocity  are  in  qualitative  agreement  with  the  observed  results . 
However,  within  the  framework  of  linear  theory,  it  is  impossible  to  say  which 
mode  is  preferred  at  speeds  above  the  original  critical  speed.  It  also  should 
be  pointed  out  that  since  the  disturbance  is  periodic  in  the  direction  of  the  basic 
flow,  the  stability  problem  has  certain  features  of  parallel^flow  stability  problems 


10  The  eorresponding  inviscid  problem  has  been  treated  for^>0  by  1.  Krueger 
and  R.C,  PiPrima,  "Stability  of  Nonrotationally  Symmetric  Pisturbances  for 
Inviscid  Flow  Between  Rptating  ©ylinders,  "  Physics  of  Solids .  vol.  S,  1962, 
pp,  1362  1367;  and  for,4^<0  by  F.  Bisshopp,  "Asymmetric  Inviscid  Modes 

of  Instability  in  ©ouette  Flow,"  The  Physics  of  Fluids,  vol.  6,  1963,  pp.  212^217. 


wfeieh  iaitfeg  tHe  ssDkiii©ri  more  ®iKii'oaili  to  -aipproximate .  for  example^  tte  prtnetpie 
of  exotraftie  of  sii^liitie's  is  ®©'  loiiger  Also  in  oontfast  tO'  tfeO'  o:aso  k  -  ft* 

tfee  reOiijOiei  ©iaatioo  ft|  does  feave  a  si®§alar  poiM  *  "Viifetle  tfoe  resaits  see® 
satisfaGtofy,  it  is  aot  clear  at  ttee  prese®*  lime  that  the  methods  that  are  so  seoGess^ 
feti  for  fe  =  i’  are  ©Qaally  satisfactory  for  k  ft* 

Pecefitly  Krae#er  |ti|  has  extett^ei^  Di  frima' s  ahaiysiis  to  the  ease 
His  res^iiits  are  ^©w®  i®  fif »  t,  where  iC  =  ft|  is  piotte#  as  a|«®Gtio® 

of  for  several  valaes  of  the  4a;mehSioflless  parameter  C  ^  f  hese 

preliminary  eomputations  iniiGate  that  at  negative  valaes  of  ‘^$/4  to  =1  hO^ 
rotationiily  syrnmotriG  di  sturbanGes  may  be  the  most  unstable  i  these  Goaputations 
do  not  show  which  mode  will  occiir*  and  we  shonld  ©niy  accept  these  results  as 
being  indicative  of  the  fact  that  for  ^  •^3/4  the  terms  introduoed  by  the  aziauthal 

dependence  of  the  disturbance  may  be  destabilizing.  A  more  complete  mathematical 
Investigation  is  needed  before  a  definite  eonciusion  can  be  drawn;  however,  it 
should  be  pointed  out  that  at  ^1,  k  -  ft  the  value  of  ^  is  within  2  pefcent 
of  the  exact  result,  fhere  is  some  confirmation  for  these  results  in  the  experiment' 
tal  results  of  Lewis  [^17j  who  observed*  for;^-^  ft,  that  in  some  cases  "the  motion 
changed  straightway  at  the  Gritical  speed  to  the  pulsating  time. "  Also  Mlssaa  et 
al.  5'  have  observed  that  the  ^fference  between  the  critiGal  speed  for  nonrota't 
tionally  symmetrie  disturbances  and  rptationally  symmetfic  disturbanGes  decreases 
as  -M.-  increases,  and  -0,7  nonrotationally  symmetriG  motions  are 

observed  at  the  onset  of  Instability. 

In  coneluding  this  section  we  should  mention  that  other  elosely  related 
problems  which  have  been  discussed  in  the  recent  literature  ineiude  the  stability 
of  flow  between  rotating  cylinders  with  a  pressure  gradient  around  the  cylinders 
1^22 ,  23j  and  the  stability  of  flow  between  rotating  cylinders  with  an  ^xial 
pressure  gradient  [^24,  25,  26|  ,  For  a  discussion  of  these  problems- and  the 
experimental  results  the  reader  is  also  referred  to  Ohandrasekhar  2]  ,  Also,  a 
very  interesting  discussion  of  some  unusual  features  of  the  first  proMem  has 
recently  been  given  by  Hughes  and  Reid  [27j  ,  In  regard  t©  tiie  second  problem 
see  also  the  recent  experimental  work  of  Snyder  ^28j  .  Finally,  we  mention  Hiat 
the  effect  of  axial  and  azimuthal  magnetic  fields  and  radial  temperature  gradients 
on  the  stability  of  conducting  fluids  between  rotating  cylinders  has  also  been 
considered. 


Since  this  paper  was  presented,  more  detailed  and  complete  computations;  have 
been  carried  out  by&ueger,  Qross  and  l^Prima,  fhese  Gomputations  establish 
that  for  0.8  nonrotationally  symmetric  disturbances  do,  indeed,  occur  at 

lower  fay  lor  numbers  than  those  for  rotationaliy  symmetric  disturbances. 


Fif  ,.  2  Variation  of  T-  wllh^t  for  different  values  of  |=  k{r4^:A.)/  as;  flveni  by 

;i»._  .  ^  ^ 
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if F EC^S .  ks  we  toaii^e  seeii*  fte  iiiaeaf  tfeeafy  ef  to:y#®(lfjia»#e 
Stability  presets  ooweGtiy  tfte  critlcrai!  spee^  for  tte  iRslefeility  oif  'Soeeffee 
flow;  aiiiji  fttrtftif,  Ae  prediote#  axiel  spaofeg  ©I  A©  i©FO:idal  vOitle©©  Is  te 
agreosaeiiit  witft  escperiiPiserit .  tfowevef ,  ttiesr©  are  seveiral  fijjestiorrs-  wMofe  ioari 
ftot  tea  afiswered  asiftg  liaear  Aeory.  for  exaMple:-  |a|  AGoordteg  ®o'  Mpear 
theory  an  ppstatele  Astiirbapce  will  grow  expopeptlally  tp  ti»e  at  sfeeds  ateoive 
the  Gritioal  speed,,,  whereas  aGtitaily  a  finite  aMplitade  is  reached  apd  a  pew 
eqttiliiterihJh  flow  is  esAteiishe'd... A)  M  speeds  above  critical  there  is  a 
coptippops  iPterval  of  values  of  X  for  which  there  exist  irowipg  disAfteapces„ 

•  yet  a  definite  periodic  motion  is  oteserved  which  indicates  that  the  ©ther  ittOdes 
are  darned  ont , 

The  answer  to  each  of  these  proteiems  can  ©ply  tee  foppd  tey  copsideripg 
noplinear  effects  *  In  this  section  we  will  discpss  la)*  followinf  the  work  of 
Stuart  29  ,  3q!  and  Davey  .  By  using  POPliPear  theory  we  Will  find  that  for 
R  >  a  disturteance  with  a  specific  axial  wave  numteer  will  reach  an  eguiitbrium 
amplitude,  which  is  independept  of  the  initial  condition,  the  question  of  the 
preferred  axial  wave  numteef  for  the  Taylor  protelem  has  pot  beep  copsideredi  however, 
the  correspopdipg  question  for  the  Benard  problem  has.  beep  investigated  recently 
by  Segel  ^  , 

We  should  also  meption  that  while  we  are  going  to  consider  nonlinear 
effects  in  regard  to  the  establishment  of  a  new  equilibriufn  flow,  there  are  also 
instability  problems  where  it  is  doubtful  that  a  new  equilibrium  flow  is  ever 
reached.  For  example,  In  the  instability  of  the  boundary  layer  it  Would  appear 
that  the  initially  growing  oscillation  becomes  progressively  less  regular  and 
finally  leads  to  turbulence.  For  the  role  ©f  nonlinear  effects  in  the  breakdown 
of  boundary^ layer  flow  Ae  reader  is  referred  to  the  interestipf  papers  by  Bepney 
and  lin  ,  Benney  ,  Greenspan  and  Benney  ^35j,  and  Stuart  |3  ^j  . 

In  our  analysis  of  nonlinear  effects  in  Couette  flow  instability  we  will 
continue  to  assume  that  the  velocity  is  independent  of  f  .  Since  the  motion 
is  periodic  in  z  of  period  ZlT/X  .  it  is  convenient  to  divide  the  velocity  into 
a  mean  (with  respect  to  z)  velocity  plus  disturbance  velocity;  thus  we  write 


T2  . . .  . "  ^ 

We  might  also  note  that  using  Ae  normal^' rnode  approach  the  eigenfunctions 
are  only  determined  up  to  a  multiplicative  oonstant.  The  amplitude  can,  of  course, 
be  determined  by  considering  the  initial  value  problem,  Even  so,  the  disturbance 
will  grow  exponentially. 
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aiid’  similar  axprasaia®s  for  tfee  ©llijef  yelootty  c©®itpOPe!^.&i  Hare  a  iat  4efi0tg;s 
a  M©aa  miae  witi  raspeet  t©  z,  a  ptiifie  (ietiotas  a  4i:glaffeaG©  igaafiftty^  awl 
©f  ©oarS'e  =  i.  f  h©  ©qaati©aa  satisfiai  toy  ttee  Meaa  motioa  ara  ©tetaiaad  fey 
sabstiitatiai  for  tti©  veloGity  arid  praa  sitae  ia  ttia  INavtef-itokes  eqaatfofls^  aad 
the®  takfag  averages  witfe  asspeGt  t©  z»,  lie  ggaafioas  f@f  tie  #starlattGe 
gaantities  are  ofetataed  ly  sttbtfaGtiat  tie  ireai  motfoa  egaatiioas  fro®  tie  fail  | 

egaatioas.  fie  »ain  poiats  wliofe  we  wisl  t©  ilia  strafe  ©an  fee  leei  ly  ©©nsidefiii  f 
tie  raeaa  a©ti©i  egaatiea  for  and  tie  egaatioa  for  tie  eiergy  aseoGiatei  will  • 
tie  dlstarlanee.  Tlese  equatiQas  aire  ■ 
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igaation  is  obtained  ly  multipiying  the  r,  and  z*- disturbance  mornentam 
equations  by  u,  v'  and  w  ,  and  then  integrating  over  the  radial  gap,  and  one 
wavelength  in  the  z=^ direction;  ^  ^  and  ^  are  tie  r,  #,  and  z-eomponents 
©f  tie  disturbance  vortisity,  ®ie  terms  in  equation  (17)  represent,  respeotively, 
tie  rate  of  clange  of  the  kinetic  energy  of  the  disturbance,  the  rate  of  transfer 
of  kinetic  enerfy  frgm  the  mean  motion  to  the  disturbanee,  and  the  rate  of 
viscous  ^sslpation  of  kinetic  energy.  We  should  also  note  that,  if  quadratic 


in  the  followinf  discussion  we  will  usually  refer  to  v  or  v^,(r,  t);  it  is  to 
be  understood  that  we  mean  similar  comments  for  the  other  velocity  eompQnents, 
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Ifrais  ia  tfee  #istai®afi'Ga  qaaalitiea  are  aeglect©^*  tiaa  stieadiy^ state  Si©&iit©a 
of  eqaatiofi  |It4)'  is  preoisaly  tfte  'Doaette  velocity  diistriliatioa^  eqaatfoa  |it|  , 

iquiatioa  s  |1®|  a  ad  |l?|:  sfcow  olearly  the  ititeraoti  oa  feetweaa  the  laeah 
raotio®  ajtd  the  (^  staffhartee  s  fhe  mean  motio®  is  raodllied  throafh  the  actio®  of 
the  ieyhoMs  stress  tern  aT  vl/iSr  arid,  th  tarn,,  the  istodificatioh  of  the 

rteah  flow  changes  the  rate  at  which  hiaetic  enefgy  is  trahsfeffed  to  the  distaftoanee 
antii  evehtaaily  an  egaiiihfiam  state  is  reached  ^ 

approximate  way  of  determining  this  egailiferiam  state  is  hased  on  the 
so“^ called  ''  shape  assamption"  saggested  by  staart  fhe  hasic  idea  is  that, 

at  speeds  above  Gritical*  the  ehstarbance  velocities  and  vorticity  dlstribaticns  are 
assamed  to  have  the  form  given  by  the  solation  of  the  linearized  stability  problem, 
bat  to  have  an  amplitade  A|:) .  Por  example , 

v^(r,z,t)  =  A(t)v(r|f  cos  Xx 

Where  v(r)  is  the  solation  of  the  linearized  stability  problem  at  the  given  value 
of  X  and  angular  velocity  il,,  .  Then*  if  we  neflect  the  time  derivative  in  the; 
mean  motion  equation  (16)  near  the  equilibrium  state  it  is  small  ^  we  obtain 

(18)  V(r,t)  ^  ^^(r)  +  ^(t)\4(r) 

The  term  (r|  is  precisely  the  Oouette  Velocity  distribution,  and  the  second 
term  represents  the  correetion  due  to  the  leynolds  stress,  Substitutiiig  for  ^ 
in  the  disturbance  equations,  and  evaluating  the  spatial  integrals  gives  an 
equation  for  the  amplitude  A(t)  of  the  form 


=  2i^( 


Ct/) 


where  fitp  and  <3L^  are  parameters  which  depend  on  the  speed  of  rotation,  and 
so  on.  in  particular  a^  is  precisely  the  amplification  rateO'>  0  based  on  linear 
theory,  which  is  what  we  should  expoct,  since  if  we  neglect  terms  0(^)  in 
equation  (19)  we  obtain  A{t)  .  If  thg  term  2%^  j__Which  arises  from  the 
second  term  in  equation  (17)  due  i©  ihe  distortion  of  V,  is  retained,  the  solution 
of  equation  (19)  is 
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Sfeiie  iC  is  a  o^slaiit  wftiGti  is  ^etef fey  ffea  iailial  GGiiciitteiis  *  4s  t  ,, 
Mil ^  f  aitdi  te«G#  ppGvi'ied;  iteat  w#  dfetaia  a®  e^®iMfefi®fli 

®  si®rifea®Ge  aispiiftMe  4g_  -  •  ffeas  ifee  elieGt  ttee  ®ofilisaM  if f I® 

is  id  asdiify  lie  a3£pd®e®tiai|y  frdwj®®  dlst»rfeaa©e  ladddf^af  to  ii®eaf  tfeadryl 
s®  i®ai  a  finite  awplitode  eefuaiMM®*®  flow  is.  eveniaaliy  FeaGfeecI*  OnOe 
is  Itoow®  tfee  ei^aiMfefi®®  taea®  flow  a®ci  tfee  Goffespondi®#  tor^e  ea®  fee  Goiapaiedi 


In  the  foref  olng  approscimate  analysis  we  have  oniy  tafee®  acGouni  of 
the  eifect  of  the  distortio®  of  the  tnea®  Motio®  fey  the  aotio®  of  the  iepsoids 
stress i  Reoently  Davey  has  five®  a  Gomplete  forisal  a®aiysis  of  fte  ®on“ 
linear  frowth  of  fay  lor  vc^fbes;  and  he  found  that,  GOrreGt  toroMfto  terms 
the  equation  for  4(t)  is  of  the  form  {19)*  but  that  the  GOnstant  4^,*  whiGh  is  indeed 
negative,  represents  the  sum  of  three  effects .  These  effeGts  are  the  distortio® 
of  the  mean  motio®  due  to  the  ReynoMs  stress;  the  transfer  of  eaerfy  from  the 
fundamental  mode  gos  X?  td  its  first  harmoniG  cos  tXz-,  and  finaiiy  the  raAal 
distortion  of  the  fundamental. 
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In  the  analysis  fey  Davey  the  Fourier  series  representatidn  tor  v^ , 
equation  (1$),  is  sufestituted  tor  v*  in  the  disturfeanGe  equations,  This  fives 
an  infinite  system  of  nonlinear  partial  differential  equations  for  the  \^(r,t) . 
These  equations  can  be  solved  systematiGaily  by  a  separation  of  variafeJes 
technique  based  on  a  suitable  expansion  of  the  velocities  in  powers  of  the 
amplitude  A{t)  .  In  partiGular  \jj(r,t)  and  V{r,t)  are  given  fey 

(21)  v„(r,t)  -  V  A"  * 

m=0 

^oo 

(22)  t(r,t)  ^  A^^ft)V^(r) 

m^T 

and  the  amplitude  A{t)  must  satisfy 
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tke  fwi©tl:@n:  V|;p  is  ifee  soiBiioit  <31  tfe#  MrSiSaoized!  stafeilitf  $%aWi©as 
€©a-espoin!dii!rig  t©  tfet  fea:siie  ftow  at  a  speadi  aPo^a  ©rtticalj 

cr  >  f  .  fke  QiEkat  ffa®Gti©as  Ire  'dititeiratsai  systainaaGaliy  as  tfee  ;s©iuiti'©!n§ 
©f  aofik@i*i©gefiaQ*as  ©rdiiiary  4i!fiaFeflt|ai  agaat4o«s*  fke  caastapts  ,  ^ . . 

are  also  datermlaedi  as  part  ©f  tfee  aaalySis . 

far  A  ^  \  as  prediG^aa  Py  Miiear  ttteory,/  Davey  foas  ©affia©  ©at  tke 
necessary  ©©ifiputatioHs  to  determine  cr  and  Gtj  as  a  fanction  ©f  A,  in  tke  tferee 
cases  ^  -  1/2,  ^  I  j  iM-  =  §;  and  1,  1 ,  KP.©wini  tke 

aMplitadi  of  tke  distarPance,  it  is  possifeie  to  oojipate  tfee  additional  torgae 
regnired  t©  maintain  tke  motion  at  1  >  %,  fne  agreement  PetweMi  tfee  tkeoretieal 
and  experimental  values  of  tke  torque  as  a  function  of  R  >  R^  for  ^  -  1/2# 
jfct.  =  0  is  very  good  for  an  unexpectediy  large  range  of  R,  R  <  2R^,  for 

the  case  ^  1,  >iM>  =  0  the  agreement  is  not  as  good,  except  for  R  * 

small  (Rq<  R<  l,2Rg):.  Finally,  Davey' s  computations  also  show  that  as  long 
as  the  cylinders  rotate  in  the  same  direction  the  use  of  the  shape  assumption 
will  give  re  suits  in  very  close  agreement  with  those  obtained  using  the  complete 
theory. 
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